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1. Linear Algebra

Problem 1-01

(a) Let the matrix A be defined by A = <;) g) Compute A% and A3,
(b) Find the eigenvalues of A and corresponding eigenvectors.
(¢) Let P = (_g 1) Compute P!, and show that A = P <_3 g) P-L
Problem 1-02
2a¢ 0 0

(a) Find the eigenvalues of the matrix A, = 0 0 —-al, a<l1

2—a 1 2
(b) Find corresponding eigenvectors in the cases (i) a =1 and (ii) a = —3.

Problem 1-03

Given three linearly independent vectors a, b and ¢ in R™.
(a) Are a—b, b —c and a — c linearly independent?
(b) Let d =4a — b — c. Is it possible to find numbers z, y and z such that

z(a—b)+ylb—c)+z(a—c)=d?

Problem 1-04
Let A be the matrix A = <; ?)
(a) Find the eigenvalues and a set of corresponding eigenvectors of A.

(b) Let xq, X1, X2, ... be a sequence of vectors given by
1
Xo= | and x;11 =Ax; for t=0,1,2,...

Show that x¢ can be written as a linear combination of eigenvectors of A. Use this
to find x; fort=1,2, 3, ...

Problem 1-05

Determine the eigenvalues of the matrix

2¢ 0 0
A, = 0 0 —a |, a<l1
2—a 1 2
Find also the corresponding eigenvectors when ¢ = 1 and when a = —3.
1
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Problem 1-06

t 0 0 1
. 0o 2t 3

(a) Find the rank of D; = 1 —2 t 0 for all values of t.
2t 1 0 3

(b) Let A, B and C be n xn matrices where A and C are invertible. Solve the following
matrix equation for X:
CB+CXA'=A""!

Problem 1-07

a 0 0
(a) Let A= |0 b 0 | wherea, b, and c are different from 0. Find A~!.
0 0 ¢

(b) Given a 3 x 3 matrix B whose column vectors by, by and bz are mutually orthogonal
and different from the zero vector. Put A = B’B and show that A is a diagonal

matrix.
(c) Find B~! expressed in terms of A = BB and B.
1 -8 4
(d) Prove that the columns of P = | —8 1 4 | are mutually orthogonal. Find P!
4 47
by using the results above.
Problem 1-08
3 -1 1
Consider the matrix A = | —1 31
1 1 3

(a) Show that the characteristic polynomial of A can be written in the form
(4 — M\)(A? 4+ aX + b) for suitable constants a and b. Find the eigenvalues of A.

1/v2 1/v/6 1/V3

(b) Show that 0 , | —2/v6 |, and 1/v/3 | are eigenvectors of A.
1/V2 -1/V6 ~1/V3

Let C be the matrix with the three vectors from part (b) as columns.

(c) Show that CC’ = I3 (the identity matrix of order 3), and use this to find the inverse
of C. Compute C~'AC. (This will be a diagonal matrix.)

(d) Let D = diag(dy,ds,d3) be a diagonal matrix, and let B = CDC™!. Show that
B? = CD?C™!, and that B2 = A for suitable values of d;, dy and ds.

Problem 1-09

1 2 0 3

. 1 1 2 0

(a) Find the rank of 0 -1 2 -3
1 0 -2 0

(b) For what values of z, y and z are the three vectors (z,1,0,1), (2,y,—1,0) and
(0,2, 2z, 2) linearly independent?
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Problem 1-10
Let the matrices Ax and P be given by

1 k 0 1/V/10 —3/v/35  3/V14
Ap=13 -2 -1 and P = 0 5/v/35  2/\/14
0 -1 1 3/V10  1/V/35 —1/\/14

(a) Determine the rank of Ay for all values of k.

(b) Find the characteristic equation of Ay and determine the values of k that make all
the eigenvalues real.

(c) Show that the columns of P are eigenvectors of Az, and compute the matrix product
P'A;P.

Problem 1-11

(a) Consider the equation system

1121 + @122 + -+ - + a15%5 = €1
a21T1 + A22%2 + *+* + Aa5T5 = Co (*)

a3121 + ag22 + -+ + azsxs = C3

where the coefficient matrix has rank 3 and z1, ..., x5 are the unknowns. Does (x)
always have a solution? And if so, how many degrees of freedom are there?

(b) Add the equation as1z1 + -+ + a45%5 + asexe = c4 to system (x), where xg is an
additional unknown. Describe possible solutions, including the degrees of freedom,
in the new system. (Explicit solutions are not required.)

Problem 1-12
1 2s 1 1

-2 1 -2 3s

1 1-s5 -1 )
-1 2 s =3
ficient condition for D(s) to have rank 4. What is the rank if s =17

(b) Determine the number of degrees of freedom for the equation system

(a) Consider the matrix D(s) = . Find a necessary and suf-

T+2y+ z4+ w=0
—2x+ y—2243w=0
T — z4+5w=0
—z4+2y+ z—-3w=0

Problem 1-13

(a) Let A be a symmetric n X n matrix with |A|# 0, let B be a 1 X n matrix, and let
X be an n x 1 matrix. Consider the expression

(X+1A7'BYAX+1A7'B) - 1BA'B’ (%)

Expand and simplify.
(b) Suppose that A is symmetric and positive definite (i.e. Y/AY > 0 for all n x 1

matrices Y # 0). Using (%), find the matrix X that minimizes the expression
X'AX + BX.
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Problem 1-14

. . 1 1 1
Given the matrix A = (1 9 3>.

(a) Find the rank of A, show that (AA’)~! exists, and find this inverse.

(b) Compute the matrix C = A’(AA’)~! and show that ACb = b for every 2 x 1
matrix (2-dimensional column vector) b.

(c) Use the results above to find a solution of the system of equations

T +rot+a3=1
1+ 29+ 33 =1

(d) Consider in general a linear system of equations
Ax =Db, where A is an m x n matrix, m <n ()
It can be shown that if r(A) = m, then 7(AA’) = m. Why does this imply that

(AA’)~! exists? Put C = A’(AA’)"!, and show that if v is an arbitrary m x 1
vector, then ACv = v. Use this to show that x = Cb must be a solution of (x).

Problem 1-15

Define the matrix A, for all real numbers a by A, =

— Q 9
= O
_ =

(a) Compute the rank of A, for all values of a.

(b) Find all eigenvalues and eigenvectors of Ag. (NB! Here a = 0.) Show that eigenvec-
tors corresponding to different eigenvalues are mutually orthogonal.

(c) Discuss the rank of the matrix product A,A; for all values of a and b.

Problem 1-16

41 1 1
14 1 1
Let A=171 4
111 4

(a) Compute the eigenvalues of A. (Hint: You can use (without proof) the formula

a+b a a
a a+b ... a )
. . . .| =b""(na+Db)
a a ... a+b

where n is the order of the determinant.)

(b) One of the eigenvalues has multiplicity 3. Find three linearly independent eigenvec-
tors associated with this eigenvalue. Find also an eigenvector associated with the
fourth eigenvalue.
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Problem 1-17

a b b 1 1 1
Given the matrices A= | b a b and E=1]1 1 1
b b a 1 1 1

a) Find the eigenvalues and eigenvectors of E.

b)

¢) Show that if x¢ is an eigenvector of E, then x is also an eigenvector of A.
d) Find the eigenvalues of A.

Find numbers p and ¢ such that A = pI3 + qE.

(
(
(
(

Problem 1-18

-2 -1 4
Given the matrix A = 2 1 -2
-1 -1 3
1 1 1
(a) Show that x; = [ 0 |, x2 = | —1 |, and x3 = | 1 | are eigenvectors of A, and
1 0 1

find the corresponding eigenvalues.

(b) Let B = AA. Show that Bxs = x5 and Bx3 = x3. Is Bx; = %17

(c) Let C be an arbitrary n x n matrix such that C* = C? + C. Show that if X is an
eigenvalue of C, then A3 = A\? + \. Show that C + I,, has an inverse.

Problem 1-19

—a?b 0 ab
(a) Find the eigenvalues of the matrix A = 0 ¢ 0
—ab 0 b

(b) Let H be a 3 x 3 matrix with eigenvalues A1, A2 and A3, and let  be a number # 0.
Show that a);, aXy and a)s are eigenvalues of the matrix K = oH.

A2
1 4a 0 4a

(c) Find the eigenvalues of B = 0 1—a?> 0 |, a # £1.
1—a?
—4a 0 4
0 0 0
(d) Find a matrix P such that P"'BP = [ 0 1 0 | = D, where B is the matrix in
0 0 4

(c). Find then a matrix C such that C? = B. (Hint: Find first a diagonal matrix
E such that E? = D. Make use of the formula PE?P~! = PEP'PEP! to find
C expressed in terms of E and P.)

2. Multivariable Calculus

Problem 2-01

Decide if the following functions are (strictly) concave/convex, quasiconcave/quasiconvex
in their domains. (In (a) and (c) you should not differentiate.)

(a) (i) flz,y) = 10275, «>0, y>0 (i) g(z,y) = 102"/%3, >0, y>0
(b) F(x1,79,73) =3 — 23 — 2179 — 223 + 1123 — H23

(c) G(z,y) = /In(z +y —4). (Where is G defined?)
(

d) H(zi,7e,73) = 32?2 — 221709 — 42173 + 73 + 223

5
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Problem 2-02

For which values of the constants a and b is f(z,y) = e®+b9” defined for all  and Y
concave/convex?

