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o Set Cc R" Is convex If (1- A)x; + AX, € C whenever

X, X, e C 041

(the segment joining X, , X, IS contained in C)

Nnon-convex
convex

- Show that the unit ball B = {x € R" : [|x|| = 1} is convex. (Hint
use the triangle inequality ||x+y|| < |[x||* |IyI])



Half-spaces

o Example of convex sets: half-spaces H ={xeR": a'x < a}

O

X, € H—>a'x; <a;— (1- 1) a'™x; £ (1- 1) a,
X, e H—>a'x,<a, > Aa'™x,< 1 q,

O0<sA<1

summingup X, e H—>a'((1- 1) x;+ 1X%,) < a,

» (1- ) X, + A%, € H



Convex Cones

e The set of solutions to a linear system of equation is a polyhedron.

H={xeR" Ax=b} = H={XeRmAx<bh,-Ax<-b}

Convex Cone: CCR" if 4, X, + 4,X, €EC
whenever x,, X, € C and /4, , 4, > 0.

o Each convex cone is a convex set. (show)

o Let A eR™” ThenC = {xeR" Ax < 0} is a convex cone (show).

Let X,,....x, E R%, and 4,,...,4, = 0. The vector X = Z§'=11jxj is
a nonnegative (or conical) combination of x,,...,X;

e The setC(xy,...,x,) of all nonnegative combinations of x,,...,x;, € R”
IS a convex cone (show), called finitely generated cone.



Linear Programming

o Property: C,, C, convex sets —» C, n C, convex (show!)

Linear programming: X = (Xq, «-0 Xp)
max.lmlze C Xy + ... +C X, oF
Subiject to s 6,
a1 X4+ .. FagpXx, < b
: P
a Tx: o
X{, oeey X320 mX=p0

max {c'X: X € P}, with P = {XxeR": Ax < b, x> 0}
Find the optimum solution in P

P intersection of a finite number of half-spaces: convex set (polyhedron)

o The set of optimal solutions to a linear program is a polyhedron
(show!)



Convex Combinations

Let x,,...x, € R%, and 4,,...,.4, = 0, such that 3}7_; .4 = 1. The vector
X = j-zljjxj IS called convex combination of X, ..., %,
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Convex Combinations

Theorem: a set C is convex if and only if it contains all convex
combinations of its points.

mm) |If C contains all convex combinations — it contains all
convex combinations of any 2 points — C is convex

= Suppose C contains all convex combinations of #-1 points.
True if < 3 (since C convex).

Let x,,...x, € R”, and let x = X)7_; 4ix; where 4,,...,.4, > 0,35, 4 =1
X= A X+ i X = A% + (1 4) Bioo(4/ (1 — 49) %,
t _
5’:11]' =1- 25:2(4/(1 —A)=1=p 2ij=2(A;i /(1 =4)) x=y€C

=) X:j1X1+(1-J1)yEC B



Convex and Conical Hull

e There many convex sets containing a given
set of points S.

e The smallest is the set conv(S) of all convex
combinations of the points in S.

e conv(S) is called convex hull of S

o The set cone(S) of all nonnegative
(conical) combinations of points in
S is called conical hull




Convex Hull

( Proposition 2.2.1 (Convex hull).
Let S€ R". Then conv(S) is
equal to the intersection of all
convex sets containing S.

o If Sis finite, conv(S) is called polytope.

o Consider the following optimization problem:
max {c"x: x € P}, with P = conv(S), S = {X,,...,x}

Let X: c'™X' = max{c'™x: xe S} =v (X optimum in S)

Foranyy € P there exist 4;,...,.4 20, ¥'_; 4= 1, such that y = X%_, 4x

— t — \'¢ t — \'¢ —
mp [ CY = Clhjm1 X = Lj=1 4CTX S Xjmg 4CX = Xjmy V=V

® X optimuminP



Affine independence

A set of vectors x,...,.x, € R% are affinely independent if Zf-zljjxj =0
and Y°_; 4 = 0imply 4,=...=4,= 0.

Proposition 2.3.1 (Affine independence). The vectors x,,...,x, € R” are
affinely independent if and only if the t-1 vectors x,-X,,...,X;-X, are
linearly independent.

Only if. x,,...,X, € R” affinely independent and assume .2, ...,Z € R” with

Yjma Aj(xj=x1) = 0 = (O, A)x + X5, X =0
(X5, 4) + 35,4 =0 and  x,...x affinely independent

=) =..=4=0 wmm X,Xq,...,X-X; linearly independent.



Affine independence

Proposition 2.3.1 (Affine independence). The vectors x,,...,x, € R” are

affinely independent if and only if the t-1 vectors x,-X,,...,X;-X, are
linearly independent.

