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History: existence, number & computation of limit cycles

A 1900: 16th Hilbert problem (second part)

Number and mutual disposition of limit cycles for

&= Py(z,y) = a12® + bizy + c1y* + vz + Sy + ...
¥ = Qn(z,y) = asx® + boxy + c2y® + oz + Loy + ...

Problem is not solved even for quadratic systems (QS):
N.N. Bautin 1949-1952: 3 limit cycles (LCs) [around one focus]
I.G. Petrovskii, E.M. Landis 1955-1959: only 3 LCs
L. Chen & M. Wang, S. Shi 1979-80: 4 LCs [(1,3), 2 focuses]
R. Bamon 1985: number of LCs in QS is finite
P. Zhang 2001: two focuses = only (1,n) distribution
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Computation (visualization) of limit cycles

V. Arnold (2005):To estimate the number of LCs of square
vector fields on plane, A.N. Kolmogorov had distributed

~ several hundreds of such fields (with randomly chosen
coefficients of quadratic expressions) among a few
hundreds of students of Mech.&Math. Faculty of Moscow

Univ. as a mathematical practice. Each student had to
find the number of LCs of his/her field. The result of this
experiment was absolutely unexpected: not a single field
had a LC!... The fact that this did not occur suggests that
the above-mentioned domains are, apparently, small.

Numerical methods: nested cycles are hidden oscillations
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Computation of oscillations and attractors

Van der Pol ‘ Lorenz

X=—-c(x—Yy)
Yy=IX—Yy—XZ
z=-bz+xy

hidden attractor:

neighborhood of equilibria  [Leonov,Kuznetsov,Vagaitsev, Phys. Lett. A, 2011]

v standard computational procedure does not work:
all equilibria are stable or not in the basin of attraction
v'integration with random initial data does not work:
basin of attraction is small, system’s dimension is large

How to choose initial data in the attraction domain?
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Lya punov value (focus value, Poincare-Lyapunov constant or quantity)

T = fiox+ foy + f(z,y)  fo fo ‘ N
¥ = grox + gory + 9(z, y) e1g(A):e1g< >:izw0: L=0

gi0 9Yo1
= fufy? +o((z|+ lyD"), 9= > g™y’ +o((|z] + [y))")
k=2 k+j=2 y

(T(h))
Lkh2k+l+0(h2k+l)

Solution with suff. small h: Y(0)=h
x(t,h)=z(t,0,h),y(t,h)=y(t,0,h)

T'(h) — return time \/ x

First nonzero L; has odd index: L(h)L(—h)<0

A.Lyapunov: similar procedure for dynamical system higher dimension
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&=—y+ foor® + frury+ fooy* ..., §=2+Gg200°+gury-+goay®+ ...
» 1949, N. Bautin:
L1=7 (gortf1243 faot3 g0t 20 f1rH o2 f11—911 92012902 for—2 f20920—G02911)
1959, N. Serebryakova: L, = 7( ...1 page... )
1968, S. Shuko: first computer program for Lq calculation

2008, N. Kuznetsov, G. Leonov: L; = ﬁ( ...4 pages... )
2010, O. Kuznetsova: Ly = 55555( ... 45 pages... )

vV v vy

To simplify LV expressions, it is often used change of coordinates (complex, polar)
& reduction to normal forms (but such reductions is not unique and often laborious).
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Direct method for Lyapunov values computation

In the study of applied models it is more convenient to perform analysis
in "physical" space: in Euclidian coordinates and time domain

d=—y+ [z, y)=—y oo i@y’ Ho((Jz]+|y)"), a(t, h)=x(t,0,h)
J=ta+g(z, y)=+r) 1, i g™y +o((|z|+y))™), y(t, h=y(t,0,h)
ﬁ .
x(tyh)zkz T ()W o (h"), y(t,h)zkz Yn (t) R o (h")
=1 =1
2.Approximation of return time T'(h): z(T'(h), )=0

T(h) =2 + AT(h) = 2m + 3" Tih? + o(h™)

(T(h))

P

Y(0)=h

v

y(T(h),h)=h+Loh*+Lsh3+Lih*+...+0(h™) = h+Lih24o(h2k)

dh
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Direct method for computation of Lq: solution approximation
d=—y+ (2, y)==y 1>y jm0 Frge™y Fo((lz|+1y))"), =(t, h)==(t,0, h)

