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1 INTRODUCTION

In the theory of mathematical optimization one tries to find maximum or
minimum points of functions depending of real variables and of other func-
tions. Optimal control theory is a modern extension of the classical calculus
of variations. Fuler and Lagrange developed the theory of the calculus of
variations in the eighteenth century. Its main ingredient is the Euler equa-
tion! which was discovered already in 1744. The simplest problems in the
calculus of variation are of the type

max /t "R (), a(0)) dt

where z(ty) = xg, x(t1) = z1, to, t1, To, 1 are given numbers and F' is a
given function of three (real) variables. Thus the problem consists of finding

!The Euler equation is a partial differential equation of the form g—i — %(%—g) =0,
where F is a function of three real variables, x is an unknown function of one variable

t and @(t) = 9(t). Here g—i stands for the partial derivative of F' with respect to the

second variable x, %—i(t,x,a}), and g—g is the partial derivative with respect to the third
variable &, see Chap. 3, Theorem 1.



functions z(¢) that make the integral ftzl F(t,z(t),2(t)) dt maximal or mini-
mal. Optimal control theory has since the 1960-s been applied in the study of
many different fields, such as economical growth, logistics, taxation, exhaus-
tion of natural resources, and rocket technology (in particular, interception
of missiles).

2 FUNCTIONS OF SEVERAL VARIABLES.

Before we start on the calculus of variations and control theory, we shall need
some basic results from the theory of functions of several variables. Let A C
R™, and let F' : A — R be a real valued function defined on the set A. We

let F(Z) = F(x1,...,2,),% = (21,...,3,) € A ||Z|]| = V/ai+ -+ 22. ||7]]
is called (the Euklidean) norm of 7.
A vector ¥y is called an inner point of the set A, if there exists a r > 0
such that
B(Zy,r) ={Z € R" : ||¥ - Zo|| < r} C A.

We let
A® = {%;, € A : %, is an inner point of A}

The set A is called the interior of A. Let

—

517527"~7€n
be the vectors of the standard basis of R", that is,
¢ =(0,0,...,0,1,0,...,0) (i=1,2,...,n),

hence €; has a 1 on the i-th entry, 0 on all the other entries.

Definition 1. let Zy € A be an inner point. The first order partial
derivatives F!(T,) of F at the point Ty = (2?,...,2%) with respect to the

i-th variable z;, is defined by

L N . L
Fi(%o) = lim o [F(Zo + hei) — F(Z0)]

.1
:]1112%%[}7’(:17?,...,x?—l—h,xgﬂ,...,xg) — F(2Y,...,2%),

if the limit exists.



We also write

o OF
Fj (o) = Ers

for the ¢-th first order partial derivative of of F' i .
Second order partial derivatives are written

O*F

F (7)) =
1,J (ZE()) ax]axz

(To) = DijF(iy) (1<i<n)

where we let

PPy O (OF
8:@8:@- 0/ al'j aﬂ:z

)(F) = Fj(F{(d)).

The gradient of the function F' at &y is the vector

OF OF

VF(Z) = (8_x1(fo>’ s (&xn (70))

Example 1. Let F(xy,29) = 7223 + 23, Ty = (2,1) Then
VF (21, 1) = (14zy23, 212223 + 423),
VFE (21, 2) = (14a125, 212325 + 43)

(28, 28).

Level surfaces: Let c € R, ' : R" — R. The set
M.={%z : F(Z) =c}

is called the level surface (or the level hypersurface ) of F' corresponding to

the level c. if Ty = (29,29,...,2%) € M., then we define the tangent plane of

rn

the level surface M, at the point Z; as the solution set of the equation

In particular, VF¥,) is perpendicular to the tangent plane at o, VF(Zy) L
the tangent plane at Zy.

Example 2. let F(z, 1) = 22x5. then

VF (21, 25) = (20172, 22) and VF(1,2) = (4,1).
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Tangent the equation at the point (1,2) for the level surface (the level curve)
iry = 2is VF(1,2) - (¥ — (1,2)) = 0, hence (4,1) - (x; — 1,25 — 1) = 0,
4xy — 44+ 29 — 2 =0, that is 4x1 + x9 = 6.
Example 3. Let F(z1,79,73) = 23 + 23 + z2, and consider the level
surface
x}+as+a5 =1,

the sphere with radius 1 and centre at the origin. (a) Then

VF(.Tl,iUQ,LIfg) = 2(331,5[}2,%'3)
1 1 1 2

VF(—, —, —) = —(1,1,1).
VIVEVE TV
The tangent plane at the point \[(1 1,1) has the equation:
2 111 1 1 Ly
—F=\H L 1= =, T2 — —(=, T3 — —=) =Y,
2( b s+ 73) 2 3
—(x1 + 20 + 13) = —=—,
73 1+ 22 + 23 B3
$1+$2+$3:\/§.
(b) Here
3 4 3 4 2
F(0,2,2)=2(0,2,2) = 2(0,3,4
V(0,23 =202, 5) = 2(0.3.4)
The tangent plane at (0,2, ) has the equation
2 3 4
5(0,3,4)'<ZL’1—0,$2—g,l’g—g):0,
3 4
3ZE2+4ZE3:5.

Directional derivatives. Assume that F : A CR" — R. Let @ € R"
and Z € A° be an inner point of A. The derivative of F' along @ at the point
Z is defined as

FU&) = lim ~[F(7 + hd) — F(3)]

h—0 h

if the limit exists.



Remark 1. The average growth of F' from 7 of ¥ + hda is
1
5[F(f+ ha) — F(Z)],

hence the above definition is natural if we think of the derivative as a rate of
change.

Definition 2. We say that F is continuously differentiable, or C!, if the
function F%(Z) is continuous at Z for all @ € R™ and all ¥ € A°| that is if

lim F3(Z + ¢) = Fz(Z).
7—0
if F'is C', then we can show that the map @ — F4(Z) is linear, for all

7 € AY. We show first the following version of the Mean Value Theorem for
functions of several variables,

Proposition 1 (Mean Value Theorem). Assume that F' is continuously
differentiable on an open set A C R™ and that the closed line segment

77 = {47+ (1— )7 : 0<t <1}

from & to ¥ is contained in A. Then there exists a point w on the open line
segment (Z,7) = {t¥+ (1 —t)y : 0 <t < 1} such that

F(Z) = F(i)) = Fz_(w)

Proof. Set g(t) = F(tZ+ (1 —t)y), t € (0,1). Then

Hlo(t+ h) = g(t)] = T [F((t+ E + (1~ (64 R)7) — F(t2 -+ (1 53]
= HF(F+ (L= 1)+ b = ) — F(E + (1= 1)7)
oy FL 7+ (1 1))

Since F' was continuously differentiable, it is clear that ¢'(¢) is continuous
for 0 <t <1, and ¢'(t) = F}_;(t¥ + (1 — t)y). Moreover, g(0) = F(y) and
g(1) = F(Z). We apply the "ordinary” Mean Value Theorem to the function
g. Hence there exists a 6 € (0,1) such that

9(1) = (0
= _g(

&l \_/
A
\_/
\_/
I
ks
1
—~
g,
~—

8=



where W = 0x + (1 — 0)y lies on the open line segment (&, y). Hence we have
proved the Mean Value Theorem. W

Proposition 2. Let Z € A° be given. If F' is C!, then

(1) F/(Z) =cFiZ), forallceR and d e R"

(2) F (@) = F3(Z) + F3(2),

that is, for each fixed Z, the map @ +— F(Z) is a linear map of R™ into R.

Proof. (1) if ¢ = 0, it is clear that both sides of (1) are equal to O.
Assume that ¢ # 0. Then

1
Fly(®) = lim —[F(7 + hed) — F()

N . .
= C-%%E[F($+hca) — F(2)]
—he . Lo . .
"2 clim —[F(Z + kad) — F(Z)] = cFL(Z).

k—0 h
(2) Fis C" hence F}(Z) and F}(Z) exist. Since 2 € A% exists r > 0 such
that

|7 =1l <r=9y€A
Choose h such that

I|h(@+b)|| < r and ||hb|| < 7.

Then

-

T+h(@+b)eAand T+ hbe A,

hence

We apply the Mean Value Theorem to the expression in the first bracket.
Thus there exists a 6 € (0, 1) such that

-

(%)  F((Z+ hb) + hd@) — F(Z + hb) = F..(Z + hd + 6hb)



By part (1) we have
Fl(Z + hd + 0hb) = hFL(Z + hd + Ohb)
If we divide the equation in (xx) by h, then we find
%[F((f + hE) @) — F(F + )] = P + ha + 0hb) — Fi(E),
since F' is continuously differentiable. Consequently, dividing by A in (%), it
follows that

lim ;[F((ij 1@+ b)) — F(7)]

= F(7) + lim 2[F(:E+ BB) — F(3)] = FU#) + FUT) ®

h—0

We write @ = > | a;¢;. Then
", OF
ZalF’ (Z) = Z aia—xi(f) — VF(Z)-a.

As a consequence we have,

Corollary 1. If F'is C' on A C R", then
Fi(Z)=VF()-a
for all ¥ € A°.

If ||@|| = 1, then F.(Z) is often called the directional derivative of F at
the point Z in the direction of @. From Corollary 1 it follows easily that

Corollary 2. F'is continuously differentiable at the point ¥y < VF is
continuous at the point 7y < all the first order partial derivatives of F' are
continuous at .

Proof. Let @ = (ai,...,a,) € R", ||d@|| = 1. Then

| Fa() — Fﬂ(:vo)\ = [[VF(@) = VF(Zo)] - ]
=|VE(T) = VE(©)| - [|a]] - [VE(Z) = VF(Zo)].

