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Exercise 8.2

Randomwalk: Y, =M, +W,, W, WN(0,5;) Obs.eq.
M., =M, +V,, V, WN(,o_) Stateeq.

(1-B)Y, stationary with mean 0 and ACF:

-

1 h=0
2
p()={—""_ |hj=1 = MAQ)ie (-B)Y,=({+6B)Z,
20, +0y
0 ‘h‘ >1 (From Example 8.2.1)
0 — o}
Inan MA(1): p(1) = , so that = W
1P 1+6° 1+6° 20y +oy

Shall show : @ = -1iff o =0, i.e. the levelis constant.

2
f=-1lopl)=-te—"W ___1o52-0 QED
20 + Oy




Exercise 8.5

Local linear trend: Y, =M, +W,, W, WN (0,0, ) Obs. eq.
_ 2
M., =M, +B, +V,, V, WN (O,O'VZ) State eq.
Bi., = Bi +Uy, U; WN(0,0()

(1_ B)Yt :Mt - Mt—} +Wt _Wt—l

'

- Bt—l +Vt—1 +Wt _Wt—l

(1- B)ZYt = !3t 1 Bt—g +Vig =V, +W, -2W, , + W,

~—

= Ui, +Vig Vi, +W-2W_, +W,,

Right hand side linear combination of WN terms, thus (1-B)?Y, stationary.

Further, Cov( (L-B)®Y,,(1-B)?Y,,,)=0for |h|> 2
= (1- B)?Y, 2-correlated = MA(2)



Exercise 8.5 cont’d. (L= B)?Y, =By~ By Vs Vi, + W = 2W, + W,

= U, +Vi -V, +W -2W,, +W,
Shall show that this MA(2) process is non-invertible if ,=0.

o =0cU, =0Vt

(1- B)zYt =V =V, +W, -2W, ; + W,
=(1-B)V_, +(1-B)*W,
- (1_ B)[Vt—l + (1_ B)W_tJ]

D e e —

(1-B)(1+6Z,)

Thus the MA side has one root B=1, i.e. non-invertible.



Exercise 8.6 a

or

Example 8.2.2,

Pure seasonal model: Y., ==Y, =Y, , -
Yt+1 o Yt+1—d =

;Yt __Yt—l - _Yt—i+2 __Yt—d+} + S,

= -S4 + S5,
=(1-B)S,

1-correlated, i.e. MA(1); non-invertible

e _Yt—d+2 + St

1+B+B?+...B% Y)Y, =5,
1-B¢
1-B
(1-B%)Y.: = (- B)S,

Yt+1 = St



Exercise 8.6 b

Example 8.2.3, Seasonal model with local trend:
Y, =Y +Yg,where Y, isthe local trend model from Ex. 8.5

and Y, is the pure seasonal model from EXx. 8.6a
From Ex. 85:(1-B)*Y,, =(1+6,B+60,B*)Z,
From Ex. 8.6a :(1-B%)Y, =(1-B)Z

1-B)*Y, =(1+6,B+6,B)Z,, =Y, =(1-B)?*(1+6,B+6,B*)Z,
1-B")Ygq =(1-B)Zg =Yg =(1-B")"(1-B)Zy
U

Y. =Y, +Yy =(1-B)?*(1+6,B+6,B)Z, +(1-B*)'(1-B)zZ,
U

(1-B)1-BY)Y =
U

1-B)1-BY)Y =(Q1+B+B?+--+B*H(1+6,B+6,B)Z,, +(1-B)*Z

The right hand side is d+1 correlated, and can therefore be rewritten as an
equivalent MA(d+1) representation, as should be shown.

1- B¢
1-B

(1+6,B+60,B°)Z,, +(1-B)*Z,



Exercise 8.9

Combining two State-Space models

(X!, =F'x!+v/
Y, =G'X; +W/
X =FX¢+V{

YZ =G X!+ W/

Y/
Y/

Model 1: <

Model 2: -

Define the joint y_ —
observ. vector:

and the joint
state vector:

1
__V__t_l_ Superscripts
W, denotes the
V 2 WN (O’ Z) respective
LN models.
W/
1 i 1 1
Observ. Y, = (“Y“t'z'j - (9_1__ ; 9--){?‘.-;_.] n [__V__tz_]
equation: Y, 0 G, )\ X4 Vv,
=GX, +V,
1 g 1 1
State X, = (_)_(.__.tzil_} - (F_l_ 9--)[?‘.;) n [W %J
equation: Xt 0 F A X W,

=FX, + W,

V,and W, indep. iff V! and W as well as V. and W are indep.
(V! and W/ and V? and W/ are indep. since Model 1and 2 are S - S repr.)

If so, W, and V, are independent WN and we have a state-space representation for Y,




Exercise 8.9 cont’d.

Corollary: S-S representation for the sum of two univariate series:

(Xl =F1X1 1 1
= +
' t2 2 t2 t2 __tz_ WN (0, %)
Xt+1 =F Xt + Vt Vt
Model 2: {7t ™" e Ve Lt
\Yt =G "X +W, W,

Y 1
Observ. v _yiivz-q@u
equation: Y,?

G, 00X, W
=L )] - @ L =G G, ) AW AW
( )(0 TGZJ(XJ ( )[Wtz (G 1Ga) o [+ Wi+ W,

=GX , +V,, where W, =W +W 2

with the same state equation as before.
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