J=tr+g(z, y)=te o gey +o((Jz]+[y))"), y(t, h=y(t,0,h)

n=h0(t,h) = LThl

’ on Im=0 _2—2 y ¥ VW1V >
y(t, h)=h2En |+ B Z8GD | o =T (H)h+o(h), 0<0,(t,h)<1

Let zpn-a(t, h)=> 5y Ty ()R, ypaa(t, )= o s (t)RF known f-ns(t,h)

xpk(th)=xpe-1 (8, h)—l—xhk( )hk—i—O(hk), Ypk (t,h)=ype-1 (¢, h)—l—ﬂhk( )h’iFO(hk)

f(l'hk—l(t, h) (hkil) Ypk— 1(t h) (hk 1)) O(hk 1)+u ()hk—f-o(hk)
g(xhk_l(t, hy+o(h*=1), ypr-1 (t, h)+o(h*~ 1)) =0(h*~ 1)—Fu L(L)hF+o(h¥)
= U,{’kg(t)zui’k ({@nm (), Yam (t) fm<k—1) known functions (t)
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Direct method for computation of Lq: time constants & Lq

T(h) =2r+AT(h) =2n+y;_ Thi+o(h") :  x(2n+AT(h),h) =0
T (21 + AT (h)) =Ty (27) +3 oy T (2m) BT 1o (AT (R))")

T 27+ AT () =T (27) 30y T (27) ELEDZ 4o (AT (h))")
z(2r+AT(h), h)=>"1_, Tpe (27 +AT (h))h" /K +o(h™) =0 B
y(2m+AT(R), h) =51 G 20+ AT (h))RE /K +o(h™) =5 Ly +o(h")
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Symbolic computation: solution appr-n, time constants & Lq

function [L,T,xt,yt] = fLQ_kuzleo (fxy,gxy,N)
syms x y h t ’real’

NL=2%N+1; Nfg=NL; 7% CREATE SYMBOLIC REPRESENTATION

xt_s (1:Nfg-1)=0%h; yt_s(1:Nfg-1)=0*h; xth_s=0*t; yth_s=0%t;

for n=1:Nfg %1. Create solution as a series of h (x(0,h)=0; y(0,h)=h)

xt_s(n)=sym([’xt_’,int2str(n)],’real’); xth_s=xth_s+xt_s(n)*h~n;
yt_s(n)=sym([’yt_’,int2str(n)],’real’); yth_s=yth_s+yt_s(n)*h~n;

end

disp([’NL=’,int2str(NL)]); % To calculate L_m , set NL= 2m+1

sT_h_cur=0; %2. Create crossing time T (x(T,h)=0,y(T,h)>0 ) as a series of h

for i=1:NL-1
sT_h(i,1)=sym([’T’,int2str(i)], real’);
sT_h_cur=sT_h_cur + sT_h(i,1)*h"~i;

end ;

% CALCULATION OF LYAPUNOV QUANTITIES

%1. Calculation x(t,h) y(t,h) as series in terms of t

ugt (1:Nfg)=0%t; xt(1:Nfg)=0*xt; yt(1:Nfg)=0%t;

% solution of the first approximation system

xt(1)=-sin(t); yt(l)=cos(t); xt_cur=xt(1l)*xh; yt_cur=yt(1)x*h;

for i=2:NL
hcreate approx-n of right-hand sides of the system depending on t
uft_s=subs (diff (subs (fxy, [x y], [xth_s yth_s]),h,i)/factorial(i),h,0);
uft(i)= subs(uft_s, [xt_s yt_sl, [xt ytl);
ugt_s=subs (diff (subs(gxy, [x yl, [xth_s yth_sl),h,i)/factorial(i),h,0);
ugt (i)= subs(ugt_s, [xt_s yt_sl, [xt ytl);
ult=diff (ugt(i),t)+uft(i); %create approximation of solution depending on f
Iucos=int (cos (t)*ult,t); Iucos_t0=(Iucos - subs(Iucos,t,0));
Iusin=int (sin(t)*ult,t); Iusin_t0=(Iusin - subs(Iusin,t,0));
ug0=subs (ugt (i) ,t,0);
xt (i)=simplify (cos(t)*ugO+Iucos_tO*cos(t)+Iusin_tO*sin(t)-ugt(i));
yt(i)=simplify (sin(t)*uglO+Iucos_tO#*sin(t)-Iusin_tO*cos(t));
xt_cur=xt_cur+xt(i)*h~i; yt_cur=yt_cur+yt(i)+*h~i;

end ;
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Symbolic computation: solution appr-n, time constants & Lq

%2. Calculation coeffisients of x(t,h) in terms of T_k
xh_cur=subs (xt_cur,t,2*pi);

for k=1:NL
xh_cur=xh_cur + subs(diff(xt_cur,k,t),t,2*pi)*sT_h_cur~k/factorial(k);
end;
for k=1:NL
xh(k,1)=subs (diff (xh_cur ,k,h)/factorial(k),h,0);
end;