This proves that F.(Z) — Fi(Zy) — 0 & VF(Z) — VF(Z;) — 0. Hence
T—To T—x0

F' is continuously differentiable at the point ¥y < VF' is continuous at 7.

7



If welet @ =¢€;, (1 <i<n), wefind that 8F( ¥) = F/ () is continuous at
Zo for i =1,...,n if F is continuously differentiable i . Conversely, if the
partial derlvatlves gF (Zy) are continuous for ¢ = 1,...n, then

n

FL(7) = Za,F’ (2) = iazf)xz

i=1
is continuous at ¥y for all @ € R™. Hence it follows that F' is continuously

differentiable at ;. W

Convex sets. A set S C R" is called convex if
tr+(1-t)yes

for all Z, € S, and all ¢ € [0, 1].
In other words, S is convex if and only if the closed line segment [Z, 7]
between ¥ and ¢ is contained in S for all 7,y € S.

Example 4. Let us show that the unit disc with centre at the origin,
S = {(x1,29) : ¥? + 23 < 1} is a convex subset of R
Let & = (z1,22),¥ = (y1,42) € S, 0 <t < 1. We must show that

Using the triangle inequality and that ||td|| = |¢] - ||@]], @ € R™, we find that
|12]] = [[tZ + (1 — )]
< |Je]| + [I(X = )7l| = ¢|Z]] + (1 = )|/]]
<t-14+(1—t)-1=1
Hence z € S. This shows that S is convex. W
Exercise 1. Let a > 0 and b > 0. Show that the elliptic disc

75

i
S = {(21,22) : 2 + 12

<1}

er a convex subset of R2.

Concave and convex functions. A C? function (that is, a function pos-
sessing a continuous second derivative) f : [a,b] — R is concave if f"(z) >0
for all  in the open interval (a,b). The function f is convex if f”(x) > 0 for

8



all z € (a,b). If fis convex, we see see geometrically that the chord [(x, f(x))]
always lies under or on the graph of f. Equivalently, the inequality

() tf(x)+ (@ =0)f(y) < fltz+ (1 =1)y),

holds for all z,y € (a,b), and all ¢ € [0,1]. The converse is also right: If
(*) holds, then f is concave. For functions of several variables, the second
derivative at a vector ¥ is no real number, but a bilinear function. As a
consequence, we will use the inequality (%) when we define concavity for
functions of several variables.

Definition 3. Let S be a convex subset of R” and let f be a real valued
function defined on S. We say that f is concave if f satisfies the inequality

(o) fUET+ (L =8)g) 2 tf(Z) + (1= 1) f(9),

for all ¥,y € S and all t € [0, 1]. A function f is called convex if the opposite
inequality holds. The function is strongly concave (respectively strongly
convex) if strict inequality holds in ().

Remark 2. That f is concave, means geometrically that the tangent
plane of the surface z = f(Z) lies over (or on) the surface at every point
(¢, f(§)): the equation for the tangent plane through the point (7, f(¥))is

2=V[@) @—=9)+ f@),
hence
f@) <2=Vf@) @-9)+ f@)
for all # on the tangent plane.

Proposition 3. Assume that the functions f and g are defined on a
convex set S C R"™. Then the following statements hold

(a) If f and g are concave and a > 0, b > 0, then the function af + bg is
concave.

(b) If f and g are convex and a > 0 then the function af + bg is convex.

Proof. (b): Assume that f and g are convex, a > 0,b > 0. Set h(Z) =
af(Z)+bg(¥) (¥€S),andlet t € (0,1). For all #, 4 € S then

h(tZ + (1= 1)§) = af (tF + (1 — t)§) + bg(tT + (1 — 1)7)
< aftf(7) + (1 =) f ()] +bltg(7) + (1 = )g(9)] = th(Z) + (1 = )A(y).

9



Accordingly h convex.
Part (a) is shown in the same way. W

The following useful ”2nd derivative test” holds:

Proposition. Let f : S C R? — R, where S is open and convex. If all
the 2nd order partial derivatives of f are continuous (that is, f is C? on S),
then

: *f *f
—L(3) >0 —L(7) >
(a) f is convex & 727 () >0, 92 (¥) > 0 and
P P (G -
— L - — > .
927 ($)8a:§ (Z) 07102, = 0forall#eS
2 2
(b) f is concave < %(f) <0, %(f) <0 and
1 2
PL P o @)

— (X)) —=(x) — >0f 117eS.
(93;2( )8x§(x) 0x1019 — oralre

We vil prove this proposition below (see Proposition 8). First we shall
need some results on symmetric 2 X 2 matrices Let

a b
-5 7)
be a symmetric 2 x 2-matrix, and let

Q(7) = T'QT = (11, 22)Q (2) = az} + 2bzi7s + cx3, T € R

Definition 4. We say that @) is

(a) positive semidefinite if Z'QF > 0 for all ¥ € R2.

(b)  positive definite if Z'QF > 0 for all ¥ € R?\ {0}.

() negative semidefinite if 7QZ < 0 for all # € R.

(d) negative definite if Z'QZ < 0 for all 7 € R*\ {0}.

We will also write @) > 0 if @) is positive semidefinite, ) > 0 if @ is
positive definite, and similarly for (¢) and (d).

Proposition 4. Q is positive semidefinite <> a > 0, ¢ > 0 and ac—b* > 0.

10



Proof. <: assume that @ > 0,¢ > 0 and ac — b*> > 0. If a = 0 then
ac—b*=—b>>0

hence b = 0. Therefore

e (31) = (§ 7) (7)
— (o1, 72) (022) = il > 0,

for all (z1,25). Consequently @ is positive semidefinite.
Assume that a # 0. Then

a b\ (z1) ary +bra\ 2
(1, 22) (b c) ($2) = (x1, 22) (bxl N cx1> = ax] + 2bxixe + CT5

b c
= alz? + 25:171@ + amg]

b b? c b
= alz} + 21Ty F @fﬂg + (5 - a_)x%]

b ac —b?
= a[(z, + ax2)2 + 0 73] >0

for all (z1,7s) € R% Hence is Q > 0.
=: Assume that Q > 0, then Z'QZ > 0, ¥ € R?. In particular,

10(; ()=
and

s ()=

Assume that a > 0: As we have seen above,
a b\ (x
1))
b ., ac—1b ,
= a[(zy +5I2) + = T5).

11



If we let 27 = —21’2, we deduce that “Ca;2b2x§ > 0, for all x5, hence ac—b* > 0.
Assume that ¢ = 0 : Then

0 < 7'Q7 = ax? + 2bxy79 + 75

= 2bxrixy + cx%
if b > 0, the fact that xo = 1, 1 = —n, implies

0< —2n+c — —o0,

n—o0

yields a contradiction. Hence b =0, and ac — b =0>0. N
Further, it is easy to show

Proposition 5. @ is positive definite < a > 0 (and ¢ > 0) and ac —b* >
0.

Exercise. Prove Proposition 5.

The following chain rule for real functions of several variables will be
useful.

Proposition 6. (Chain Rule) Let f be areal C'- function defined on an
open convex subset S of R”, and assume that 7 : [a,b] — S is differentiable.

Then the composed function f o7 = fo (ry,...,r,) : [a,b] — R is well
defined. Set g(t) = f(7(t)). Then g is differentiable and
/ af = / af — / —, —/
g (t) = 5= (FO)ry(t) + - - &+ == (F(t))r, (1) = Vf(r(1)) - 7(2).
8271 axn

Proof. consider

() glt+h) —g(t) _ f(FE+h)) = f(7(?))
h h

Since S is open, there exists an open sphere B, with positive radius and centre
at 7(t) which is contained in S. We choose h # 0 so small that 7(t+h) € B,.
Set @ = 7(t + h),7 = 7(t). Then the numerator on the right hand side of (x)
is f(@) — f(¥). By applying the Mean Value Theorem to the last difference,
we obtain

12



where Z= 4@ + 6(u — v) for a 6 € (0,1). Hence the difference quotient in (%)
may be written

1 1 o o "
(ex) 7 lg(t+h) = g()] = 2 VF(Z) - (7t + h)) = (7(2))]
As h — 0, we find @ — ¥, so that Z — @. Sincef is C!, is Vf continuous,
Vf(Z) = Vf(i) = Vf(F(t)). Therefore the right side of (%) converges to
Vf(r(t))-r"(t). This shows that ¢'(¢) exists and is equal to the inner product

VEFED) 7). W

If the function f is defined on an open subset S of R? for which the partial
derivatives of 2nd order exist on .S, then we may ask if the two mixed partial
derivative are equal. That is, if 80?125;2 = 83?228’;1. This is not always the case
however, the following result which we state without proof, will be sufficient

for our needs.

Proposition 7. Assume that f is a real valued function defined on an
open subset S of R? and that all the first and second order partial derivatives
of f are continuouse on S. Then

Pf o Pf
8:1618:52 N &Eg&vl

forall 71 6.
Proof. See for instance Tom M. Apostol, Calculus Vol. II, 4.25.
Next we will apply the last four propositions to prove

Proposition 8. Let f be a C? function defined on an open convex subset
S of R2. Then the following statements hold,

a) fis convex < 2L >0, 2L > 0and Ay = 2121 Pf )2 >
oz f
1

) Oz - 8_1‘%6_903 " \8z10z2

(b) fisconcave(:)g%éjgo, %SOandAfZO

(c) ng]g >0 and Ay >0 = f is strictly convex.

(d) gix?g < 0and Ay >0 = f is strictly concave.

Alle the above inequalities are supposed to hold at each point of S.

Proof. (a) <: Choose two arbitrary vectors @, bin S, and let t € 0, 1].
We consider the function g given by

-

g(t) = Fb+t(@—1b)) = f(ta+ (1 —t)b).