Problem 2-03
Let f be defined for all x and y by f(z,y) = 22 —y — e® — e 2. Is f concave/convex?

Problem 2-04
Prove that f(z,y) = e /1 + y? is strictly convex for |y| < 1.

Problem 2-05

Define the function f for all z,y by f(z,y) = 3sin2x + 3y — 3y? + 8. Show that f is
concave in the rectangle R = { (z,y): 0 <z <7/2, 0 <y < 1}.

Problem 2-06
Let D be the set of points (z,y) with —1 <z <1 and —1 < y < 1, and let
1
flay) = Ha—9)' = (-9’ - (@+y)?

(a) Show that f is neither convex nor concave in D.
(b) Find the subset of D at which f is concave.

Problem 2-07

Let f(z,y) = (Inz)*(Iny)’, defined for z > 1, y > 1. Assume that a > 0, b > 0 and
a+ b < 1. Compute the Hessian matrix H of f and show that f is strictly concave.

3. Static Optimization. Kuhn-Tucker Theory

Problem 3-01
Solve the problem max z'/2y!/? subject to 3z + 4y < 25.

Problem 3-02
Consider the problem

max f(z,y) = 2*> +y*> subject to g(z,y) = 5z + 6xy + 5y? < 1

(a) Write out the necessary Kuhn—Tucker conditions for a point (z,y) to solve the
problem, and find all points that satisfy the conditions. Do any of those points
solve the problem?

(b) The admissible set is the set of points inside an ellipse in the zy-plane. Explain why
the problem can be interpreted as that of finding the point or points on the ellipse
g(z,y) = 1 with the greatest distance from the origin.

(¢c) Determine the approximate changes in the maximum value of f(z,y) if the constraint
g(z,y) <1 is replaced by g(z,y) < 1.1.

4145ex3 29.4.2008 621



Problem 3-03
(a) Write down the Kuhn-Tucker conditions for the problem

max x + xy subject to y+ z%e? <1

(b) Prove that (0,—1) and (1,0) both satisfy the conditions and find the associated
Lagrange multipliers.

Problem 3-04

Solve the following problem:

minimize f(z,y) ="V +e¥ +22+y st. z>-1, y> -1, 2+y >0

Problem 3-05

Consider the problem
maximize z?ye *7Y st. x>1, y>1, a+y>4

(a) Write down the Kuhn—Tucker conditions for the problem.
(b) Find all the solutions to these conditions.

(¢) (Optional.) Have you in (b) found the solution to the problem?

Problem 3-06

(a) Solve the nonlinear programming problem

?Hyt <1

maximize f(x,y,z2) =x+1In(l+2) subject to
f(z.y,2) (1+2) X {:r+y+z§1

(b) What is the approximate change in the optimal value of f(x,y,z) if the second
constraint is replaced by z +y 4+ 2z < 1.027

Problem 3-07

Consider the problem

(z+1)°+y*> <4

x>0, y>0
2+ (y+1)? <4 -7

(%) max (2z +y) s.t. {

(a) Let S be the set of all (z,y) which satisfy all the four constrains. Sketch S in the
xy-plane, and draw some level curves for f(z,y) = 2z + y.

(b) Solve problem (x) by a geometric argument.

(¢) Write down the Kuhn—Tucker conditions. Verify that the point (xg, ) you found
in (b) satisfies the Kuhn—Tucker conditions.

(d) Suppose that 22 + (y + 1)? < 4 in (x) is replaced by z? + (y + 1)? < 4.1. Estimate
the approximate change in the maximum value of 2x + y.
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Problem 3-08

Solve the problem

1
max[ln(w2+2y)—§m2—y] subject to y>2/z, x>1, y>1

Problem 3-09
Consider the nonlinear programming problem
maximize z° — 3> subject to z<1 z<y

(a) Find the only possible solution to this problem.

(b) Solve the problem by using iterated optimization: Find first the maximum value
f(x) in the problem to maximize z° — y3 s.t. x <y, where x is given and y varies.
Then maximize f(z) subject to z < 1.

Problem 3-10
Let f be a function of two variables given by
f(z,y) = —a* — cx?® + 6y — 6y°

where ¢ is a constant.

(a) For which values of ¢ will f be concave in the whole plane?
Consider next the problem:
() max(—z* —y* — 42 + 6xy —6y° +ax+by) st. z+y> <1 and y> 1.

Here are a and b constants.
(b) Write down the Kuhn-Tucker conditions for a point (x,y) to solve (x).

(¢) Find necessary and sufficient conditions on a and b for the maximum point in () to
be (z,y) = (0,—1).

Problem 3-11
Let f and g be functions of two variables given by
fla,y) = ax + by — 62 — 5wy — 5%, g(z,y) =3 — (¢ +¢?)?

where a and b are constants.

(a) Show that f and g are both concave in the whole plane.
Next we study the problem:

(%) max (f(z,y) +g(z,y)) st. z>1 and y<a

(b) Write down the Kuhn-Tucker conditions for a point (z,y) to solve (x).

(c) Find necessary and sufficient conditions on a and b for the maximum point in (%) to
be (z,y) = (1,0).
(d) Let a = 300. For which value of b will (%) have the solution (z,y) = (4,2)?
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Problem 3-12

(a) Solve the nonlinear programming problem

x

y>e

o 1N 1,
maximize — x4+ = ) — =y subject to
2 y<2/3

2

(Hint: You may need the fact that the equations e ™2 = 2z +1 and y? = e!=%" have
the solutions = 0 and y = +1, respectively.)

(b) Can you give a geometric interpretation of the problem?

Problem 3-13

Consider the problem

maximize aln(z+1)—2z—-2z—y

st. >0, y>0, 2z>0 and z2§m+y

(%)

where a is a positive constant.
(a) Write down the Kuhn-Tucker conditions for the solution of (x).

(b) Find the solutions of the Kuhn-Tucker conditions. Consider the cases a > 1 and
a < 1 separately.

(c) Prove that the points you found in (b) really solve problem ().

Problem 3-14

T +y <2,

a) Solve the problem minimize [(z — 2)% + (y — 2)?] s.t.
(a) p [(z =2)% + (y - 2)7] 2 drty< 2

(b) Can you give a geometric interpretation of the problem and thereby confirm the

answer in (a)?

Problem 3-15

Consider the nonlinear programming problem

y—(r—1)2<1
(P) maximize 4z +y s.t. y—(z—-2)2<~1

(a) Sketch the admissible region, and draw some level curves for the criterion function.
(b) Make use of the figure from (a) to show that (1,0) solves problem (P).

(c) Write down the necessary Kuhn-Tucker-conditions for the solution of (P), and show
that (1,0) satisfies these conditions.
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Problem 3-16
Solve the problem
1—2y <0
maximize (2z — 2%+ 2y —y? +2) s.t. r+y+z2<4
x>20,y>0,22>0

Prove that you have really found the maximum.

Problem 3-17
Maximize In(z+y+3) subject to 22+9y?+22<1, a+y+2z<1.

Problem 3-18
Solve the problem

minimize (z +y)* st. y> (r—2)% zy>1

Hint: Use the fact that = 1 is a solution of the equation z(z — 2)? = 1.
( q

Problem 3-19

42 gubject to 0<z+2z<1—22—2y°%

Find the maximum of zy+e
Problem 3-20
Consider the problem

r+y+22<a
maximize x+y—1 s.t.

1
3% + 2y + gz <0
Here a is a constant.

(a) Write down the Kuhn—Tucker conditions for a point (x,y, z) to solve the problem.
Show that if (z,y, z) solves the problem, then z < 0.

(b) Solve the problem when a = 0.
(c) Solve the problem when a = 1.

Problem 3-21

Consider the nonlinear programming problem

(1) z2¢
2 d

maximize f(z,y) = (z —c)*(y —d)'~® subject to 53; iiy <y W
(4) x<c+d

Here a, ¢, and d are constants with a € (0,1), ¢>0,d >0 and 2d < 2 —c.

(a) Sketch the set S consisting of all (z,y) that satisfy (1)—(4). Explain why (1) and (2)
cannot be binding at the optimum.

10
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(b) Show that the problem is equivalent to

3) z+y<2

maximize [aln(z —c)+ (1 —a)ln(y —d)] subject to { 4) r<ctd (%)

(c) Write down the Kuhn-Tucker-conditions for the solution to (**) and show that (3)
must be binding at the optimum. Solve the problem.

Problem 3-22
Consider the problem
z<x
max (4z — 2% —y? — 2?) st 5 o o Y
rr+y"+2°<3

(a) Write down the Kuhn—Tucker conditions for the problem.
(b) Verify that the problem has a solution, and find the solution.

(c) What is the approximate change in the maximum value of 4z — 22 — y? — 22, if the
first constraint is changed to z < zy + 0.17

Problem 3-23

r+y+z<5
(a) Find the maximum of zyz subject to ry+zrz+yz <8
r>0,y=>0, 220

(b) Prove that the problem in part (a) does not have a solution if we drop the nonneg-
ativity conditions on x, y, and z.

4. Integration

Problem 4-01

Define the function F for all T > 0 by F(T) = fOTf(t)e_’"(t_T) dt, where f is a
given function and r is a given number. Find an expression for F’(T") and show that
F'(T)—rF(T) = f(T).

Problem 4-02
Define the function F for all x > 0 by F(x) = / et dt.
0

(a) Find expressions for F’(z) and F”(z) by using Leibniz’s formula.
(b) Show that F' is strictly convex on (0, c0).