%h3. Find T_k from x_k=0

xh_temp=xh; T_cur=0; T(1,1)=0%x;

for k=2:NL
T(k-1,1)=solve(xh_temp(k,1),sT_h(k-1,1));
T_cur=T_cur + T(k-1,1)*h~(k-1);
xh_temp=subs (xh_temp,sT_h(k-1,1),T(k-1,1));

end ;
ha.
yh_cur=subs (yt_cur ,t,2*pi);
for k=1:NL
yh_cur=yh_cur + subs(diff(yt_cur,k,t),t,2*pi)*T_cur~k /factorial(k);
end;
for k=1:NL
yh(k,1)=subs (diff (yh_cur ,k,h)/factorial (k),h,0);
end;
for k=1:N
L(k)=factor (yh(2*k+1))
end ;
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=for (z<0<y) —=—1p= !

qy T RO T

—\/ -1y /1r2n2 22\ [T 202 2y

—4 f: dy y=h cos(z) = z=arccos y,
—\/—1+\/l+2h2—2y2 \/1-1-2i12—2y2 dy:—h sin( )dZ

T(h)=4 [T hsin(z)dz —2r+ 3 Toh
N B \/ 1+ V1 + 2h2sin® 2v/1 + 2h%sin” 2 i=1
T1:0, TQ_ T3—O T4_1102587T, T5—0 T6 1115)25:,

l’(t, h) = Ihl (t)h + ZL’h2( )h2 + $h3( )h3 + l‘h4( )h4

y(t,h) = G ()R + Gn2()B? + Yna ()17 + Ypa ()" +
Tm(t) = —sin(t), G (t) = cos(t);  Tna(t) = e (t) =
Tps(t) =3 cos(t)2 sin(t)— 2t cos(t)+1sin(t), Tpa(t) = 0.

Ups (t) =—32tsin(t)+32 cos(t)—§ cos(t)®;  yna(t) = 0.
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Classical Poincare-Lyapunov method: Lyapunov function

& =—y+ fz,y) Fla,y) = 3o frr®y? + o((lz] + [y])”
j =4+ g(z,y) 9(x,y) = Y ps e g™y + o((|2] + |y])"
x2 + 2 ..
V(:L‘,y): 9 Y —I—V3($,y)+..+Vn+1(x,y) Vk(x>y):.+zk‘/i,jxly]
i+j=
IV (z,y) V(z,y)

V)= ol ) g ookl ™)

V(z,y) = Wa(m,y) + .. + Wora(z,y) + o((|z] + |y)")

Vi (x, Wi(z,
e ( y)_y k@(a: y)> +ur(x, ¥, {\Vij, fij, Gij Fivj<k)

Wk(x’y)=<x 2y
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Lyapunov values & small limit cycles:

Andronov-Hopf bifurcation, cyclicity and center problems

&= fir+ foy+ f(x,9), ¥=g107+ gy +9(z,y)

Solution z(t,h) = z(t,0,h), y(t,h) = y(t,0,h), return time T'(h)
Small limit cycles from weak focus:
L0:L1 - 0, L1:L3 >O

y(T'(h),h) — h =T1h% + o(h?)

9o = go1 + €1, Yoz = Jos + €3
L
y Le= L5 <0< LS = L, L) << [Lg]

y(T'(h),h) — h = Lah + L‘Eh2 + L5h3 +o(h?) :

Fha, by = y(T (M), hl)_h1<0<y(T(h2)7 ha) —hs

&N
-/

Number of "independent" zeros of » C(2)=3, Bautin 1949
Lyapunov values expressions? » C(3)> 11, Zoladek 1995
Polynomial analysis algebraic methods > C(n)=7,

Bautin ideal, Groebner basis ... e.g., a lower bound - Lynch 2005
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Large limit cycles of quadratic system: Lienard approach

T+ f(x)t+g(x)=0

The classical Lienard theorem:

Let f(x) be even, g(x) be odd, xg(x) > 0

Vo #0, f(0) <0, fe CYRY), g e CY(RY),
f'(x) >0,V >0, f(r)— 400 as x — +00.

A. Lienard

=2 tay+y Positively invariant half plane

= _ 1
y = az? + bry + cy® + ax + By I'={z>-1,r¢eR'}
Transformation of Quadratic system to Lienard system

b=, = —flahu—ga) u=(y+ 2y ) o+

f(x) = [(2¢2 — by — 1)2? —(2+b2+52) Bal| + 1772, Q——Cg
g9(@) = [~2(2 + 1)%(asz + a2) + 22(z + 1)(boz = Ba) — coz? ]IS
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Large limit cycles: asymptotic integration of Lienard eq.