13



Put 7(t) = b+ (@ — b), thus g(t) = f(7(t)). Let @ = (a1, az),b = (b1, bs). The
Chain Rule yields

g'(t) = V() - 7(t)

Ji Ji
G (7)) - (a1 = ba) + 2 (7(0) - a2 = ba)

and
o) =R T )
+ (D EIED) @~ Baa — b
92 f
61‘281‘1

92 f
:[a_x%(al — b))+

a2f

(a1 — b1)(az — b2)

62
(o1 = br)(oa = bo) + 0 = b

( 6301 amla’rg> (@— g)
axzaxl 923 /) )
From the conditions in (a) the ”Hessematrix” H of f,
_9°f
H= < o 6@”)
dr20r1 O3

is positive semidefinite in S. Accordingly ¢”(¢t) > 0, for all ¢ € (0,1), so that
g is convex. In particular it follows that

fa+1 =) =gt)=gt-1+(1—1t)-0)

<tg(1) + (1= 1)g(0) = tf(@) + (1 — 1) f(b).

Since @ and b were arbitrary in S, we deduce that f is convex.

=: In light of Proposition 4 it suffices to prove that the Hessematrix H
of f is positive semidefinite in S. Let £ € S, h € R? be arbitrary. As S is
open, there exists r > 0 such that |t| < r = ¥+ th € S. Define p on the
interval I = (—r,7) ved p(t) = f(Z + th).

14



Claim: p is a convex function.
In order to see this, let A € [0,1], ¢ and s € I. Then

which proves the claim. .
Since p is C? and convex, we deduce p” > 0. Let 7(t) = Z+th, t € [. By
The Chain Rule,

(1) = V(L) - h
and as in the first part of the proof,

p'(t) = R'H(F(t))h  (h € R? arbitrary).

As p"(t) > 0, it follows that H(7(t)) is positive semidefinite, ¢ € I. In partic-
ular,

H(7) = H(r(0)) 2 0

for all Z € S. Hence part (a) follows.
The proofs of (b), (¢) and (d) are similar. W

The following ”gradient inequality” and its consequenses are useful in the
calculus of variations.

Proposition 9. (Gradient inequality) Assume that S C R"™ is convex,
and let f : S — R be a C''-function. Then the following equivalence holds

f is concave <

) @)~ £ < VG- E 1) =3 L )

for all #,y € S.

Proof. =: Assume that f is concave, and let ¥,y € S. For all t € (0,1) :
we know that

tf(@) + (1=t f() < f7 = (1= 1)),

15



that is
t(f(Z) = () < fF@—9) +9) — [()

— — 1 — — — —
F@) = f@) = S [f(G+ 7 = 9) — (7))
If we let t — 0, we find that the expression to the right approaches the

derivative of f at i along @ — 3. Hence,

<: Assume that the inequality (1) holds. Let Z, ¢ € S, and let ¢ € (0,1). We

put
7=1t7+ (1 -1)7.

It is clear that Z € S, since S is convex. By (1),

2)  f@)-f(R) V@) (Z-2)
and

B) S -f(D)<VE) - (-2

Multiplying the inequality in (2) by ¢ and the inequality in (3) by 1 —¢, and
then adding the two resulting inequalities, we derive that

Here the right side of (4) equals 0, since
HEZ-2)+(1—-t)(g—2)=t+ (1 —t)y—tZ—
=tr+(1—-t)y—2=
Rearranging the inequality (4) we hence find,

tf(@) + A=) f(H) < f(2) + (1 =1)f(2)
= [(2) = f{tZ + (1 = 1)y),

which shows that f is convex. W
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Remark 3. We also have that f is strictly concave < proper inequality
holds in (1). Corresponding results with the opposite inequality (respectively
the opposite proper inequality) in (1), holds for convex (respectively strongly
convex) functions.

Definition 5. Let f : S C R” — R, and let &* = (27,...,2}) € S.
A vector ¥* is called a (global) maximum point for f if f(2*) > f(&) for
all ¥ € S. Similarly we define global minimum point. #* is called a local
maximum point for f if there exists a positive r such that f(Z*) > f(&) for
all # € S that satisfies ||Z — Z*|| < r.

A stationary (or critical) point for f is a point i € S such that V f(¢) = 0,
that is, all the first order partial derivatives of f at the point ¥ are zero,
H@GH=0 (1<i<n),

If #* is a local maximum- or minimum point in the interior SY of S, then

V@) =0:

L) = tim 1) 7+ )] 20
and o )
L) = lim U7 — S + 1] <0,
and hence g—i(f*) = 0, (1 <4 < n). For arbitrary C'-functions f the

condition V f(#*) = 0 is not sufficient to ensure that f has a loal maximum
or minimum at £*, however, if f is convex or concave, the following holds,

Proposition 10. Let f be a real valued C! function defined on a convex
subset S of R”, and let ©* € S. The following holds

(a) if f is concave, then Z*is a local maximum point for f
& ViE) =0.
(b) if f is convex, is ¥* a local minimum point for f
o V(@) =0.

Proof. (a)
=: We have seen above that if 7* is a local maximum point for f, then

—

V(@) = 0.

17



<: Assume that ¥* is a stationary point and that f is concave. For all ¥ € S
it follows from the gradient inequality in Proposition 9 that

hence f(7) < f(2*), for all ¥ € S.
the proof of (b) is similar.

The next result will also be useful,

Proposition 11. Assume that F' is a real valued function defined on a
convex subset S of R”, and that G is a real function defined on an interval in
R that contains the image f(S) = {f(Z) : ¥ € S} of f. Then the following
statements hold,

(a) f is concave and G is concave and increasing = G o f is concave.
(b) f is convex and G is convex and increasing = G o f is convex.
(¢) f is concave and G is convex and decreasing = G o f is convex.

(d) f is convex and G concave and decreasing = G o f is concave.

Proof. (a) Let Z,5 € S, and let t € (0,1). Put U = G o f. Then

Utr + (1 =t)y) = G(f(tT + (1 - 1)7)
> Gtf(@)+ (1 —1t)f(y)) (f concave and G increasing)
> tG(f(7)) + (1= )G(f(¥)) (G concave)
= tU(7) + (1 = U (),

hence U is concave.

(b) is proved as (a).

(¢) and (d): Apply (a) and (b) to the function —G. (Notice that G is convex
and decreasing < —G is concave and increasing.) W

3 CALCULUS OF VARIATIONS.

We may say that the basic problem of the calculus of variations is to deter-
mine the maximum or minimum of an integral of the form

Q) J) = / CR(, a(t), #(t)) dt,

to
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where F' is a given C? function of three variables and x = z(¢) is an unknown
C? function on the interval [ty, ¢1], such that

(2) x(tg) = xo, and x(t1) =y,

where xy and x; are given numbers. Additional side conditions for the prob-
lem may also be included. Functions z that are C? and satisfy the endpoint
conditions (2) are called admissible functions.

Example 1. (Minimal surface of revolution.)
Consider curves x = z(t) in the tx—plane, to < ¢t < tq, all with the same
given, end points (tg, zo), (t1,z1). By revolving such curves around the t—axis,
we obtain a surface of revolution S.
Problem. Which curve x gives the smallest surface of revolution?
If we assume that z(¢) > 0, the area of S is

t1
A(z) = / 2/ + a2 dt
to

Our problem is to determine the curve(s) z* for which min A(z) = A(x*),
when x(t9) = zo, x(t1) = x1. This problem is of the same type as in (1)
above.

We shall next formulate the main result for problems of the type (1).

Theorem 1. ("Main Theorem of the Calculus of Variations”)
Assume that F' is a C? function defined on R®. Consider the integral

(+) /: F(t,z,4)dt

If a function x* maximizes or minimizes the integral in (*) among all C?
functions z on [tg, t;] that satisfy the end point conditions

x(to) = T, Ql(tl) =T,

then x* satisfies the Euler equation

(E) ‘Z_i(t,x(t),j;@))—%(‘;_i@,x(t),ab(t))—0 (t € [to, t1]).

If the function (z,4) — F(t,x,2) is concave (respectively convex) for each
t € [to,t1], then a function x* that satisfies the Euler equation (E), solves
the maximum (respectively minimum) problem.
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Solutions of the Euler equations are called stationary points or ex-
tremals. A proof of Theorem 1 will be given below. First we consider an
example.

Example 2. Solve

xT

1
min / (22 + %) dt, x(0)=0,2(1)=e*—1.
0

We let F(t,x,i) = 2®+ 4% Then 2£ =2z, £9E — 4(94) — 27 Hence the
Euler equation of the problem is

r—x =0,
The general solution is
x(t) = Ae' + Be™
Here 2(0) =0=A+ B,B=—-A,z(1)=e¢*—1=Ae+ Be ! = Ale —e™?).
This implies that A = e, B = —e, hence

:L'(t) — et+1 _ elft

is the only possible solution, by the first part of Theorem 1. Here F(t,x,4) =
x? + % is convex as a function of (z, %), for each ¢ (this follows from the 2nd
derivative test, or from the fact that F is a sum of two convex functions each
of them of a single variable: z +— %, and # — 2%). As a consequence of the
last part of Theorem 1, we conclude that x does in fact solve the problem.
The minimum is

1 1
/ (22 + #%) dt = / (e — 12 4 (e N g = =t
0 0
We notice that ¢ does not occur explicitly in the formula for F'in this example.
Next we shall take a closer look at this particular case.

The case F = F(z,) (that is, t does not occur explicitly in the formula
of the function F'). Such problems are often called autonomous.

If x(t) is a solution of the Euler equation, then the Chain Rule yields:

@ty — 2 gy = O OFy _OF _ dOF
ar I\ T = e T 5t T Y er T Yt oa
COF d OF
= [%—E(g)]—ﬁ 0=0,



so that OF
F — x% = C (is constant).
This equation is called a first integral of the Euler equation.