Problem 4-03

2™ sin(xt)

Define the function g by g(z) = /

e

dt for all x. Show that ¢'(1) = 0.

11
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Problem 4-04 .
Let y(t) be defined by y(t) = / sin?(t 4 z) dz. By differentiating y(t) twice, show that
0

J(t) = 6sin 2t cos 2t + 2t — 4y(t).

1,1
Problem 4-05 Compute the integral / (/ xeydy) dx.
o Jo
1 4
Problem 4-06 Compute the integral / (/ (Vzy + 2z +y) dy) dz.
o Jo

1,1
Problem 4-07 Compute the integral / (/ (z/ 2% + ydx) dy.
o Jo

Problem 4-08 . P
Compute the integral / (/ zy? cos(z?y) dy) da.
o Jo

Problem 4-09

2 pm 2
Compute the double integral / / % cos(%) dx dy.
™ 0

Problem 4-10
Let V(t) = flt(flt F(t,z,y) dz) dy. Use Leibniz’s formula to find an expression for V'(t).

Problem 4-11

In a model by T. Haavelmo the following equations appear

t t+T(t)
/ z(T)dr = / x(1)dr forallt >t (%)

t1 t14+T(t1)

T (1)
/ y(t)dr =1 forallt >t (%)
t

In both cases find an expression for dT'/dt, assuming that z(7), z(7), T'(t), and y(7) are
well-behaved and ¢; is a constant.

12
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5. Differential Equations of the First Order

Problem 5-01

Solve the differential equations

(a) &+ 4z = 3e', 2(0) =1 (b) i = —r—, 2(1)=0

Problem 5-02
var+b o

Solve the differential equation & = t“, where the constant a is # 0.
x

Problem 5-03

Find the solution of the following differential equation that satisfies the given initial
condition:

=tz —1)% z(0)=3

Problem 5-04

(a) Solve the differential equation &+ 4z = 4e~2t, 2(0) = 1.

(b) Suppose that y = (a+ak)+/t + 1 denotes production as a function of capital k, where
the factor v/t +1 is due to technical progress. Suppose that a constant fraction
s € (0,1) is saved, and that capital accumulation is equal to savings, so that we
have the separable differential equation

k=s(a+ak)Vt+1, k0)=ko

The constants a, a and kg are positive. Find the solution.

Problem 5-05

(a) Find the general solution of the differential equation & + 2x = 2.
(b) Find a function w = w(t) such that

W42 =2 w0)=0 and w(—z)=

Problem 5-06
In a growth model production @) is a function of capital K and labour L. Suppose that

(i) K =~Q (investment is proportional to production)

(i) Q=KL

(iiiy L=p (the rate of change of L with respect to ¢ is constant)
Here v, a, and 3 are positive constants, a < 1.
(a) Derive a differential equation to determine K.
(b) Solve this equation when K(0) = K¢ and L(0) = L.

13
4145ex3 29.4.2008 621



Problem 5-07

Find the solution of the differential equation & + 3z = ¢2.

Problem 5-08
Determine the solution of the differential equation

r— = ——(z? — 25), x>5H (%)
that passes through the point P = (0,10). What is the slope of the solution curve at P?

Show that every solution of (x) is decreasing.

Problem 5-09

Find the solution of the differential equation 3z2% = (23+9)3/21Int whose solution curve
passes through the point (¢,z) = (1, 3).

Problem 5-10

Find the solution of the differential equation
i = (20 +1)* -3 sin(t?)

whose integral curve passes through (¢, z) = (0,0).

Problem 5-11

Find the solution of the differential equation

e*i + (2 — 2t)r =

whose integral curve passes through (¢, z¢) = (0, 3).

Problem 5-12

Find the solution of the differential equation
O e

whose integral curve passes through (¢, zo) = (—1,0).

Problem 5-13

2
(a) Find the general solution of the differential equation & = ek
(b) Consider the differential equation
(t+1)d—2(t+1) =2+ (t+1)° (%)

Introduce a new variable u = u(t) by putting = (¢ + 1)?u, and transform equation
(%) into a simple differential equation in the unknown function v = u(t). Use this
to find the general solution of (k).

14
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Problem 5-14

Find the general solution of the differential equation & = 23 +3z2—2. (Hint: Put z = y+a
and find a differential equation for y. Choose an a such that this equation becomes a
Bernoulli equation.)

6. Differential Equations of the Second Order

Problem 6-01

Find the general solutions of the following differential equations:

(a) #—8i+17=0 (b) i+2i+5x=0

Problem 6-02
Find the general solutions of the differential equations
LT .7 .
(a) a:+§x—2:c:0 (b) x+§az—2x:t+smt

(Hint: (b) has a particular solution of the form u* = At + B + C'sint + D cost.)

Problem 6-03

Find the general solutions of the following differential equations:

(i) 4% — 152 + 14z =0 (ii) 4% — 154 + 14z =t +sint

Problem 6-04

Find the general solution of & — 64 + 25z = t.

Problem 6-05

Find the general solution of the differential equation 3%+ 10z +3x = f(¢) in the following
three cases:

(i) f(t) =0, (i) f(t) =8e " +6, (iil) f(t) = —8e 3.

Problem 6-06
Find the general solution of the differential equation & + & + 2z = t? + 2.

Problem 6-07

Solve the differential equations

Z—at+(a—2)x=0 (i)
T—at+(a—2)z =t (a # 2) (ii)
15
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Problem 6-08

In connection with a problem in utility theory the following differential equations are

encountered:
0) ") =—79®) () ¢"(0) =~ g ()

Find the general solutions of these equations.

Problem 6-09

In an economic model one encounters the differential equation

al+ 3

Y + (ad +B)Y +af(l+m)Y = —aft — T

where «, 3, [ and m are positive constants.
(a) Find a particular solution of (x).

(b) Put « =1/4, f =3/4,1 =1 and m = 17/3, and find the general solution to the
equation in this case.

(c) Discuss conditions that ensure that the solutions of () give oscillations. What can
you then say about the behaviour of the solutions as t approaches infinity?

Problem 6-10

A model describing the market behaviour of firms includes the differential equation
10%2?V"(z) + paV'(z) — pV(z) =w — (x >0) (%)

Here o, i, p, and w are positive constants, p # u, while V() is an unknown function.

(a) Show that the homogeneous equation corresponding to (*) has solutions of the form
V(x) = z*. Find the general solution of the homogeneous equation.

(b) Find a particular solution of (x).
(c) Find the general solution of the equation z2V"(z) + 2V'(z) — 4V (x) = 10 — .

Problem 6-11

Consider the differential equation
i— 2k —1)& + (k* — 4)z = 201 (%)

where k is a real number.

(a) Find the general solution of the homogeneous equation corresponding to () for all
values of k.

(b) Find a particular solution of (x) for each value of k.

(¢) Let k = 3. Find the integral curve for (%) that passes through the origin and is tan-
gent to the t-axis at that point. Is ¢ = 0 a local extreme point for the corresponding
function?
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Problem 6-12

In an economic problem the price function p = p(t) satisfies the equation

p(t) = 4 / [D(p(r)) — S(p(r))]e=C=7) dr

where D(p) = a — bp is a demand function, S(p) = —c + dp is a supply function, and «,
B, a, b, ¢, and d are positive constants.

(a) Show that p satisfies the differential equation
p+ap+p+dp=patc) (1)

(b) Determine the equilibrium value p* for (1), and find the general solution of (1).

(c) Show that (1) is stable. Decide for what values of the parameters the solution
exhibits damped oscillations about p*.

Problem 6-13
Given the second-order differential equation
2% +ti—x =0, t>0 (%)

(a) Introduce the substitution z = tx and derive a second-order differential equation
for z. Solve this equation and find the general solution of (x).

(b) Find the solution of (x) with z(1) =1 and #(1) = 1.

Problem 6-14

Solve the differential equation & + 104 4+ 252 = 5e** + sint for all values of k.

Problem 6-15

(a) Find the general solution of the differential equation 2i + 83 + 26x = 2.
(b) Explain how to find the general solution if €2 is replaced by sin 3t.

7. Systems of Differential Equations

Problem 7-01

Given the following system of differential equations:

T=x+y+t
y=—x+2y

Deduce a second-order differential equation for x. Solve this equation and then find the
general solution (z(t),y(t)) of the system.
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Problem 7-02

Consider the differential equation system

rT=ar+2y+a
y=2x+ay+p

where a, o and 3 are constants.
(a) Find the general solution of (x) for all values of the constants.

(b) Assuming that a? # 4, find the equilibrium point. Find sufficient conditions for (x)
(i) to be locally asymptotically stable, (ii) to have a saddle point equilibrium.

(c) Let @ = —1, a = —4 and § = —1. Draw a phase diagram of the system (x), and
determine a solution curve that converges to the equilibrium point.

Problem 7-03

(a) Consider the following system of differential equations:

P=—2’—x—y

. (S)
§ =y —2xy
The points (—1,0), (0,0) and (1,—2) are equilibrium points for the system. Try to
decide if they are locally asymptotically stable or saddle points.
(b) The system (S) has a solution (z(t),y(t)) with (0) = 1 and y(0) = —1 and such
that x(t) + y(t) is a constant. Find this solution, and draw a sketch that indicates
how (x(t),y(t)) traces out a curve in the zy-plane as t runs through [0, c0).

Problem 7-04

Consider the differential equation system
. 2
T=y—x°—2ay
(%)

j=x—y* -y
(a) Find the equilibrium points. If possible, decide if they are locally asymptotically
stable or saddle points.