If. Xo-X4,...,X-X; lInearly independent.
2 ™M t ™M

Assume Y'_; 4ix; =0 and Y%_;.4=0.Then / =-Y'_, 4

0= Z§:1 Aixj = =( 5‘:2 Ai)x1 + Zj‘:z Ajxj = 5':2jj(xj_x1)

AS X,-X4, ..., XX, linearly independent .Z,=...=4,=0

Also 4, = -5, 4 =0 = B

Corollary. There are at mots n+1 affinely independent vectors in R”.




Dimension

The dimension dim(S) of aset S € R"is the maximal
number of affinely independent points of S minus 1.

\ Ex. S ={x; =(0,0), x,=(0,1), x3=(1,0)}.

0
M‘ dim(S) =2 (X,—X;, X3— X, are linearly independent)

A simplex P € R"is the convex hull of a set S of affinely
Independent vectors in R"




Caratheodory’s theorem

Theorem. 2.5.1 (Caratheodory’s theorem) Let S € R". Then each
X € conv(S) is the convex combination of m affinely independent

points in S, with m < n+1.

X can be obtained as a convex combination of points in S

Choose one with smallest number of points:

X = X5 Aix;with 4;,...,4>0,%%_; 4 = 1 and t smallest possible

Then x;, ..., x; are affinely independent (with < n+1). Suppose not.

There are /4, ...,44/notall 0

such that Y}%_; p;x; = 0 and

Z;:l :u] =0

P

<

Then there is at least one positive coefficient, say




Caratheodory’s theorem

Yo uix; =0, % uj=0,u;>0

Combining x =X‘_; 4ix; and aXi_; pjx; = 0 fora =0

— X =X (4= ap))x;
Increase o from 0 to o, until the first coefficient becomes 0, say the r-th.
Jj —auj =0 j=1,..,t and 4, —ou,. =0

§=1(jj_ ap;) = 5‘:1%‘25‘:1 al; = 5’=1Jj:1

Then x is obtained as a convex combination of -1 point in .S, contrad.

A similar result for conical hulls.

Theorem. 2.5.2. (Caratheodory’s theorem for conical hulls). Let
S € R". Then each x € cone(S) is the conical combination of m
linearly independent points in S, with m < n.




Caratheodory’s theorem for cones

Any point in conv(S) < R" can be generated by (at most) n+1
points of S.

The generators of a point x are not necessarily unique.
The generators of different points may be different.

oo . conv(S)




Caratheodory’s theorem and LP

Consider LP: max {c'x: x € P}, with P={x € R": Ax = b, x = 0}
AeRM™ ''m<n. Leta, ..., a, € R™ be the columns of A

Ax can be written as »7_; xja; , Xy, ..., X, € R,

P#difand only if b € cone({a,, ..., a,})

Caratheodory: b can be obtained conical combination of t <m
linearly independent a;’s.

Equivalently: there exists a non-negative x € R" with at least n-t
components being O and Ax=b ...

... and the non-zeros of x correspond to linearly independent
columns of A (basic fesible solution)

Fundamental result: if an LP is non-empty then it contains a basic
feasible solution



Supporting Hyperplanes

A hyperplane is a set H c R"of the form H = {x e R": a'x = «a}
for some nonzero vector a and a real number a.

o LetH ={xeR":a'x <a} and H* = {x € R":a'x = a} be the two
halfspaces identified by H.

o Hisaconvexset(H=HnH").

o If S c R"is contained in one of the two halfspaces H- and H*, and
S N H is non-empty, then H is a supporting hyperplane of S.

e Hsupports Satxforxe S nH.IfSisconvex,thenSnNHis
called exposed face of S, which is convex (S and H are convex).

-



Faces

Let C be a convex set. A convex subset F of C is a face if x;,x, € C
and (1-A) x; + A X, € F for some 0 < A< 1, then x;,X,€F

(if a relative interior point of the line segment between two points
of C lies in F then the whole line segment lies in F)

il The sides and the vertices of the square are faces.

The diagonal is not a face (show it!)

A face F with dim(F) = 0 is called extreme point. The set of all extreme
points of C is ext(C). A bounded face F with dim(F) = 1 is called edge.

An unbounded face F with dim(F) = 1 is either a line or a halfline (ray).
{i.e. a set {x,+ Az: A=0}) and is called extreme halfline (ray).

The set of all extreme halflines of C is exthl(C).




Exposed Faces are Faces

Proposition 4.1.1 Let C be a nonempty convex set. Each exposed
face F of C is also a face of C.

Let H={x e R c'™x=v}and F = C n H. H supporting C implies
(say) CCH ={xeR"c'™x <v}and v =max {c'™x :x € C}.

So F is the set of points of C maximizing c'x.

Let x,,X,€EC and suppose (1-A) x; + A X, € F for some 0 <A< 1.