In order to prove Theorem 1 we will need,

The Fundamental Lemma (of the Calculus of Variations). Assume
that f : [to, 1] — R is a continuous function, and that

/ Y pu() dt =0

for all C? functions p that satisfies u(tg) = p(ty) = 0. Then f(¢) = 0 for all
t in the interval [to, t1].

Proof. If there exists an s € (to,t1) such that f(s) # 0, say f(s) > 0,
then f(¢) > 0 for all ¢ in some interval [s — €, s+ €] of s since f is continuous.
We choose a function u such that p is C* and

w>0, p(s—e)=p(s+€ =0, u>0o0n (s—es+e€),

and p = 0 outside the interval (s — €, s + €). We may for instance let

(t—(s—€)3((s+e€)—1)? yels—e¢s5+¢
0, t¢[s—es+e.

which is C?. Then
t1 s+e
[ s ai= [ o a> o

since p(t) f(t) > 0 and p(t) f(t) is continuous on the open interval (s—e¢, s+e€).
Hence we have obtained a contradiction.

We shall also need to ”differentiate under the integral sign”:

Proposition 2. Let g be a C? function defined on the rectangle R =
la,b] x [c,d] i R?, and let



Then
b dg

¢ =[5

—=(t,u)dt.

Proof. Let ¢ > 0. Since % is continuous, it is also uniformly continuous on
R (R is closed and bounded, hence compact). Therefore there exists a 6 > 0

such that 5
g €
8u(87u) (’M(t’v” Sh—a
for all (s,u), (t,v) in R such that ||(s,u) — (t,v)|| < J. By the Mean value
Theorem there is a § = 0(t, u,v) between u and v such that

dg

g(t.v) — g(tu) = 22(1.0)(v — u).

ou
Consequently,
g(t,u) Og
— (7 dt
[ 0
/ 122 1,6) (t u)| di
/—dt—e for |v —u| < 6.
Hence

Proof of Theorem 1. We will consider the maximum problem (the
minimum problem is similar)

) mjx/tlF(tx() x(t)) dt

when x(tg) = zp and x(t;) = x1, (here zg, and z; are given numbers.
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assume that z* is a C? function that solves (1). Let u be an arbitrary C?
function on [ty, t1] that satisfies u(ty) = p(t1) = 0. For each real € the function

="+ €eu

is an admissible function, that is, a C? function satisfying the endpoint con-
ditions x(ty) = x¢ and z(t;) = z1. Therefore we must have

J(z%) 2 J(x + ep)

for all real €. Let p be fixed. We will study () = J(z* + eu) as a function
of e. The function I has a maximum for € = 0. Hence

I'(0) = 0.
Now

I(e) = /ttl F(t,z*(t) + en(t), 27 (t) + en(t)) dt

Differentiating under the integral sign (see Proposition 2 above) with respect
to € we find by the Chain Rule,

0= 1'(0) = /t 1 [aa}; () + aai* (t)] de

where we put 25 = 9E5(¢, 2*(t),i*(t)) and &

£~ = 98 (t,2*(t), 2" (t)). Hence
“9F " F

=1'(0) = t)dt u(t) dt

0=10) M p(t) dt + T 1(t)
hOF* OF* n hd oF*

= t)dt nl - = t)dt ing integration by part
. Or p(t) dt + l o 11 )} . /to dt( 5 () (using integration by parts)
b oF*  d ,0F* ,

— [ 15— GG n0 e Gince ut) = ulta) = 0)

hence

n OF* d ,0F*
|, G = G ar=o

for all such C? functions p with p(t;) = u(t;) = 0. By the Fundamental
Lemma it follows that

OF* d ,OF*
(2) ax_E(a;b)ZO’
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hence z* satisfies the Euler equation. Using a quite similar argument we find
that an optimal solution x* for the minimum problem also satisfies (2).

Sufficiency: assume that for every t in [to, 1], F(t,z, &) is concave with
respect to the last two variables (x, %), and let x* satisfy the Euler equation
with the endpoint conditions of (1). We shall prove that z* solves the max-
imum problem. Let x be an arbitrary admissible function for the problem.
By concavity the ”Gradient inequality” yields,

F(t,z, &) — F(t,z*, ") <

d, oF o OFT . d, OF .
)@ =) (i = 87) = (S (o =),

for all t € [to, t1]. By integration of the inequality we deduce that

/ (Pl 2.d) — P2, 0%) dt

to

"d, OF oF* "
< — % _ o —
_/to dt< 5 ) (@ —2*)dt [ ER (x —x )} 0,

to

where we used the endpoint conditions for  and x* at the last step. Hence

t1 t1
/F(t,x,i:)dtg/ F(t, 2%, ) dt

to to
as we wanted to prove. l

Remark. In the above theorem, assume instead that F' is concave with
respect to (z,4) (for each t € [ty,t1]) only in a certain open and convex
subset R of R?2. The above sufficiency proof still applies to the set V of
all admissible functions = enjoying the property that (x(t),z(t)) € R for all
t € [to,t1]. Hence any admissible solution x* of the Euler equation that is
also an element of V' will maximize the integral ftil F(t,z,t)dt among all
members of V. Consequently, we obtain a maximum relative to the set V.
Note that the proof uses the ” Gradient Inequality” (Proposition 9 in Section
1) which requires the region to be open and convex.

Example 3. We will find a solution z = z(t) of the problem

1
min/ F(t,z,&)dt
-1
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where F(t,z,2) = t*1? + 122 and z(—1) = —1, z(1) = 1.
(a) First we will solve the problem by means of Theorem 1. Here we find

g—i - %(g—i) = 24z — %(ﬁ L 20) = 24w — Atd — 20°%,
and the Euler equation takes the form
3 + 2ti — 122 = 0.
We seek solutions of the type x(t) = t*. This gives
(k(k — 1)+ 2k — 12)t* = 0, for all ¢,

that is, k> + k — 12 = 0, which has the solutions k¥ = 3 and k = —4.
Consequently, z(t) = At3 + Bt~* where

2(~1) = —A+B=-1
z(l)=A+B=1

Hence B = 0 and A = 1, so that z(t) = 3 is the only possible solution.
Furthermore,
0?F 0’F 0’F
— =2>0, — =24>0, — =
02 7 Oa? " 0xdi
and the determinant of the Hesse matrix is 24 - 2t? = 48t% > 0. It follows that
F is convex with respect to (z,2). Hence, in view of Theorem 1, z(t) = ¢3
gives a minimum. W

0,

(b) Suppose next that x is a solution of the Euler equation to the problem
which in addition satisfies the given endpoint conditions. If z is an arbitrary
admissible function, then p = z — z is a C? function that satisfies u(—1) =
w(1) = 0. Let us show that

J(z) = J(x) = J(x 4+ pu) — J(z) > 0.

From this it will follow that z minimizes J. Now

J(x+p) — J(x) = /_11 [t2 (0 + 1)? + 12(x + p)? — t23% — 1227 dt

1
= / [2t%2 1 + 1212 + 24xp + 1247 dt = / [t20? + 12p2) dt + 1

1 -1
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where

1
I= / (2221 + 242 ) dt
-1
1 1 1

223 — / (26%5 4 Aty dt + / 24xpdt  (using integration by parts)
—1 -1 -1

—0— /1 2u[t?i + 2@ — 122]dt - (u(~1) = p(1) = 0)

1

:07

where the last inequality follows from the fact that x satisfies the Euler
equation
%3 + 2ti — 122 = 0.

Hence )
J(x+p) - J(x) = / [t?? + 12p°%] dt > 0

1
if u # 0, hence every solution of the Euler equation that satisfies the endpoint
conditions, yields a minimum. We have seen in (a) that x(t) = ¢ is the only
such solution. W

Example 4. (No minimum)
Consider the minimum problem

min /4 (1) — =) dt,  2(0) =0, 2(4) = 0.
0
The Euler equation
(E) i+ax=0
has the characteristic roots +i, hence the general solution of (E) is
x(t) = Acost + Bsint
The endpoint conditions yield A = B = 0, hence the unique solution is
z*(t) =0 (for all t € [0,4])

Consequently, if the minimum exists, then it is equal to zero and is attained
at * = 0. Let us show that the minimum does not exist. To that end, we

consider the function

x(t) = sin(%t)
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which is clearly C%. Moreover, x(0) = z(4) = 0, so that z is admissible. Now

4 4 _2
t t
/0($2—a:2)dt:/0 T co(T) — sin?()] e
4 2 2 2 2 4
T T 9 7T 7T mt
- [T Ta=" (T S(1 = cos Xy dt
/0(16 (g + 1)sin" ) ST )/0 y(1—cos5)
2 2 14 2 . mt 2 2 1 2
“T Uzl = T oG gl 0= —g 2 <0

Therefore, x* = 0 does not minimize the integral and no minimum exists.

Other endpoint conditions. Next we will consider optimation prob-
lems for which the left end point x(ty) of the admissible functions z is fixed,
whereas the right end point z(¢;) is free. In this case we have the following
result:

Theorem 2. Assume that x( is a given number. A necessary condition
for a C? function® z* to solve the problem

max (min) / R a(), 4(0) At 2(te) = 20, 2(t) is free,

to
is that x* satisfies the Euler equation and, in addition, the condition

(T) (g_};)t:tl =0.

If the function F(¢,z,) is concave (respectively convex) in (x, ) for each
t € [to, t1], then any admissible function z* that satisfies the Euler equation
and the condition (7°), solves the maximum (respectively minimum) problem.

The condition (7") is called the transversality condition.