(b) Put z = x 4+ y and find a differential equation for z. Find the general solution of
this equation.

(¢) Find solutions of (%) through (1,1), (1/4,1/4), and (—1,—1), respectively. (Hint:
Try to find a differential equation for w =z — y.)

Problem 7-05
Consider the differential equation system

i=31° -y, g=2u-—y

(a) Find all equilibrium points and classify each of them (if possible).
(b) Draw a phase diagram and indicate some possible integral curves.

(c) The system has a saddle point in the first quadrant. What is the limit of the slope
of the two integral curves that converge towards this saddle point?
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Problem 7-06
Consider the differential equation system
T =—x
j=—zy—y’
(a) Draw a phase diagram and draw some typical solution curves.

(b) Find the equilibrium points and classify them, if possible.

(c) Solve the equation system (x) with z(0) = —1, y(0) = 1. (One of the integrals
cannot be evaluated.) Find lim;_, o (x(), y(t)).

8. Calculus of Variations

Problem 8-01

Consider the variational problem
1
max/ (2ze™" — 2zd — #2) dt, z(0) =0, z(1) =1
0

(a) Write down the Euler equation for the problem.

(b) Find the solution of the problem, assuming it has one.

Problem 8-02

Solve the variational problem

1
max/ (4ae™ — 5a? — i?)e * dt, x(0) =5/3, (1) =2e*
0

Problem 8-03

Consider the variational problem

(a) Find the Euler equation and its general solution.

(b) Put T'=10 and S = 20 and find the solution to the problem in this case. Show that
you really have found the optimal solution.

Problem 8-04
Consider the variational problem

T
Inax/ (a —bK? —cKK —dK?)e " dt,  K(0)=0, K(T)> Kr
0

where a, b, ¢, d, r, T, and Kp are positive constants.

(a) Find the Euler equation.
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(b) Find anecessary and sufficient condition for F(¢, K, K) = (a—bK?—cKK—dK?)e "
to be concave in (K, K).

(c) Let a=100,b=c=1,d=2,r=1,T =10, and K9 = 4. Verify that the Euler
equation is K — K — %K = 0. Find the only solution of the Euler equation that
satisfies the boundary conditions. Why is this the optimal solution to the variational
problem?

Problem 8-05

Consider the variational problem
2
min/ (22 + txd + t23%) dt, z(1)=0, =z(2)=1
1

(a) Find the Euler equation.

(b) The Euler equation has two solutions of the form = = t%, for suitable values of the
constant a. Use this information to solve the problem.

Problem 8-06

Consider the variational problem

min/o [p:lc2 + q(%(w - aw))z] dt, z(0) = zo, x(T) =z

where p, q, a, b, T, xg, and x are nonnegative constants, b # 0, ¢ £ 0.
(a) Write down the Euler equation for the problem and find its general solution.

(b) Choose p=0,g=1,a=1,b=1,T =1, g =0 and 7 = 1. Find the solution of
the problem in this case.

Problem 8-07

(a) Find the Euler equation for the following variational problem:
t1
min/ (b(t)x + a(t)i?) dt, x(to) = xo, z(t1) = x4
to

Here tg, t1, xo, and x; are constants, while a(t) and b(t) are given positive, differ-
entiable functions.

(b) Show that the general solution of the Euler equation can be written in the form

z(t) :/(Cft)+2;(t)/b(t)dt> dt + D,

where C' and D are arbitrary constants.

(c) Find z(t) if a(t) =t, b(t) =, to =1, t; = 3, (1) = 0, and z(3) = 2.
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Problem 8-08

(a) Consider the variational problem
1
max/ (=24 — 22)e~t/10dt, z(0)=1, z(1)=0 (1)
0

Find the associated Euler equation, and find the general solution of that equation.
Then solve problem (1).

(b) At time ¢t = 0 a certain oil field contains z barrels of oil. It is desired to extract all
of the oil during a given time interval [0, 7. If z(¢) is the number of barrels of oil
left at time ¢, then —# is the extraction rate (which is > 0 when z(¢) is decreasing).
We assume that the world market price per barrel of oil is given and equal to ae®.
The extraction costs per unit of time are assumed to be (i(t))2e”t. The profit per
unit of time is then 7 = —i(t)ae™® — ((t))?e”*. Here a, a, and 3 are constants,
a > 0. This leads to the variational problem

max /0 Ci(ae™ — (2% dt,  2(0) =z, o(T)=0  (2)

where r is a positive constant. Find the Euler equation for problem (2), and show
that at the optimum d7/0% = ce™ for some constant c.

Problem 8-09

Consider the variational problem
1
min/ (2% + 2xti + &%) dt, z(0)=1, z(1)=1
0

(a) Find the Euler equation for the problem, and the only admissible solution of it.
(b) Show that

/0 [(2(1))? +2x(t) - t - i(t) + (2())*] dt =1 +/0 (&(t))* dt

for all admissible functions z(¢) in the problem. (Hint: %(tﬁ) = 2% + 2twi.)

(¢c) Can we conclude from (b) that the function found in (a) solves the problem?

Problem 8-10

Consider the variational problem
T
minimize/ e " g(@) + c(t)z] dt, z(0)=0, z(T)=B
0

where g and ¢ are given functions, T, r and B are given positive numbers, and x = z(t)
is the unknown function.

(a) Write down the Euler equation for this problem.
(b) Find the solution of the problem if r > 0, g(i) = @2, c(t) = 2.
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(¢) The problem above can be given the following interpretation: One wants to produce
B units of a product during the time interval [0,7]. Production per unit of time
is &, g(z) is the production cost per unit of time, ¢(t) is the storage cost per unit
of time and unit of product, and 7 is the interest rate. This interpretation works
well only if the solution of the problem has #(t) > 0 in [0,7]. Find necessary and
sufficient conditions on the parameters for @(¢) to be nonnegative for all ¢ in [0, 7]
in the case in part (b).

9. Control Theory

Problem 9-01
Solve the control problem
2
max/ (22 — 3u — au?) dt, t=x+u, x(0)=>5, x(2) free, u € (—00,00)
0

where « is a positive constant.

Problem 9-02

Consider the control problem

g 2 —rt :
uI(I;il?eXR /0 —[x(t) —u(t) +2]7e " dt, & =u(t)—0x(t), z(0)=u1z9, z(T)=uzr

Here T', r, §, xg, and a7 are fixed positive numbers.

(a) Write down the conditions of the maximum principle.

(b) Show that the Hamiltonian function is concave in (z,u).

(¢) Solve the problem with 7'= 10, » = 0.1, § = 0.5, o = 0, and x19 = 8.

Problem 9-03
(a) Solve the optimal control problem
2
max/ (z(t)— (u(t)®) dt, @(t) = z(t)+u(t), z(0) =0, z(2) free, u(t) € (—oo0,0)
0

(b) What is the optimal solution z*(¢) if we require that u(t) € [0, 1] for all ¢ in [0, 2]7?

Problem 9-04

(a) Solve the control problem
5
max/ —3ue” 015t gt & =u, z(0)=0, z(5) =1500, u>0
0

(b) A municipality wishes to cultivate a plot over a period of 5 years. Let x(t) be the
number of acres cultivated up to time ¢ and let u(t) be the rate of cultivation, so
that @(t) = u(t). Let the cultivation cost per unit of time be given by the function

22
4145ex3 29.4.2008 621



C(u,t). If the interest rate is r, the total discounted cost of cultivation over the
period from t =0 to t =5 is f05 C(u,t)e""t dt. Consider the problem

5
min/ C(u,t)e " dt, t=u, (0)=0, z(5) > 1500, u >0
0

Write down the conditions given by the maximum principle.

(c) Solve the problem when r = 0 and C(u,t) = g(u), with g(0) = 0, g(u) > 0 and
g"(u) >0

Problem 9-05

Consider the variational problem

T
max/ (az? + 2bzi + ci® + dt*i)e " dt, z(0) =x9, x(T)=azr ()
0

—rt

(a) For what values of the constants a, b, ¢, d, and r is (az? + 2bxy + cy? + dt?y)e
concave with respect to (z,y)?

(b) Find the Euler equation associated with (x).
(¢) Solve the problem

1
max/ (=922 + 2zd — @ + 3t%%) dt, 2(0)=0, z(1)=0 (%)
0

(You can use the result in (b).)

(d) Transform the problem (#*) in (c) into a control problem and find the optimal
solution when the terminal condition is changed from z(1) = 0 to

(i) z(1) free, (i) =(1) > 2.

Problem 9-06

Consider the control problem (7 is a fixed positive number)
T 1
max/ (22% — §u2) dt, t=u, z(0)=1, x(T) free, u(t) € (—o0,00)
0

(a) Write down the conditions given by the maximum principle for this problem.

(b) Assume that T'= 7/8, and find the only possible optimal solution. (Take for granted
that an optimal solution exists.)

(¢) Find the only possible solution of the necessary conditions when T' = 7 + 7 /8. Is
this solution optimal? (Hint: Consider the control function u(t) = ¢ if ¢t € [0,1],
u(t)y=0ift € (1,7 + 7/8].)

Problem 9-07

Consider the optimal control problem
T
maximize / (1—wa?dt st. ©=ux, ucl0,1], 2(0)=1, =(T)is free (%)
0

(a) Write down the conditions that the maximum principle gives for an admissible pair
(x*(t),u*(t)) to be a solution of problem ().
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(b) Show that the adjoint function p(t) must be strictly decreasing.