X1, %,EC imply (i) c™x,<v and (ii) c'x,<v. Suppose x, & F. Then c'x,<v.
A, 1-A> 0 implies (1-1) c™x; < (I-A)vand A c™x, < Av.

v> (1-A) c'™xy +Ac™, =c(A(1-A) X, + A X,) =V, contraddiction.
N



Recession Cone

3
*

> extreme ray

extreme point

Let C be a closed convex set. The set of directions of halflines from x
that lie in C are denoted by rec(C,x) ={z e R": x+ Az € C for all A =0}

One can show the following:

Proposition 4.2.1 rec(C,x) does not depend on x.

Let rec(C) =rec(C,x) (x € C) be the recession cone of C

e Showthatrec{x e R": Ax<b}={x e R": Ax <O}



Inner Description

o Let C be a closed convex set.
o Let Z be the set of directions of the extreme rays (halflines) of C.

e One can show that the recession cone of C is the conical
combination of the directions in Z, namely rec(C) = cone(Z).

Corollary 4.3.3 (Inner description). Let C € R" be a nonempty and
line-free (pointed) closed convex set. Choose a direction vector z for
each extreme halfline of C and let Z be the set of these direction
vectors. Then we have that

C = conv(ext(C)) + rec(C) = conv(ext(C)) + cone(2).

Corollary 4.3.4 (Minkowsky theorem). Let C € R" be a bounded
closed (compact) convex (set, then C is the convex hull of its
extreme points: C = conv(ext(C))




Polytopes and Polyhedra

e We consider a non-empty, line-free polyhedron P = {xeR". Ax < b},
where AeER™" | beR™.

o P pointed implies rank(A) = nand m = n.

(If rank(A) < n then there exists a non zero vector z: Az =0; then for
any x, € P we have Ax, < b and A(x,+1z) = b for any AR and P
contains the line through x, having direction z).

A point X, € P Is called a vertex if it is the unique solution to
n linear independent equations from the system Ax = b.

o X, vertex of P: there exists an nxn non-singular sub-matrix A, of
A, such that A x,=b,, with b, sub-vector of b corresponding to A,

Ao by




Vertices and extreme points

Lemma 4.4.1. A point x, € P = {XeR": Ax <Db}is a
vertex of P if and only if it is an extreme point of P.

only if. By contradiction. x, vertex but not extreme point
» Xp = %xl + %xz with x,, x,€P and Ayx,=b,with A, nonsingular
Let 8, be any row of A, (treated as a row vector)
since x,,x,EP, a, x,<b,and a, x,<b,
If &, x,< b;then a, x, = %a,x1 + %a,-x2 < b;, contradiction.

Since a; Is any row , we have A, X, = by, and Ay X, = b,

A, nonsigular implies X, =X, =X, =



Vertices and extreme points

Lemma 4.4.1. Apoint x, € P = {XxeR": Ax <Db}is a
vertex of P if and only if it is an extreme point of P.

If. Suppose x, Is not a vertex.
Consider all i for which ax,=b; and let A, be the associated submatrix
Let Ajx,=b, corresponding system. x, non vertex — rank(A;) <n

rank(A,) < n — there is a nonzero vector z such that A,z = O
There is small € > 0 such that x,= x,+e-z€ Pand x,= x,-€¢-z€ P

(since if a; not in A, then ax,<b),)

1 1 .



Extreme Halflines (rays)

Aface F of P is a halfline if F =x, + cone({z}) = {X, + Az: A = 0}

F extreme if there are not two distinct z,,z,erec(P) with z=z,+z,

Lemma 4.4.2 (extreme halfline). R = x, + cone({z}) S P is
an extreme halfline of P if and only if A,z = O for some (n-

1)xn submatrix of A with rank(A,) = n-1.

e Since there are only (nn_z 1) ways of choosing n-1 rows of A, the
number of extreme halflines is finite.

o Similarly, the number of extreme points is finite.



The main theorem for Polyhedra

Theorem 4.4.4 Each polyhedron P may be written as P = conv(V ) +
cone(Z) for finite sets V, Z c R". In particular, if P is pointed, we may
here let V be the set of vertices and let Z consist of a direction vector
of each extreme halfline of P.

Conversely, if V and Z are finite sets in R", then P=conv(V)+cone(Z)
IS a polyhedron. i.e., there is a matrix A € R™" and a vector b € R™
for some m such that conv(V) + cone(Z) = {x € R": Ax < b}.

Corollary 4.4.5 Asetis a polytope ifand only if it is a
bounded polyhedron.




Exercises

e Show that the unit ball B = {x € R" : ||x|| = 1} is convex. (Hint use the

triangle inequality ||x+y|| = [Ix]|+ [lyll)

e Show that C, , C, convex sets - C, n C, Is a convex set

e The set of optimal solutions to a linear program is a polyhedron
e Each convex cone is a convex set.

e Show that 2 distinct points are affinely independent

e Show that the diagonal of the square is not a face

o Let x be an extreme point of a convex set C, then there do not exist two
distinct points of C such that x is the convex combination of such points

o What is rec(C) when C is a polytope?

o Showthatrec{x e R": Ax <b}={x e R": Ax <O}