Proof. We will give a proof of the maximum problem. The proof of
the minimum problem is similar. Assume that z* solves the problem. In
particular all admissible (C?) functions x which have the same value z*(¢;)
as x* at the right endpoint ¢ = ¢y, satisfy J(x) < J(z*), hence z* is optimal
among those functions. However, then x* satisfies the Euler equation. In the

2As can be shown, it suffices to consider C'-functions. In fact, even piecewise Cl-
functions will do.
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proof of the Euler equation, see the proof of Theorem 1, we considered the

function .
I(a) = / F(t,z" + ap, & 4+ ap) dt

to

After integration by parts and differentiation under the integral, we con-

cluded that

, nogF* d OF* OF*  u
0=10)= [ 15~ G+ [Gouel,
where
OF* OF . . ., OF* _OF ..\ ..
(4) g = g (L)1) and o = (82" (1), (1))

Here, at this point, we let u be a C? function such that u(ty) = 0 and u(t;) is
free. Since x* satisfies the Euler equation, the integral in (x) must be equal

to zero, hence
OF*
M<t1)<%)t:tl = 0

If we choose a p with i(t1) # 0, it follows that (95-),_,, = 0.

i

Sufficiency: Assume that F(¢,x,4) is concave in (x, %), and that z* is
an admissible function which satisfies the Euler equation and the condition

(T'). The argument led to the inequality

/tl (F(t,a, &) — F(t,a",4")) dt

to

hoq . QF* or* f
< - X — ek
—/to ai (g ) - dt { g e ﬂ

to

The last part of the proof of Theorem 1, goes through as before.

find p
—(x — x*)] =0
[ O t=to
since z(ty) = x*(ty) = xo. Finally the condition (T") yields
F*
2]
=t1
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Thus it follows that J(z) < J(z*), hence 2* maximizes J. W

Using techniques similar to those of the previous proof, we can show

Theorem 3.
Assume that tg, t;, 9, and z; are given numbers, and let F be a C? function
defined on R3. Consider the integral

() /t P a(t), (1)) dt

If a function x* maximizes or minimizes the integral in (*) among all C?
functions x on [ty, ¢;] that satisfy the end point conditions

z(to) = wo, x(t1) > a1,

then x* satisfies the Euler equation

B e a0) ~ SO L), #0) =0 (1 10,1

and the transversality condition

OFy 20 (2 0ifa(t) > 21).

AT S P

If the function (z,%) — F(t,x,%) is concave (respectively convex) for
each t € [tg, 1], then a function z* that satisfies the Euler equation (F£),
solves the maximum (respectively minimum) problem.

Exercise 1. Let
F(t,x, i) = 2* + Tod + 2* + ti

(a) Find the Euler equation (F) of the function F. Is F concave or
convex as a function of the last two variables (z, &) ?

(b) Find the general solution of (F).

(c) Express the integral

/ ! o(t)a(t) dt

to
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as a function of z(¢y) and z(t1). Find a solution x of the problem
1

min/ F(t,z(t),z(t))dt, z(0)=
0

Exercise 2. Find a function F(t,z, &) which has the given differential
equation as an Fuler equation:

()

r—xz=0

(b)

25+ 2% —x=0

(c) Decide if the functions F' of (a) and (b) are concave or convex as
functions of (z, ) for fixed ¢.
(d) Find the only C?—function z* of the variation problem

| 1
mm/ (51’2 + 5372) dt, ZL‘(O) = 0, x(l) =€ — 6_1,
0

Justify your answer.
(e) Let F be asin (b) and solve the problem

. % . T =
mm/0 F(t,z(t),z(t))dt, =z(0)=1, x(%) = 2e2V3,

Exercise 3. Consider the problem min J(z), where
2
J(z) = / P14 20)dt, (1) = 3,2(2) = 5.
1

(a) Find the Euler equation of the problem and show that it has exactly
one solution x that satisfies the given endpoint conditions.

(b) Apply Theorem 1 to prove that the solution from (a) really solves
the minimum problem.

(¢) For an arbitrary C? function p that satisfies u(1) = p(2) = 0, show
that

2
J(x+p) — J(x) :/ 202 dt,
1
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where z is the solution from (a). Explain in light of this, that # minimizes
J.

Exercise 4. A function F is given by
F(z,y) =2*(1+y%),  (v,y) €R?
(a) Show that F'is convex in the region
1

R=A{(z,y) : |yl < 7

}

(b) Show that the variation problem

min /1 (1 + 2?) dt,
z(0) i z(l) =1
has Euler equation
(%) ri+i*—1=0
(c) Find the only possible solution z* of the variation problem. Let
V = {x : xis a C* function such that x(0) = z(1) = 1

1
and |2(t)] < —= for all ¢t € [0,1]}

V3

Show that z* € V. Explain that * minimizes the integral in (1) among all
functions in V.

Exercise 5. (Reduction of order)
Suppose that one solution z; of the homogeneous linear differential equation

() @+ p(t)i+ gty =0
is known on an interval I where p and ¢ are continuous. Substitute
xo(t) = u(t)x(t)
into the equation (x) to deduce that x5 is a solution of (x) if

(**) T1U + (2£ﬁ1 —|-pZU1)’ll =0
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Since (#x) is a separable first order equation in v = 1, it is readily solved for
the derivative u of u and hence for u. This is called the method of reduction
of order. As w is nonconstant, the general solution of (x) is

T = C1T] + Coy (¢1, ¢y arbitrary constants).

Exercise 6. Let a > —1, and put
: 1 9.2 L 2 L.
(%) F(t,x,x):§(1—t )& —504(044—1)3: o+ St
(a) Show that the Euler equation of F is
(xx) (1—-t)i—2ti+ala+1)z=0

This is known as the Legendre equation of order a and is important in many
applications.

(b) Let @ =1 in (#x). Show that in this case the function z1(¢) =t is
a solution of the equation (*x). Then use the method of reduction of order
(Exercise 5) to derive the second solution

141
1-—-1t

1
xg(t):1—5t1n| |, fort# +1.

(c) Find all possible C?—solutions of the variation problem
’ 3
max/ F(t,z,z)dt, x(2)=0, z(3) = —ln§ - -
2

(d) Find the optimal x of the problem in (c)

Exercise 7. Find the unique C?— solution z of the minimum problem
min / (2 + twi + 232, 2(1) = 0, 2(e) = " — ¢,
1
where r; = 2(—1+v/3) and ry = 3(-1 - V/3)
Exercise 8. Let

1
F(t,z,i) = 2>+ §t(t —1)d?,
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and consider the problem

3 210 4
(1) min/ F(t,a(), #(0)) dt, - 2(2) =0, 2(3) =T 55 — 5
2

(a) Find the Euler equation (E) of the problem in (1).
(b) Show that (£) has a polynomial solution z;.

(c) Use reduction of order (see Exercise 5) to find another solution xs of
(E) such that xo(t) = v(t)z1(t), t € [2,3].

(d) What is the general solution of (F) ? Find the only solution x* of
(E) that satisfies the endpoint conditions in (1).

(e) Decide if z* minimizes the integral in (1).

Remark. The Euler equation (E) of Exercise 8 (a) is a special case of
Gauss’ hypergeometric differential equation

(G) t(l=t)i+[c—(a+b+1t]d —abr =0

where a, b, and c¢ are constants. Hypergeometric differential equations occur
frequently in both mathematics and physics. In particular, they are obtained
from certain interesting partial differential equations by separation of vari-
ables.

Exercise 9. In the followig we shall study maxima and minima of

(%) J(zr)—/1 F(t,z(t),4(t) dt, x(l)——%,x(Q) is free .

Here 1 1
F(t,l’, .CL’) = 512 + 6g<t)$37

and ¢ is a positive (g > 0) C?*—function on [1,2].
(a) Find the Euler equation (E) of the problem. Express & in terms of
g.
From now on we let
1
g(t) = 2 for all t € [1,2].
(b) Find the general solution of (E) in this special case.

(c) Show that (E) has exactly two solutions z; and x5 which satisfy the
endpoint conditions of ().
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(d) Consider the two following convex sets of functions,
Ry ={z : 2 C*1,2],2(1) = —é,az(2) is free, #(t) > —1 (for all t € [1,2])}
and
Ry ={x : x € C*[1,2],2(1) = —é,x@) is free, @(t) < —1 (for all t € [1,2])}

Decide if the function (x,%) — F(t,z,2) (t € [1,2] arbitrary, fixed) is con-
cave or convex on R; or on Ry. Does J(x) have a maximum or a minimum
on any of the two sets Ry, Ry 7 Find the maximum and the minimum of J(x)
on R; and on R; if they exist.

Remark. The Euler equation of Exercis 9 (a) (with y = ) is a simple
special case of an Abel differential equation of the 2nd kind:

(1) (+s)g+@+a+ry*) =0,

where p,q,r, and s are C'—functions of a real variable on an open interval
I. Such equations can always be reduced to the simpler form

2) 2+ (P+Q2)=0

via a substitution y = a + Sz, where a and 3 are C*'—functions on I. In
fact, we may let

a=—s5p(t)=e 708 P = (p_gstrs?)e?/ O Q= (g—2rs—5)el "L,

The simple special case (E) of Exercise 9 (a) may be solved without such a re-
duction. Abel studied equation (1) in the 1820-s and he made the mentioned
reduction to (2). ((Euvres complétes de Niels Henrik Abel, Tome Second, p.
26-35.)

Weierstrass’ sufficiency condition.?

Example 5. Consider the problem of maximizing or minimizing the
integral

J(z) :/0 (2 — 22)dt,  2(0) = 2(1) = 0.

3This section is optional.
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The Euler equation of the problem is
T+x=0
The extremals (that is, the solutions of the Euler equation) are
x(t) = Asint 4+ Bcost, A and B arbitrary constants.