(¢) It can be shown (but you are not supposed to do so) that () has an optimal solution.
Find this solution when 7" > 1/2.

Problem 9-08
In growth theory we encounter the optimal control problem

T
I}laﬂ%(/ (aK —bK? — cI?)e " dt, K =1-0K, K(0)= Ky, K(T) free
R Jo

where all the parameters are positive, K (capital) is the state variable, and I (investment)
is the control variable.

(a) Write down the conditions in the maximum principle for a pair (K*(t),1*(t)) to
solve the problem. Use the “current-value” formulation.

(b) Deduce a second-order differential equation for the optimal state variable.

(¢) Show that when a = 12, b = 0.256, ¢ = 10, r = 0.2, and 6 = 0.02, the differential
equation in (b) reduces to

K*—02K* —0.03K* = —0.6

Solve the control problem in this case with Ky =0 and 7" = 10.
(d) With the choice of parameters in (c), replace the objective function by

10
/ (12K — 0.256 K2 — 101?)e~ %" dt + K(10)
0

Explain how to find the solution in this case. In particular, find the transversality
condition. You are not required to determine the constants.

Problem 9-09

Consider the control problem
T
Inax/ (x —u)dt, i =aue ? —x, z(0)=z9, x(T)is free, u € [0,1]
0

where T, a, and x( are positive constants.

(a) Write down the conditions given by the maximum principle. Find an explicit expres-
sion for the adjoint function p(t), and determine the possible values of an optimal
control.

(b) Put T=1In10, a = 5 and z¢p = 5 and solve the problem in this case.
(¢c) What is the solution if T'=1n10, a = 1/2 and xy = 57

Problem 9-10

Consider the control problem (a is a given constant)
1
max / —(r—u—a)*dt, i=u—=x, x0)=1, x(1)free, u € [0,00)
0
(a) Put a = 4. Show that u*(t) = 0 for all ¢ is an optimal control by showing that all

the conditions in Mangasarian’s sufficiency theorem are satisfied.
(b) Put a =1/3. Find the optimal control in this case. (Hint: Try u*(t) > 0 for all ¢.)
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Problem 9-11

Solve the control problem
2
maximize / (z — u)dt, u € [0, 1],
0
t=u, y=u, z(0)=0, y(0)=0, z(2)free, y(2) <1

Here u is the control variable.

Problem 9-12

Find the only possible solution to the control problem
2
max/ (u* —2)dt st. &=u, 2(0)=0, z(2)isfree, 0 <u<1
0

that is, find the only admissible pair (z(t),u(t)) that satisfies the conditions in the max-
imum principle.

Problem 9-13

Consider the control problem (7" is a given positive constant)
T
max/ (22 —2)dt, ©=wu, x(0)=0, 2(T)free, u=u(t)e][0,1]
0

(a) Write down the conditions given by the maximum principle.

(b) Prove that p(t) is concave. Study possible behaviours of p(t). Assuming that an
optimal solution exists, find it.

Problem 9-14

Consider the control problem
T
max/ (ax —bu)dt, & =x+u, x(0) ==z, x(T) free, u € [0,2]
0

where all the constants are positive.

(a) Solve the problem. (Hint: You will have to distinguish between the cases b <
a(el —1) and b > a(e? —1).)

(b) Let J(xo,T) denote the optimal value function. Show that 0J(xq,T)/0xo = p(0),
where p(t) is the adjoint function, and that 0.J(zo,T")/0T = H*(T), when we let
H*(t) denote the Hamiltonian evaluated “along” the optimal path.

Problem 9-15

Consider the control problem
T
maximize / (24r —uz)dt st. @ =wux®, ue0,1], 2(0) =1, z(T) free
0

Find the only possible solution of the problem when 7' = 1/3. (Hint: Show that
p(t)(x*(t))? must be strictly decreasing.)
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Problem 9-16

Find the only possible solution of the control problem

2
max/ x3 dt, t=uel[-1,1, z(0)=0, z(2)=0
0

Problem 9-17

(a) Solve the optimal control problem
1
max/ (x 4 u) dt, i=1-21u? z(0)=0, z(1) >0, u€ (—o0,00)
0

(b) (Difficult.) Solve the problem if we require that u > 1.

10. Difference Equations

Problem 10-01

Find the general solution of the difference equation z¢49 + 62441 + 10z = 0.

Problem 10-02

Find the general solution of the difference equation x40 — 62441 + 252 = 1.

Problem 10-03

Find the general solution of the difference equation z;,o + 2411 — 62y = 5¢ + .

Problem 10-04

Find the solution of the difference equation z;19 + 42141 — 122, = 7t?2 + 2t — 6 that
satisfies zo = —3 and 1 = 9.

Problem 10-05
(a) Solve the difference equation
Tipo — gxm + 2, =10 3%, t=0,1,2,...
Determine the solution that gives zg = 0, 1 = 2.

(b) The following difference equation appears in dynamic consumer theory:
—QTyy1 +(1+a2)xt — oz = K, t=1,2,...

Here o, K and 3 are constants, a and 3 positive. Determine the general solution of
the equation when o # 1, 8 # a and 8 # 1/a.
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Problem 10-06

(a) Solve the difference equation x4 — 2441 — 624 = ¢ with zp = land 1 =1 forc =0
and for ¢ = 1.

(b) Consider the following system of difference equations:

Tpp1 = Ty + 2y

Yer1 = 3¢

(%)

where t =0, 1, 2, ..., g = 1, yg = 0. Derive a second-order difference equation for
x¢, and solve this equation and the system.

11. Dynamic Programming

Problem 11-01

Consider the dynamic programming problem

T-1
max {Z(—uf) — wZT} subject to 41 =2 +ur  up € (—00, 00)
=0

(a) Let Js(x) be the value function, and find Jr(x), uh(x), Jr—i(x), wp_ (), Jr—o(z),
and uh_o(x).

(b) Find general expressions for J;_,(z) and w}_, ().

Problem 11-02

Consider the problem

T
max Z(mt —u) subject to  xip1 = xp +ug, up € [0,1]
t=0

(a) Find the optimal control functions u; (x) and the corresponding value functions J;(z)
fort=T,t=T-1, ..., t=T —4.

(b) Try to find expressions for u}_,(z) and J,_,(z) forall k =0,1, 2, ..., T.

Problem 11-03
Consider the problem

T-1
max Z Inuy + Inxzr  subject to @y = x4 —uy, w9 >0, up € (0,24)
t=0

(a) Find Js(z) and ui(x) for s=T, T —1, T — 2.

(b) Prove that Jpr_x(z) = (k+1)In 2 f_ 1 forall k =0,1,...,7T, and find the associated
optimal control.
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Problem 11-04

Consider the problem

T
max me(l +ut) subject to mpi = xe(l —wg), w € [0,1]
t=0

with zg given.

(a) Find Jp(z) and Jp_;(x) and the corresponding optimal controls w).(z) and u%._ (z).

(b) Show by induction that Jr_,(z) = (n+2)2z? forn =0, 1,2, ..., T. Find the optimal
pair (x},u;) for the problem and the maximum value of the objective function.

Problem 11-05
Consider the dynamic programming problem

T-1
max Z Vu, —xp  subject to w1 = 2(z +ug), ug € (0,00)
t=0

(a) Pﬁnd.JT(x),iji(x),and.JT,g(x)

(b) Find Jy(x) for all t =1, ..., T. Find the optimal pair (z},u;) for the problem and
the maximum value of the objective function.

Problem 11-06
Consider the dynamic programming problem

T
max Z(a:t +Inw) when w41 =z —uy, u € (0,1], xo given,
t=0

(a) Find Jp(z), uh(x), Jp_1(z), wh_{ (), Jr—2(x), and wh_o(x).

(b) Prove by induction that Jr_g(z) = (t+ 1)z —t—In(1-2-3---¢), t=1,2,...,T.

Problem 11-07

Consider the dynamic programming problem

T—1
max Z 2/ uixe + /xr subject to xiy1 = x4 — ugwy, ug € [0, 1]
t=0

(Interpretation: My wealth today is o > 0. Every day, i.e. for every ¢t < T', I spend uzx;
dollars on consumption. On day T I spend the remaining wealth, zp.

(a) Find Jp_1(z) and Jp_2(x) and the corresponding controls w¥._;(x) and wh_,(x).

(b) Show that J;}(z) can be written in the form J;"(z) = k¢y/x, and find a difference-
equation for k;.
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1-01.

1-02.

1-03.

1-04.

1-05.

1-06.

1-07.

1-08.

1-09.

1-10.

1-11.

Answers

(a) A? = (; 2) A3 — (;513 12) (b) A\=3, vlzG); No= — 2, V2:<—§>

11 1 -1
(© P _5<3 2
(a) Ay =2a, g =14++1—-a, A3=1—-+1—a.

1 0 3 0 0
(b) (i)V1:<—1),vQ,3=< 1>; (ii)v1:< 1)7\;2:(1)",3:(_3).
2 -1 —2 1 1

(a) No,a—c=(a—b)+(b—c). (b) No.

(a) Ay = 3 with eigenvector ; Ao = —1 with eigenvector

1
1 -1/

: 1 1 3 4 (=1t
(b) With u = <1> and v = (_1>, Xo=3u—1iv, x;, =3 <3t+1 B 2—1;’5*1 .
If a = 1, the eigenvalues are \y = Ay = 1, A3 = 2. The eigenvectors are s(0,—1, 1)’
and t(1,—1,2)", with s # 0, t # 0. (In this case it is not possible to find three
linearly independent eigenvectors.)
If a = —3, the eigenvalues are \; = —6, Ay = —1, A3 = 3. Eigenvectors r(—3, —1,2)’,
s(0,-3,1),¢(0,1,1)", with r # 0, s # 0, t # 0. (When an n xn matrix has n distinct
eigenvalues, one can always find n linearly independent eigenvectors.)