T+ f(x)t+g(x)=0
f(z) = (A2* + Bz + C)|x + 1|72,
(

g(x) =

| + 1]%

Clx?’ + 02];2 —+ 03.27 + 1)1’m

f(x)—(AJrO 2 lalt, g@) = (C+0 (%)) alal

A+0 c+o(
FdF + (A( ( ))F(lj(xq—i_l)c_‘_ ( (1+(1|))) (iv)q-&-ld(xq—f—l) =0
FdF + | Fal(:ch“r )+ Ty (xq+ Jd(x7th) = 0.
. FUE _
z—:cq+1. F (+1) (+1)Z 0
4 i+ e =0

Theorem. Boundedness of z(t),y(t) in I' &
Cy € (O, 1),02 < by — as and either 2c9 > by + 1

or 2c9 < by + 1, 40,2(C2 — 1) > <b2 — 1)2 kj
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Estimation of parameters domain (Arnold’s problem)

="+ 01xy+cry’+or+ L1y, y=asx®+boxy+coy’+asz+ Py
i+ f(2)i+ g(z) =0 f(z)=(Aa>+Ba+C)la+1]12,

_ 4 3 2 |z+1]%
ST
A=2B(g+2), o
2 04k
Ci=(¢+3)E — 12 1
Cy = (15(1 —2q) + 332) L sl
C?) 33 , 04 = 1, 05 = 0. -0+
Ly= _TFB(q-I-Q)(?»qH)[5(q+1)(2q—1)2+32(q_3)] _12}:

20000 P
QO B2 < =5 + (3 + 1 , B 0 -20 -15 -1.0 05 0 05 10 15 p
(g + DB+ 7 One large LC + 3-rd weak focus:

4 |.C by small perturbations
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Four limit cycles in quadratic system

Small limit cycles from weak focus: N
Lo=0, L;>0, Lo<0<Ly,|Lo| << |Lq]
y(T(h),h) — h = Loh + L1h3 + o(h?*)

N
"

lem(ag(bQCQ — 1) — CLQ(bQ + 2))

2
Lo— 7 (ba—3)(ba 62—1)5/2

254 an) T2 (2702) T2 ((caba+by—2co)caba—1) —as(co—1)1+42¢2)?).

_1)9/2
Ls= %(02 - 2)(46%(12 - 30% — 3agcy — 8¢y — ag + 3).

Theorem: Quadratic system has 4 limit cycles, if
1/3<ca<1,1<by<3,4as(cg—1) > (by —1)2 bacy > 1,

az(2+b2) az(2+ by)
0
<Br<e ape( T R p—
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+6),1>8>e>0.
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Visualization of 4 normal size limit cycles in QS

t=x>+xy+y, y=ax®+bry+cy®+azr+ By
ce(1/3.1),a=—c"t be<1,b>a+ c,2c<b+1,4alc—1) > (b—1)>

a1=11b1=1:01=0/, =0/, =1; a2=-10:b2-2:62=0 dit,=-1800,-0.13 BISTPASYRIS0S00=1; S2SRI0 {12 0 m2=0u S

6000 ~5000 4000 ~3000 2000 ~1000
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Hidden oscillations: Aizerman and Kalman conjectures

if z=Az+bkc*z, is asympt. stable V&€ (ky, k2) : Vz(t,2z0) — 0, then
is x=Ax+by(c), c=c*x,¢(0)=0, k; <p(0)/o <ks : ¥x(t,x0) =07

1949 : ky < p(o)/o < ko 1957 : ky < ¢'(0) < ko
In general, conjectures are not true(Aizerman’s:n>2 , Kalman's: n>4)
Periodic solution can exist for nonlinearity from linear stability sector
Aizerman's: |.G.Malkin, N.P.Erugin, N.N.Krasovsky (1952)n=2; V.A Pliss (1958)n=3
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Lyapunov exponent: sign inversions, Perron effects, chaos, linearization

t=F(z), z€R", F(zy) =0 {y = Ay + o(y)
2(t) = xo, A = artz) y(t) =0, (y=z—x0)

dr lz=xg

{y A(g}( o(y)

y(t) =0, (y=z—2z(t))
? nonstationary: z(t) = 0 is exp. stable =7 y(¢) = 0 is asympt. stable

I Perron effects:z(¢)=0 is exp. stable(unst), y(#)=0 is exp. unstable(st)
Positive largest Lyapunov exponent
doesn't, in general, indicate chaos
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