Among all extremals only the zero function x*, 2*(t) = 0 for all t € [0, 1],
satisfies the endpoint conditions. It is easy to see, using the second-derivative
test, that F(t,x,1) = @? — 22 is neither concave nor convex i (z, ). Hence
we cannot use Theorem 1 to decide if z* gives a maximum or a minimum for
the problem.

Exercise 10. Show that the function F(t,z,#) = % — 2 of the last
Example is neither convex nor concave.

The sufficiency condition stated in Theorem 3 below, is often useful for
solving problems of the type

(1) max or min J(z)

where

J(z) = / F(t, x(t), (t)) dt.

to

As above F is assumed to be a given C? function of three variables and
x = z(t) is an unknown C? function on the interval [to,?;], such that

(2) x(to) = w0, z(t1) = 1,

where xy and x; are given numbers.
The solutions of the Euler equation of this problem (without any endpoint
conditions), are called extremals.

Definition. we say that an extremal z* for
t1
J(x) = / F(t, z(t), x(t))dt, x(ty) = xo, x(t1) = 1,
to

is a relative maximum if there exists an r > 0 such that J(z*) > J(x) for all
C? functions x with z(ty) = xo, x(t;) = z; that satisfies |z*(¢) — z(t)| < r for
all t € [0,1]. A relative minimum z* is defined similarly.
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Theorem 4. (Weierstrass’ sufficiency condition). Assume that an ex-
tremal z* for the problem (1) satisfies the endpoint conditions (2) and that
there exists a parameter family z(-, ) 4, —¢ < a < ¢, of extremals such that

(1) x(t,0) = 2*(t), t€ [to,t1],
ox

(2) (-, ) is differentiable with respect to a and 0_(t’ a)| 70,
« o=

to <t <t
(3) if @y # ag, then the two curves given by z(-, ;) and z(-, az)have no
common points,

2
F

(4) g—,2(t,x,i) <0 forallté€lty,t;] and all x = x(-, &), o € (—¢,€)
T

Then x* is a relative maximum for J(x) with the given endpoint conditions.
If the condition

2
F
(4 aa?(t,x,x') >0 forallt € [tg,t1] and all z = z(-, &), a € (—¢,€),

holds instead of (4), then z* is a relative minimum.

Example 6. Consider the extremals
z(t) = Acost + Bsint, te€|0,1].
of Example 5. The parameter family of extremals z(-, o) given by

() z(t,a) = acost, a € (—1,1),

satisfies x(-,0) = 2* = 0, and is differentiable with respect to « with
% aeo = cost # 0 for all t € [0, 1]. Moreover, it is clear that the family

of curves given by (%) have no common points. Finally we have

0’F 0

—(t,x,2) = —(22) =2 > 0.

Hence, by the Weierstrass sufficiency condition, * = 0 is a relative minimum
point for J(z).

4For fixed a, (-, @) denotes the function ¢ +— z(t, a)
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Exercise 11. Let

t1
J(z) = / V1+@2dt, xz(ty) = xo,x(t1) = z1, where tg # t;.
to
J(z) gives the arc length of the curve z(t) between the two given points
(to,xo) and (t1,x1). We wish to determine the curve z* that yields the
minimal arc length.
(a) Show that the Euler equation of the problem may be written

iy
V1i+a

(b) Show that (£) has a unique solution z* that satisfies the given
endpoint conditions.

(c) Show that among the solutions of (F) there exists a parameter family
given by z(t,a) = *(t) + @, —1 < @ < 1, where z* is as in (b), and that the
conditions of Theorem 3 are satified such that z* gives a (relative) minimum.

(d) Show that F(t,z,) is convex i (x,4). Conclude by Theorem 1 that
x* solves the minimum problem.

(E)

=c¢, where cis a constant different from =+ 1.

Exercise 12.
(a) Verify that z1(t) = t~! cost is a solution of

(x)  ti+2i+tr=0, (t#£0).
(b) Find another solution x5 of the equation in (x) of the form
Ty = Uury,

using reduction of order (see Exercise 5).
Next let 1 1
F(t,z, ) = §t2552 + gt%:t,
and consider the problem

jus

() min/2 F(t,a i) dt, o(5) =0, 2(5) =1

™

=]

(c) Write down the Euler equation of (xx) and find its general solution.
(d) Find the only possible solution z* of the variation problem in (k)
and decide if x* is optimal.
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4 OPTIMAL CONTROL THEORY.

In the Calculus of Variations we studied problems of the type
t1
max/min/ flt,x(t),(t))dt, x(ty) = xo, x(t1) = x1 (or x(t1) free).
to

We assumed that all the relevant functions were of class C? (twice continu-
ously differentiable). If we let
u =z,

then the above problem may be reformulated as
t1
(0) max/min/ flt,x(t),u(t)dt, @ =u, x(ty) = xo,x(t;) = z1(or z(t;) free).
to

We shall next study a more general class of problems, problems of the type:

max,/min ﬁ? ft,x(t),u(t))dt, @(t) = g(t,z(t),u(t)),
(1) x(tg) = xo, x(t1) free,
u(t) € R,t € [to, t1], u piecewise continuous.

Later we shall also consider such problems with other endpoint conditions
and where the functions u can take values in more general subsets of R.

Such problems are called control problems, u is called a control vari-
able (or just a control). The control region is the common range of the
possible controls u.5 Pairs of functions (x,u) that satisfies the given end-
point conditions and, in addition, the equation of state & = g(¢,z,u), are
called admissible pairs.

We shall always assume that the controls u are piecewise continuous, that
is, u may possess a finite number of jump discontinuities. (In more advanced
texts measurable controls are considered.) In the calculus of variations we
always assumed that u = & was of class C.

In the optimal control theory it proves very useful to apply an auxiliary
function H of four variables defined by

H(t,x,u,p) = f(t,z,u) + pg(t, z.u),

called the Hamilton function or Hamiltonian of the given problem.

5Variable control regions may also be considered
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Pontryagin’s Maximum principle gives conditions that are necessary for
an admissible pair (z*, u*) to solve a given control problem:
Theorem (The Maximum Principle I)

Assume that (z*,u*) is an optimal pair for the problem in (1). Then
there exist a continuous function p = p(t), such that for all t € [to, 1], the
following conditions are satisfied:

(a)  w*(t) maximizes H(t,z*(t),u,p(t)), u € R, that is,

H(t,x*(t),u,p(t)) < H(t,z"*(t),u"(t),p(t)), forall ueR.

(b) The function p (called the adjoint function) satisfies the differential
equation

50 = =200, (0).p0) (witten — 20,

except at the discontinuities of u*.
(¢) The function p obeys the condition

(T) p(t1) =0 (the transversality condition)

Remark.
For the sake of simplicity we will frequently use the notations

OH*  OH

T = g (b (0. ()

and similarly,

fr=1at (), u*(t), g" = g(t, 2" (1),u" (1), H" = H(t, z"(t),u"(t), p(t))

Remark.
For the varition problem in (0), where & = u, the Hamiltonian H will be
particularly simple,

H(t7x7u7p) = f(t7x7u) _l_pu?

hence, by the Maximum Principle, it is necessary that

oOH* af*
0 p=-0r ==
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Since v € R, we must have (there are no endpoints to consider here)

oOH*  Of*
- OJu Ou ().

of* of*
@) ey =-9 =

0

or

in order that v = u*(t) shall maximize H. Equations (ii) and (i) now yield

d of _ of

p(t) = _E( oF ) 7

Hence we have deduced the Euler equation

af* d of
B e ~ates) =0
As p(t) = —%, the condition (7") above yields the "old” transversality
condition (%)t:tl = 0 from the Calculus of Variations. This shows that

The Maximum Principle implies our previous results from The Calculus of
Variations. W

The following theorem of Mangasarian supplements the Maximum Prin-
ciple with sufficient conditions for optimality.

Mangasarian’s Theorem (First version)
Let the notation be as in the statement of the Maximum Principle. If the
map (x,u) — H(t,z,u,p(t)) is concave for each t € [to, t1], then each admis-
sible pair (xx,u*) that satisfies conditions (a), (b), and (c¢) of the Maximum
Principle, will give a maximum.

Example 1
We will solve the problem

T
max/ [1—ta(t) — u(t)?] dt, & =u(t),z(0) = xg,2(T) free,
0
where xo and 71" are positive constants.

Solution.
The Hamiltonian is

H(t,z,u,p) =1 —tx —u®+ pu
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In order that v = u*(t) shall maximize H (¢, x*(t), u, p(t)), it is necessary that

OH
a—u(t, z*(t),u,p(t)) =0,
that is —2u + p(t) = 0, or u = p(t). This yields a maximum since 8;52* =

—2 < 0. Hence
() =p(t)j2, e
Furthermore,
CLE——
ax - - p 9
so that p = ¢, and p(t) = 3t + A. In addition, the condition (T) gives
0=p(T)=3T?+ A, hence A= —1T% Thus
1
p(t) = 22— T°)

and )
(1) = (1) = Splt) = L T,
Lg 1.,

Here H(t,z,u,p(t)) = 1 —tx — u* + pu is concave in (z,u) for each ¢, being
the sum of the two concave functions (z,u) + pu — tx (which is linear)
and (z,u) — 1 — u?, (which is constant in x and concave as a function
of w). As an alternative, we could have used the second derivative test.
Accordingly Mangasarian’s Theorem shows that (z*,u*) is an optimal pair
for the problem.

z*(t)

Example 2

T
max/ (x —u?)dt, i=z+u,2(0)=0,2(T) free,u € R.
0

Here
H(t,z,u,p) = —u’ + p(z +u) = —u’ + pu+ (1 + p)x,

which is concave in (x,u). Let us maximize H with respect to wu: %—ZI =
—2u+p = 0 if and only if u = %p. This gives a maximum as %2712{ =—-2<0.
As a consequence we find & = = + %p, D= _aa% = —(1 + p) Hence

_dp /(—1)dt log|l+pl=—-t+C, [1+p|=Ae"

14+p ’ ’
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From (T) we find p(T) = 0, thus 1 = Ae " A = e’. Accordingly, 1 +p =
+eT=t p(t) = et — 1 (p(T) = 0 hence the plus sign must be used.) It

follows that & — z = 1p = 1[e”" — 1], L(e7'x) = L[e" % — 7],

1 1
z(t) = —ZeT_t + 3 + Deé

Now

1 1 1 1 1 1 1
0)=0=——eT+=-4D, D==(—14=e")==e")= ¢ - =

hence

Next we willl study control problems of the form

max,/min ftzl ft,z(t),u(t))dt, x(t) = g(t,x(t), u(t)),
2) x(to) = o, x(t1) free,
u(t) € U,t € [ty, 1], u piecewise continuous,

U a given interval in R

We shall assume that f and g are C'—functions and that x(¢;) satisfies
exactly one of the following three terminal conditions:

(1) x(t1) = z1, where x; is given
(3) (i1)  w(ty) > x1, where x; is given

(1ii)  x(ty) is free

In the present situation it turns out that we must consider two different pos-
sibilities for the Hamilton function in order to obtain the correct Maximum
Principle.