(a)r(Dt):{4 ift#0andt#1 (b) X = C'— BA
3 ift=0ort=1

1/a 0 0 [by]> 0 0
WA= 0 16 0| mMA=[ 0 b2 o0

0 0 1/c 0 0 |bsl?

(c) BT'=A"'B’ (d)P'=ZLP
(a) a = =5, b = 4. The eigenvalues are A = 4 (multiplicity 2) and A = 1.
(b) Direct verification.

() C~l=C',C*AC =

S O >

0 0

4 0 (d) B2 = A when d? =d3 =4 and d3 = 1,
0 1

so one can choose, for example, di = dy = 2 and d3 = 1.

(a) 3 (b) Linearly independent in the following three cases: (i) = # 0 and z # 4,
(ii) z =4 and xy # 1, (ili) z = 0 and z # 2.

(a) r(Ag) =3 for k # —1; r(Ag) =2 for k = —1 (b) The characteristic equation:
(1—=X)(A%2+ X —=3(1+k)) =0. All roots are real <= k > —13/12.

1 00
() P'AsP=[0 -4 0
0 0 3

(a) (*) always has solutions. There are 2 degrees of freedom.

(b) The new system has solutions <= r(A) = r(A.), where

a1 a2 ... dQais 0 (5]
~ a a ...oa 0 ~ < C
A= 21 22 25 and Ac - | A 2

a3y aszz ... d4A3sp 0 C3

a41 Q42 ... Q45 Q46 C4

If a4 # 0, the system has solutions with 2 degrees of freedom. If a4 = 0, the

following holds: If r(A) = 4, then the system has solutions with 2 degrees of freedom
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1-12.

1-13.

1-14.

1-15.

1-16.

1-17.

1-18.

1-19.

2-01.

2-02.

(remember that xg is an unknown!). If 7(A) = 3, then the system has solutions if

r(A.) = 3 too. The number of degrees of freedom is then 2. If r(A) = 3 and

r(A.) = 4, there are no solutions.

D(s) has rank 4 <= 95 + 165> — 155 — 10 # 0, r(D(1)) = 3.
(b) 1 degree of freedom.
(a) X'AX + BX (b) X = —1A-!B

8 —3
1 — 1
(@) r(A) =2, (AA) " == (1L T0) =2 2 o
6\—6 3 6\ 4 3
(c) AC=1 = A(Cb)=b. 21 =5/6, 20 =1/3, 23 = —-1/6 (d) r(AA’) =m
implies that |[AA’| # 0, so AA’ has an inverse.
(a) r(Ay) =3ifa#0anda#1. Ifa=0o0ra=1,r(A,) =2.
1 1
M) M=0,x1=a| -1]; a=-1,x=0F| 1]|; A3=2 x3=7v
0 —1
(c)ffa#0,a#1,b#0, and b # 1, then r (A,Ap) = 3. Otherwise the rank is 2.
(a) A = 3 (multiplicity 3), A = 7 (multiplicity 1)

NI

1 1 1 1
—1 0 0 1
(b) ol | 21 |0 and 0 for A = 3; 1 for \=T1.
0 0 —1 1
1 1 1
(a) Ay =3withvy =t 1|. da=X3=0,withw=r| —-1]+s 0
1 0 —1

(byp=a—0b,q=0 (c)Easy verification. (d) p3 =a+2b, po=ps=a—>.
(a) A1 =2, Ao =-1,A3=1 (b) No, Bx; =4x; (c¢) C+ I, has an inverse iff —1
is not an eigenvalue of C. But A = —1 does not satisfy A3 = A\ + X, so C +1I,, has
an inverse.
(a) A1 = 0, Ay = ¢, A3 = (1 —a?)b. (b) Direct verification. (c) Ay = 0, Ay = 1,

1 —2a? 0 2a

2
—| 0 1-a® 0
“\ -2 0 2

1 0 a
=4 (d)P=[0 1 0|, C=
a 0 1

(a) (i) Strictly concave since 0.5+ 0.3 < 1. (ii) Quasiconcave.

-2 -1 1
(b) The Hessian matrix is [ —1 —4 0 |. The leading principal minors are
10 -10

Dy = -2, Dy = 7 and D3 = —66. So F is strictly concave. (c) G is defined pro-
vided In(x + y — 4) is defined and greater than or equal to 0, i.e. if z +y—4 > 1,
and so x +y > 5. Here In(x + y — 4) is an increasing concave function of a concave
function, so concave. Since u — /u is increasing and concave, G is concave.

6 -2 —4
(d) The Hessian matrix is | —2 2 0 |. The determinant is 0, so H is not
—4 0 4

strictly concave/convex. The 3 principal minors of order 2 are all equal to 8. The
three principal minors of order 1 (the diagonal elements) are all positive. We con-
clude that H is convex. (In fact, H = (z1 — 22)? + 2(x1 — 23)? > 0 everywhere, but
for (say) x1 = xo = x5 = 1 we have H = 0. So H is not positive definite.)

" iz 2 az+by? az+by?
. .. 11 Ji2 a‘e 2abye
The Hessian matrix is < i 5,2) = <2abye”+by2 2(1 2by2)e”+byz>' We
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2-03.

2-04.

2-05.

2-06.

2-07.

3-01.
3-02.

3-03.

3-04.

3-05.

see that A = fi4f4h — (f15)? = 2a%be2ev+2%”  For b > 0, f/, > 0, ff, > 0 and
A= fiifh = (f15)? >0, s0 fis convex. If b < 0 and a # 0, then A < 0, so f is
neither convex nor concave. If b < 0 and a = 0, f(z,y) = ebyQ, which is quasiconcave,
but neither convex nor concave.

For b > 0 we can also argue in this way: u = ax + by? is then convex, and
u — e* is increasing and convex, so f(x,y) is convex.

f(z,y) is concave as a sum of concave functions. (Alternatively: Look at the Hes-
sian.)

—x / 2 =7/ / 2
The Hessian is H = € _ 1+y E/e / 12—:3//2 ), and we see that
—ye */\/1+y* e /(1+y7)
H| = e=22(1 — y?)/(1 + y?). The conclusion follows.
—12sin2z 0

The Hessian is H = < 0 _6

>. Then |H| = 72sin2z. The conclusion

follows since 2z € (0, ).

1 1

: e o fia) _ ((e-y)?P-4 —(z—y)?

(a) The Hessian matrix is here < " é,2> = ( C@ey)? (@—y)?- 4>.
Thus A = fif5% — (fi5)? = 8(2 — (z — y)?). We see that if (say) z is close to
—1 and y is close to 1, then A < 0, so f is neither convex nor concave in D.

(b) The function is concave in that part of D which is between the lines 2 —y = —v/2
and x —y = /2. Firstly, f; = fos = (x —y)? —4 < 0 for all (x,%) because (z — y)?
is obviously less than 4 in D. Secondly, A > 0 iff 2 — (z — y)? > 0 iff (z — y)? < 2
iff —vV2<a2—y< V2

H a(lnz)?*2(Iny)®(a — 1 — Inz)/z? ab(Inz)? 1 (Iny)*~1 /a2y q

B ( ab(Ina)* " (Iny)" Ly bna)*(ny)"2(b ~ 1~ Iny)/y? ) .

H| = abr 2y 2(In2)?*2(Iny)?* 21 - (a+b)+ (1 —a)lny+ (1 —b)Inxz +Inxlny].
The conclusion follows.

r=050,y=2.>5

(a) The Kuhn—Tucker conditions: There must exist a A such that 2z —10Az—6Ay = 0,
2y — 6 z — 10A\y = 0, A > 0, and A = 0 if 522 4+ 62y + 5y?> < 1. The points that
satisfy these conditions are: (i) (0,0) with A = 0; (ii) (1/4,1/4) and (—1/4,—1/4)
with A = 1/8; (i) (1/2,—1/2) and (—1/2,1/2) with A = 1/2. The points in (iii)
solve the problem. (b) f(z,y) measures the square of the distance from (z,y) to
(0,0).  (¢) Afmax ~ 3 -0.1 =0.05, Afmin ~ £ - 0.1 = 0.0125

(a) (i) 1+y—2X\ze?Y =0 (ii) 2 — A — Az2e? =0 (iii) A >0 (A =0 if y + 2%e¥ < 1)
(b) (z,y) = (0,—1) with A =0, (z,y) = (1,0) with A =1/2.

r=0,y=0, A =3 =X3=0. (L=—-€""—¢Y—-22—y—\N(—z—y)—
Xo(—x) — A3(—y). Look at the eight possibilities: All A’s are 0, any two of them are
0, any one of them is 0, none of them are 0.)

There exist numbers A > 0, u > 0 and ¢ > 0 such that

2rye " Y —2ye "V + A+ 0 =0
r?e Y — 2%y " V4 p+o=0
Mz —1)=0

ply—1)=0

olx+y—4)=0

(b) The only solution: (z,y) = (8/3,4/3) (c) Yes
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3-06.

3-07.

3-08.

3-09.

3-10.

3-11.

3-12.

3-13.

3-14.

Figure 3-07

(x7yvz) = (%\/iv _%\/57 1)7 )‘ = i\/ia H = %

The maximum value of f increases by approximately 0.01.

See Figure 3-07.The curved lines are arcs of circles around (—1,0) and (0, —1).

zo =yo = (V7 —1).

2—=X2(xo+ 1) — p229 <0
1—X2yg — p2(yo+1) < 0
zo(2 — A2(zg + 1) — p2z

OL/oy=b—5x—10y —4y(z> +y*) —p=0 (i) A>0AX=0if 1 -2 <0)
W) pu>0(u=0ify—z<0) ()a<16,b=5 (d)b=>512

a) (z*,y*) = (In(3/2), 2/3) (b) See Figure 3-12. The problem is to find the
minimal distance from (—3,0) to the admissible set.

(a) (1) OL/0z = —2+ A <0 (=0if 2 >0) (ii) OL/dy = -1+ A <0 (=0ify > 0)
(i) aL/az:Z%l—l—zngo (=0if2>0) (V)A>0A=0if 22 <z +y)
(b) For a < 1 x =y = z = 0 satisfy all the conditions if 0 < X\ < 1. For a > 1,
r=0,y=2> and z = 1(=3 + /1 + 8a) satisfy all the conditions with A = 1.

4
(a) Minimum at (z*,y*) = (1,1). (b) Find the point in the admissible domain with
the minimal dlstance to (2,2).

0) =

yo(1 — A2y0 — p2(yo + ))=0

A((x0+1) +y—4)=0

plag + (yo +1)* —4) =0

PR S
(d) The change ~ p- 0.1 = Vi 0.1 ~ 0.003.
2

z,y) = (V2,(¥/2)?) with \y =1 — 5 ., da=X3=0
(z,y) = (V2,(V2)?) wit (\3/5)—#({”/5)5 2 = A3
(a) (z,y) = (—¢ —1V15) (b) f(z) =2° — 2% 2 < 1. Max. at z = —1V/15.
(a) c> 3 ()()8L/8x——4x —8x+6y+a—-A=0
(ii) OL/0y = —4y> + 62 — 12y +b—2 y +pu=0 (i) A>0(=0ifz+y? < 1)
(iv) u>0(=0ify>-1) (¢c)a>6,2a+b< —4
(b) (i) OL/0x = a — 12z — 5y — 4z (2 +y)+)\+2\1/5,u:0
(
(
(
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3-15.

3-16.
3-17.
3-18.
3-19.
3-20.

y=2/3

1 2

Fi 3-12
igure

Figure 3-15

(a) See Figure 3-15. (b) Maximum at (z,y) = (1,0)

() With L =4z +y — M (y — (z — 1)) = Aa(y — (x — 2)%) = A3(—) — Ma(—y) — Asz,
the necessary conditions are :

(1) Lll :4+2)\1(IE—1)+2>\2($—2)—|—)\3—)\5 =0 (11) LIQ =1-XA1 =X+ =0
(i) M >0 (M =0ify—(z—1)2<1) (iv) Aa>0(N\=0ify—(z—2)?<-1)

if z < 2)

(@, 9", 2%) = (1,1,2)

*y*, 2%) = (2/3, 2/3, —1/3), with Lagrange multipliers A = 3/26 and p = 1/13.

Syt =(1,1)

z,y,2) =(0,0,1), A\ =0, u=¢e

a) With the Lagrangian £ =z +y — 1 — ANz + y + 22) — pu(32% + 2y + %z), the
necessary conditions are:

T
T

(
(
(
(

L,=1—X—6xzp=0 (1)
Lo=1-XA=2u=0 2)
L=-2z—1p=0 (3)
A>0 (A=0ifx+y+2%<a) (4)
p>0 (p=0if 322 +2y+ 12 <0) (5)

(b) Fora=0: 0<2<2/3,y=—x,2=0,A=1,u=0.
(¢c)Fora=1: z=1/3,y=-1/36,2z=—-5/6, A\=1/11, u = 5/11.
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3-21.

3-22.

3-23.

4-01.

4-02.

4-03.

4-04.

4-05.
4-06.
4-07.
4-08.

4-09.

Figure 3-21

(a) For x = cor y = d, f(x,y) = 0. For z slightly greater than ¢ and y slightly
greater than d, (z,y) still lies in S and f(z,y) > 0. Therefore (1) and (2) cannot be
binding at the optimum. The set S of admissible points is shown in Figure 3-21.
(b) Note that aln(x —¢) + (1 — @) In(y — d) = In f(z,y).
(¢) If a(2 —d) < d+ ac, then z* = a(2 — d) + ¢(1 — a) and y* =2 — z*.

If a(2—-d)>d+ac, then z* =c+dand y* =2 —c—d.

(a) (i) OL/0x = —2x + Ay —2ux =0 (ii) OL/Oy = =2y + Az —2uy =0

(iii) OL/0z = 4 — 22—)\—2u2—0 (iv) A>0(A=0if z < zy)

V) p>0(p=0if22+y2+22<3) (vi)z<ay (vii)2?+9y?+22<3

(b) (z,y,2) = (1,1,1) and (z,y, z) = (—1,—1, 1) both solve the problem, with A\ = 2,
f=0.(c) A Aby =2-0.1=0.2

(a) (z*,y*, 2*) = @JV32¢732¢7$thA—0mdﬂ V6/3.

(b) If we let y=1and z = —1, then (z,y,2) = (z,1,—1) is an admissible point for

all z <5, and xyz = —z can be made arbitrary large by choosing = a sufficiently
large negative number.

F'(T) = f(T)+r /0 f)e "D dt = f(T) + rF(T).

(a) F'(x) = e®’ —|—/ 27t dt, F"(z)= 4z2e*” + fox thet” dt
0
(b) F"(z) is > 0 on (0, 00).

27 27
g (z) = [ cos(zt)dt, ¢'(1) = [ costdt=0.

t
y = sin® 2t + / 2sin(t 4 x) cos(t + z) dz. Differentiate once more w.r.t. t.
0

%(e —1)

140/9

+(2v2-1)

1/2. (Hint: Change the order of integration.)

1

1
33 (The innermost integral is / — cos(x )da; = sin )
7r
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4-10.

4-11.

5-01.

5-02.

5-03.
5-04.
5-05.
5-06.
5-07.
5-08.

5-09.

5-10.
5-11.
5-12.
5-13.

6-01.
6-02.
6-03.
6-04.
6-05.

6-06.

6-07.

6-08.
6-09.

t t t t
V’(t)—/ F(t,ac,t)dac—i—/ F(t,t,y)dy—i—/ (/ de)dy
1 1 1 1 8t

art) () ) ar@t) _ yt) )
dt z(t+T(t) 7 dt y(t+1(t))
(a) z = #(2e™ + 3et)

1
5
(b) = §In(6v/t+8—18In(3+ vt +8)+C), C =18In6 — 17.

3 3b 1
The solution is given implicitly by 5—2(ax +b)%/3 — 2—2(ax +b)2/3 = §t3 +C,
a a

where C' is a constant. The left-hand side of this equation can also be written as

3z 2/3 5/3 2/3 . .
%(a:c + b)%/3 — W(a:ﬂ +b)°/% or w(ax +b)*3(2ax — 3b).  The differential

equation also has the constant solution z = —b/a (provided b # 0).
x(t)=1-2/(t*—1)
(a) (t) = 2672 — et (b) k() = (ko + & )elon/DNC"2) 8
« a

(a) z=Ce 2 +1. (b) w(t)=—e2'+t+1.

: 1/(1-a)
(a) K = yK(Bt + Lo) (b) K = ((1 —a)y (8¢ + Lot) + K&‘“)
r=Ce 3 + 117 — 2t 4+ 2
x=5v3et+1,2(0) = —15/4

( 1 9)1/3 here o(t) = tInt — t +2/3
r=(—=s— , where p(t) =tlnt — .

p(t)?

(t
z = £ [3t% cos(t?) — 3sin(t?) + 1]_1/3 —

z=e""2(3 22421+ ¢")

x(t) = —ge! =" 4 gt

(a) z = C(t+ 1) (b) Differential equation for u: @ = 2(¢t +1)72 + (¢t + 1)2. The
general solution of (x): = C(t+1)? —2(t + 1) + 5(¢t + 1)°.

z=-1=+(Ae%+3) V2 orz=-1.

1
5

(a) 2 = C1e¥ + Cy +17t/8 (b) z = e *(Asin 2t + B cos2t)
a) z = Cre % + C’ze%t b) x = Cie 4 + C’ge§t — ft — T Lgint— L cost
8 T 85 85
i) x = Cre? + Coe™* (i) o = Cre® + Coe™/* + Lt + 12 + Zsint + & cost
(i) 14 T 196
z(t) = e3*(Acos 4t + Bsindt) + 5=t + 5=

= Cre 3 + Coe /3 4 u*(t) with (i) u*(t) =0, (i) u*(t) = 27 +2,
iii) u*(t) = te=3".

T = et/2<Cl cos(\f t) + Cy sin(ft)) + ﬁ — % +
+

i) x = Ae™! + Be™!, ri5=1a

t
_ rit rot
ii) z = Ae™" 4+ Be™" + a—2+(a—2)2

(

(

(i) () Ae t*+ B (i) g(t) =C/(t+1)+ D
(a) Y

(

c) Oscillations if {(al + 3)? < aB(l +m). For every solution ¥ we then have

1
t is a particular solution. (b)Y = e */2(Acost + Bsint) — %t.
m

1
Y(t) + ?t — 0 as t — oo, that is, Y will approach the linear function Y*.
m
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6-10.