(A) H(t,z,u,p) = f(t,z,u) + pg(t, z,u) (normal problems)

or
(B) H(t,z,u,p) = pg(t,x,u) (degenerate problems)
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Case (A) is by far the most interesting one. Consequently, we shall almost
always discuss normal problems in our applications. Note that in case (B)
the Hamiltonian does not depend on the integrand f.

Remark. If z(¢;) is free (as in (i77)), then the problem will always be
normal. More general, if p(t) = 0 for some t € [to, 1], then it can be shown
that the problem is normal.

Pontryagin’s Maximum Principle takes the following form.

Theorem (The Maximum Principle IT) Assume that (z*,u*) is an
optimal pair for the control problem in (2) and that one of the terminal
conditions (7), (i), or (iii) is satisfied. Then there exists a continuous and
piecewise differentiable function p such that p(t¢;) satisfies exactly one of the
following transversality conditions:

(7 no condition on p(ty), if z(t;) = x;
(13i")  p(ty) = 0 if z(ty) is free.

In addition, for each t € [ty, 1], the following conditions must hold
(a) w=wu*(t) maximizes H(t,z*(t),u,p(t)), u € U, that is,

H(t,z*(t),u,p(t)) < H(t,z*(t),u*(t),p(t)), forallue U.

(b) The function p (called the adjoint function) satisfies the differential
equation

5(0) =~ D0 (0,0 (). p(0) (witten — )

except at the discontinuity points of u*.
(c) If p(t) = 0 for some t € [ty, 1], then the problem is normal.

Once again concavity of the Hamiltonian H in (z,u) yields sufficiency for
the existence of an optimal pair:

Mangasarian’s Theorem II. Assume that (z*,u*) is an admissible
pair for the maximum problem given in (2) and (3) above. Assume further
that the problem is normal.

(A) If the map (z,u) — H(t,x,u,p(t)) is concave and nonlinear for
each t € [to,t1], then each admissible pair (z#,u*) that satisfies conditions
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(a), (b), and (c) of the Maximum Principle II, will maximize the integral
S (¢, @, @) dt.

(B) If the map (z,u) — H(t,z,u,p(t)) is linear for each t € [to,t1],
then each admissible pair (zx,u*) that satisfies conditions (a), (b), and (c)
of the Maximum Principle II, will either maximize or minimize the integral

¢ )
o [, @) dt.

In contrast to the Maximum Principle, the proof of Mangasarian’s Theo-
rem is neither particularly long nor difficult. For the proof we shall need the
following

Lemma. If ¢ is a concave real-valued C'!'—function on an interval I,
then
¢ has a maximum at z¢ € [ <= ¢/(zo)(zo —x) >0, for all z € I.
Proof. We let a < b be the endpoints of I.
—: Assume that x : 0 is a max point for ¢. Since the derivative ¢ exists
there are exactly three possibilities:
(1) 20 = a and (o) <0,
(2) a < xp < band ¢(z9) =0, and
(3) 70 = b and ¢'(z) > 0,
In all three cases we have ¢'(x¢)(zo —x) > 0.
<=: Suppose that ¢'(x¢)(zo — ) > 0. Again there are three possibilities:
(1) o = a: Then zg — 2 < 0, hence ¢'(x¢) < 0. Since ¢ is concave, the
tangent lies above or on the graph of ¢ at each point. Hence ¢’ decreases
(this may also be shown analytically) so that

¢'(x) < ¢'(a) = ¢'(x0) <0, forall z € I.

Hence ¢ decreases and xy = a is a maximum point.

(2) a < xg < b: For any x € I which satisfies xy < 2 we have 2o —z < 0,
hence ¢'(zg) < 0. On the other hand, if xy > z, then x — zq > 0, and hence
@' (x9) > 0 too. It follows that ¢(xg) = 0. As ¢’ is decreasing, xo must be a
max point for ¢.

(3) @9 = b: Then zy —x > 0, hence ¢'(xy) > 0. Since ¢ is decreasing,
¢'(x) > 0 for all x € I. Therefore ¢ is increasing and xy = b must be a
maximum point. W

Proof of Mangasarian’s Theorem. (a) Assume that (z*, «*) is an
admissible pair and satisfies conditions (a), (b), and (¢) in the hypothesis of
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the Maximum Principle. Assume further that the map
(z,u) — H(t, z,u,p(t))

is concave for each t € [ty, t1]. Let (x,u) be any admissible pair for the control
problem. We must show that

t1 t1
A= / flt,x*(t),u"(t)) dt — / ft,z(t),u(t))dt >0
to to
Let us introduce the simplified notations

f* = f(t,x*(t),u*(t)), f = f(tvx(t)vu(t))a
and similarly for ¢*, g, H*, and H. Thus

H" = H(t,x*(t),u*(t),p(t)), H = H(t,l‘(t),u(t)7p(t)).

Then
H" = f"+pg’,
hence
ff=H"—pg" = H"—pi* since £* = g* by condition (b))
and

f=H —pz.
It follows that

A:/l(f*—f)dt:/1(H*—p5c*—H+px')dt

to to

:/tlp(x'*—x')dt—/tl(H—H*)dt

to to

Since H is concave with respect to (x, u) the ”gradient inequality” (see Propo-
sition 9 of Section 1) holds

ey 4 O
rT—x

ou
5 (u—u")
< —p(x — 7) (by the last Lemma),

H-H*<

(u —u)

— —pla — ) +
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except at the discontinuities of u*. For the last inequality above we used
that %(u* — u) > 0 which holds since H is concave in (x,u), hence in u,
Lemma. Consequently,

t1 t1
AZ/ p(:t—x'*)dt—i—/ ple —x*)dt
to to

t1
/ jt[ (x —2")]dt ( here we used that the problem is normal ).
to

= lto p(x z")
= p(t1)[x(t1) — 2" (t1)] — p(to)[x(to) — =" (to)]
= p(t1)[x(t1) — " (t1)] (since x(tg) = o = x*(ty))

By the terminal conditions,

(1) z(ty) =z1=2a"(t1) : A >0 is clear.
(13) x(ty) > a1 If 2*(t1) = x1, then
x(t1) > 1 = x*(t1), and since p(t;) > 0 we find that A >0
(7i1) x(ty) is free: p(t;) = 0, hence A > 0.

Hence we have shown that the pair (z*,«*) is optimal.

(b) We shall just sketch the proof. Assume that the Hamiltonian H is
linear and hence both convex and concave in (z,u). Notice that the corre-
sponding minimum problem is

min/tlf(t,x(t),u(t))dt _ —max/ (), u(t)) dt

to

It is straight forward to verify that, under the given hypothesis, the max
and min problems yield the same candidate(s) (z*,u*) for optimal pair(s). If
there are more than one such pair (z*,u*), then the max is obtained at the
pair that gives the largest integral. W

Example 3 (SSS 12.4 Eksempel 1)
We shall solve the control problem

1
max/ x(t)dt, & =zx+u, z(0)=0,2(1) > 1,u(t) € [-1,1] = U, for all t € [0, 1].
0
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We will assume (as usual) that the problem is normal. Hence the Hamiltonian
is
H(t,z,u,p) = v +p(r+u) = (1+p)z+pu

which is linear in (z,u)m hence it is concave (for all ¢ € [0,1]). Thus Man-
gasarian’s Theorem applies and any admissible pair (z*,u*) that satisfies
the conditions of the Maximum Principle will solve the problem. Here the
transversality condition

(i) p(1) = 0(p(1) = 0 if (1) > 1)

applies. Since H is linear in u, the maximum is attained at one of the
endpoints u = 1 or u = —1, hence

1, ifp(t) >0
u'(t) =< =1, ifp(t) <0
undetermined if p(t) = 0. We let ©*(¢) = 1 in this case.

*

Furthermore, for z = x*, u = u*,
oH
or

Hence p + p = —1 which yields p(t) = Ae™ — 1, where p(1) = Ae™' —1 >0,

so that A > e. Therefore

1+p=—p (from condition (b) in the Maximum Principle)

p(t) = Ae " —1>e'"" — 1 =h(t),
where
B(t) = —e'"" <0, and k(1) =0, h(0) =e —1 > 0.
Hence h(t) € [0, e — 1]. In particular,
p(t) > h(t) >0 fortel0,1), p(1) >0.
Accordingly
u=u"(t)=1, te]0,1].

It follows that
i*—a2* =1, a*(t)= Be' — 1.

Further,
770)=0=B=1=z"t)=¢ -1
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Thus 2*(1) = e —1 > 0, so that p(1) = 0, and A = e. We have found
z*(t) =€ — 1, u*(t) =1, for all t € [0,1]
and this is an optimal pair by Mangasarian’s Theorem. H

An inspection of the proof of Mangasarian’s Theorem reveals that it will
work locally if the function (x,u) — H(t,x,u,p(t)) is concave only in some
open and convex subset V of R2. In fact, under these hypothesis the Gradient
Inequality (Proposition 1.9) is valid. This yields

Corollary. Assume that (z*,«*) is an admissible pair for the maximum
problem given in (2) and (3) above. Assume further that the problem is
normal. Let V' be an open and convex subset of R? and let

W ={(z,u) : (z,u) is admissible and (z(t),u(t)) € V for all t € [to, t1]}.

If for each t € [to, t1] the map (z,u) — H(t,z,u,p(t)) is concave on V, then
each admissible pair (z*,u*) in W that satisfies conditions (a), (b), and (c) of
the Maximum Principle II, will maximize the integral ftzl f(t,z, &) dt among
all admissible pairs (z,u) in W.

Exercise 1. Show that the control problem
1
max/ (—2® +u)dt, @ =u, x(0) =0, x(1) is free, u(t) € R, t € [0, 1]
0

has no solution.

Exercise 2. Solve the control problem
! 1
max/ [—2?—(1—e")u]dt, & =u, 2(0) = —5 z(1) is free,u(t) € R, t € [0, 1].
0
Exercise 3. Solve the control problem
2
max/ (x —2u)dt, &=2x+u,uc€l0,1],
0

and where z(0) = 0, z(2) is free.

Exercise 4. Consider the control problem
2
max/ (x —2u)dt, &=zx+u,ucl01],
0
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and where x(0) = 0,2(2) = €* — 3.
Using the Maximum Principle, try to find a solution candidate (z*,u*),
an associated adjoint function p, and a point ¢, in (0, 2) such that

<2, iftelo,t,)
(1) p(t) {> 2, ifte(t,2]

or
>2, ifte0,t,)
2 t
2) p(){<2, if t € (ts,2]

(a) Decide if (1) or (2) yield a possible solution (z*,u*).
(b) Solve the control problem.

Exercise 5. Find optimal pairs (z*,u*) of the control problems:
(a)
2
max/ (x(t)—u(t))dt, &= z+4u, x(0)=0, z(2) is free, u(t) € [0,1] for all £ in [0, 2].
0

(b)
max /2(:c(t)—u(t)) dt, & =zx+u, z(0)=0, z(2) = %62, u(t) € [0,1] for all ¢ in [0, 2].

Exercise 6. Find optimal pairs (z*, u*) of the control problem

()

min /1 a4 (P — Du()]dt, d= L - 2(1) = 0, 2(2) is free,

where u(t) € [1,2] for all ¢ in [1,2].
(b) Solve the problem in (a) with x(2) > 0 (instead of z(2) is free).

Exercise 7. Consider the system of differential equations

{r:zsy—2\/§

(1) . y
y:2x+\/—5—1, x>0,

where € is a fixed but arbitrary real number.
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(a) Solve the nonlinear system in (1) by the method of elimination. If
€ = 1 the general solution of (1) may be written as

x(t) = Ae* + Be ™
y(t) = Ae* — Be ™+ Ae? + Be 2

Consider next the control problem

(2) max/o (x —2? —u?)dt, ©=—-2yx—2u, z(0)=1,2(1)=0

(b) Show that the Maximum Principle leads to the system

T =2p—2\x
) {'—2x+i—1
P= Va

where p denotes the adjoint function. (You can assume that this is a normal
problem.)

(c) Find the only possible solution (z*,u*) of the control problem in (2).
(d) Show that, for each fixed ¢t € [0, 1], the function (x,u) — H(t,z,u, p(t))
is concave on the set

R(t) = {(z,u) € R? : 4232 > p(t)}

(e) Next let
W ={(z,u) :(x,u) is an admissible pair and

4x(t)? > p(t), for all t € [0,1]}

Show that the pair (z*,u*) of (c) is an element of W. Explain that (z*,u*)
maximizes the integral fol (r — 2? — u?) dt among all pairs (x,u) in W.

Arrow’s condition.
Mangasarian’s Theorem requires that the Hamilton function is concave with

50



respect to (z,u). In many important applications this condition is not sat-
isfied. Consequently, we will consider a weaker but related condition that in
some cases is sufficient for optimality. Define

A

H(t,xz,p) = max H(t,x,u,p)
ue

where we assume that the maximum exists. Then we have

Arrow’s Sufficiency Condition. In the control problem (2) above as-
sume that the Hamilton function is given by

H(t,x,u,p) = f(t,x,u) + pg(t, z,u).

(that is, the problem is normal). If the conditions of the Maximum Principle
are satisfied for an admissible pair (z*, u*) and the function x — H(t, x, p(t))
is concave for each t € [tg, t1], then (z*,u*) is optimal for the problem.

Example. We shall apply the Maximum Principle to find a possible
optimal pair for the problem. Then we will show that this pair is indeed
optimal.

1
max/ (tr —u?)dt, where & =z +u?, u(t) € [0,1] for all t € [-1,1],
-1
and with the endpoint conditions z(—1) = —2e~! — 1, z(1) free.
Solution:

Assume that (z*,u*) is an optimal pair. The Hamilton function is

H(t,x,u,p) =te —u’ +plx +u?) = (t+p)z + (p — L)u’.

According to the Maximum Principle there exists a continuous function p(t)
such that for each ¢ the control u = w*(t) maximizes H (¢, x*(t), u, p(t)). Here

%—Zz?(p—l)u:Oifandonlyif u=0or p=1.
The second derivative of H with respect to u is equal to 2(p — 1) and it is
negative < p < 1. Consequently, whenever

p=p(t)>1:
u = u*(t) = 0 yields a minimum for H. Further, u = u*(t) = 1 gives a
maximum, and for all such ¢ the function z* must satisfy the equation
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* — 2* =1, hence x*(t) = Ae' — 1. Next, if

p=p(t) <1:
u = u*(t) = 0 maximizes H, so that ©* — z* = 0, z*(t) = Be".
Furthermore,
(1) = 50 = t ()
p - al‘ - p )

hence p(t) + p(t) = —t, p(t) = 1 —t+ Ce™". Here p(1) = C' = 0, since z(1)
is free. Therefore,
p(t)=1—t, te[-1,1].

Thus p(t) > 1 <t <0, so that p(t) > 1 on [—1,0) and p(¢) < 1 on (0, 1].

te[-1,0):
p(t) > 1,2*(t) = Ae! — 1, where z(—1) = Ae™' =1 = 271 —1,4A = -2.
Hence z*(t) = —2¢' — 1, u*(t) = 1.

te (0,1 :
p(t) < 1,z*(t) = Be'. Continuity of z* at t = 0 gives 2*(0) = B=-2—-1=
—3. Therefore,

o*(t) = =3e",u*(t) = 0

t=1:
u*(1) can be assigned any value in [0, 1], since H is constant in u. Let us
choose the value u*(1) = 1.

Then the pair (z*, u*) is the only possible candidate for a solution.

It remains to prove that (z*, u*) is in fact optimal. We see that H (¢, x, u, p(t))
is concave in (z,u) < p(t) <1 <t € [0,1]. Hence Mangasarian’s Theorem
does not apply. However, we observe that

A

H(t,z,p(t) = l{g%ff]H(t,w, u,p(t)) = (t +p(t)z) + p(t) — 1if p(t) > 1

and

~

H{(t, z, p(t)) = (t+p(t))z, if p(t) <1,

whence H is linear and is therefore concave in z. Accordingly, Arrow’s The-
orem implies that the pair (z*,u*) solves the problem.

Exercise 8. Solve the control problem in the last example if the end
point conditions instead are
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Hint: Try with p(¢) < 1 on an interval (¢, 1], where p denotes the adjoint
function.
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Answers to selected exercises.

Chapter 3.
1.
(a) & —x=—3. Nelther convex Nor concave.
(b) Ae' + Be ' +1
(c) 3lw(tr)? —x(to)Q]
(d) ==

a) 1(x? 4 4?) is one such function.
b) —3(2? + t%i?) is one such function.
c

) The first function is convex, the second is concave (for all t).
d) et t

e) COSl\/_t+281H1\/_t
3.

(a) L(2t% +1)=0. 7—4/t
4.

() V2 —t+1
6.

(d) z(t) = 3(In3 - 1)t +1— stIn 1
o(t) =t — 2.

12.
(b) t~tsint
(c) t7'(Acost + Bsint))
(d) 5t~ '(sint — \/Lg cost) yields a minimum by the Weierstrass sufficiency

condition applied to z(t, ) = %t_l[—\%(l —a)cost+ (1 + a)sint].
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Chapter 4.

3. Mangasarian’s Theorem applies as H is linear in (z,u), hence is concave
as a function of (z,u), for all ¢.

pt)=e*"—1.u*(t)=1and 2*(t) =e' — 1, t € [0,2 — In2].

u*(t) = 0 and z*(t) = (1 — 2/e?)e!, t € [2 —In2,2]

4. H is concave as a function of (z,u), for each fixed ¢ in [0,1]. Hence
Mangasarian’s Theorem applies.

(a) p(t) = &(t* — 4), u*(t) =t, 2*(t) = t(1 — ¢?).

(b) The conditions z(2) > 0 and p(2) = 0 give z(t) = —3t(t* — 1) < 0 at
t = 2, a contradiction. Hence z(2) = 0 and (z*,u*) is as in (a).
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