6-11.

6-12.

6-13.
6-14.

6-15.

7-01.

7-02.

7-03.

7-04.

7-05.

7-06.

8-01.
8-02.

1 1\2 2
(a) V(z) = Az + Bx*?, where a2 = —(ﬂ - 7> + \/(,u - 7> + 22
. ’ o2 B2 ) 502 2 o2
w 2
(a) . = Ae™' 4+ Be™! with ri o =k —1++/5—2k for k < g,
z = AeB/D! 4 BteB/t for k= 2,
x = k=1t (ACOS V2k — 5t + Bsinv2k — 5t) for k > g
1
(b) FOI' k; ;é 2, k ;é 5/2 u* = m€(4_k)t. FOI' :IC = 2: U* = t€2t.
For k = 5/2: u* = t2e3!/2.

(b) V*(z) =

(c) © = e?!(sint — cost) + €!. t =0 is a local minimum point.
(a) Use Leibniz’s rule. (b) p* = Z——:—_ccl If D=1a?>—-pB(b+d) >0and ry =

—2a+V/D, then p(t) = Cre™t +Cae™t +p*. If D =0, p(t) = (C1 + Cat)e /2 4 p*.
If D<0and y=+—D, p(t) = e **/2(C} cosyt + Cysinyt) + p*.
(c) Oscillations if and only if D = 1a® — B(b+d) < 0.

(a) & = 1At+ 5 (b) w(t) = ¢

If k # 5 T = Ae‘5t + Bte 5 + (kf5)2 ekt 4+ @ sint — @ cost.
For k = —5, . = Ae™" + Bte™®' + 3t%e 5" 4+ & sint — ;2 cost.
(a) o = e ?*(Acos 3t + Bsin3t) + 5.

(b) Look for a particular integral of the form C'sin 3t + D cos 3t.

2t 1
—3r4+3x=1-2¢. x:e3t/2(Clcos\g§t+Cgsin\é§t>—3—3,
c — t 1
y:e3t/2( 1+CQ\/> £t+c2 Cl\/gsin\/gt>__'
2 2 2 3 3
(a)Fora;éiQ,
(a—2)t (at2) , 20 —aa —2)t o, 2a—af
x = Ae + Belat2)t 4 , y=—Aele™2t 4y BelotDt L T 7
a? — 4 a? — 4

For a = 2, x:A—I—Be‘lt—i—%(a—ﬁ)t, y:—A—l—Be“—%(a—ﬁ)t—l(a—i—ﬂ)

Fora= -2, o =Ae " +B+3(a+p)t, y=—-Ae " +B+i(a+3)t+1i(8-a).
(b) (z*,y*) = (252__20[, 252__0;5) If a < =2, (z*,y*) is (globally) asymptotically
stable. If —2 < a < 2, (z*,y*) is a saddle point. (c) z =e 3" +2, y=—e3 +3
a) (—1,0): no decision; (0,0): no decision; (1,—2): saddle point.
b) z(t) =1/(t+1), y(t)=-1/(t+1)
) (0,0) is a saddle point; (1/2,1/2) is locally asymptotically stable.
Yi=2z—2%2=Ae/(1+ Ae) or z = 1. (c) (i) z(t) = y(t) = e'/(2e! — 1),
i) 2(t) = y(t) = e!/(2+2¢"), (i) a(t) = y(t) = ¢/(2€"  3)
a) (0,0) is a locally asymptotically stable equilibrium point. (2,4) and (—2, —4)
are saddle points. (b) See Figure 7-05(a) and (b). (c) 2(7+ v/41) ~ 6.702.
a) See Figure 7-06. (b) The only equilibrium point is (0,0). Not stable.

) z(t) = —et, y(t) = (2(t)) "L, where z(t) = e¢ (e7! + fg e=¢ " dr).
x(t),y(t)) — (0,0) as t — oo.

(a)i=—et (b)x=—-et+et - t+1
The Euler equation is i — 44 — 5z = —2e~". Solution: z* = (5 + t)e™"
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Figure 7-05(a). An “arrow diagram”. Figure 7-05(b). Some integral curves.

Figure 7-06.

8-03. (a) & — lia; = —i-t. The general solution is 2 = A 4 Be!/10 4 %tQ + %t.

) & — 1 200
8-04. (a) K —rK —[(2b4rc)/2d]K =0 (b) 4bd > ¢?
(C) K*(t) — 4(615 . 6—5)—1(637&/2 o e_t/2)
ter — 92

8-05. (a)2t%i+4ti —x =0 (b)a*(t) = o ga With ars = 1(-1+£V3).

b2 2 b2 2
806, (a) i — 229 0 p = AN 4 Be M if A= [P S0 = Aty bif
q q

el —et
8-07. (a) a(t)i+a(t)i—5b(t) =0. (b) Puty = & and solve the linear differential equation
iny. (c)xz(t) = ilnt—i- £l
9In3 18
8-08. (a) The Euler equation for (1) is #— 4 = ;5. General solution z(t) = Ae*/!°+B—t.
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8-09.

8-10.

9-01.

9-02.

9-03.

9-04.

9-05.

9-06.

9-07.

9-08.

9-09.

Solution of the problem: . =1—t. (b) & — (8 —1r)i = —La(a —r)el@=H1.

(a) The Euler equation is & = 0, and the solution is z*(t) = 1. (c) Yes.

(8) ()i~ rg ()~ e(t) =0 () x = (B+ L)L =L ]
r/et —1 r

(c) @#(t) >0 for tin [0,T] <= Br?>eT —1—1rT

() = — 5?7+ 2 5el sl et T — Bl p(t) = 262712, w(t) = 5= (p(t)—3)
Necessary conditions:

u = u*(t) maximizes H = —(z*(t) — u+ 2)%e~"" + p(t)(u — dz*(t)) for u in R,
= 2(z"(t) —u*(t) +2)e”"" + dp(t),

) =u*(t) — dx*(t), x*(0)==x9, x*(T)=xp.

) = Be0St — 2 — LAe=04t g¥(t) = B0t — 4 — 3 Ae=04¢,

0 36(3 —e%) 4(3 —e4)
p(t):Ae 05t’ WhereA:m, B:m

(a) w*(t) = 3(e271 = 1), a*(t) = $(e¥H' — >t = J(e! = 1), p(t) = —1
( et —1 if 0 <t <t
et—%e2*t—%et72+% ift* <t <2,

a) U*(t) _ 63/24251 160.15757 * (t) — 631/205] . (60'15t o 1)7 p(t) — % .

b) (i) v = u*(t) maximizes [—C(u,t)e”"" + p(t)u] for u > 0,

)(t) = —0H*/0x =0, (iii) p(5) > 0 (=0 if *(5) > 1500).

*(t) = 300, z*(t) = 300¢t, p(t) = ¢'(300).

<0,c<0and ac—b*> >0 (b) i —ri—[(a+br)/do=L1(dr/c)t?> - (d/c)t

e
33 —e3) 3
(1) u = w*(t) maximizes 2(z*(t))* — Lu? + p(t)u for u in (—o00,00),
p(t) = —4a*(t), p(T)=0.
u*(t) = p(t) = 2(cos 2t — sin 2t), x*(t) = sin 2t + cos 2t
¢) The maximum principle gives the same suggestion as in (a), but no optimal
control exists. (For the suggested control the objective function tends to infinity as
¢ tends to infinity.)
(a) (1) u = u*(t) maximizes (p(t) — z*(t))x*(t)u for u in [0,1]
(i) p(t) = —2(1 —w*(t )) “(t) —p(t ) “(t) ) p(T) =0 (v) 2°(t) = u*(t)*(t)
(c) For t € [0,¢*] = [0,T — 1], we have u*(t) = 1, :r*(t) = e , p(t) = et L.
For t € (¢*,T] = (T — ,T] we have u*(t) = 0, 2*(t) = ', p(t) = 2(T —t)et .
(a) (1) I = I*(t) maximizes —cI? + Al for I in R,
(2) A(t ) —7A(t) = —a+ 2bK*(t) + 0A(t), (3) M(T) = 0.
(b) K* —rK* — (6(6 4+ 1) + b/c) K* = —a/2c

5e — 80¢* 5e + 20
(c) K*(t) =A™ + Be™ +20, A= ==, B=—(A+20)= 77—
(d) We have the same differential equation for K as in part (c), and with the same
initial condition, K(0) = 0, so once again K*(t) = Ce %1 — (C + 20)e%3t + 20

for a suitable constant C. However, the transversality condition is now \(10) = 2.

(With S(t, K) = Ke%?", we have Sy(t,K) = €** and so S5(10,K(10)) = €*.)
Hence, K*(10) + 0.02K*(10) = 55. This equation determines the value of C.

(a) The adjoint function is p(t) = 1 — €'~ and u*(t) = 1 if ap(t) > €%, u*(t) =0
if ap(t) < e?t.
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9-10.

9-11.

9-12.
9-13.

9-14.

9-15.

9-16.

9-17.

10-01.
10-02.
10-03.
10-04.

10-05.

10-06.

11-01.

In2 = wu*(t) =1 and z*(t) = 10e™* — e %,
In2 = u*(t) =0 and z*(t) = (15/2)e "

(b) z(t) =1—3t, u=2 — 3t
e JUitE<t, Lo [l ife<t, Lt i<, B
“(t)_{o ift>1, x(t)_{l if ¢ > 1, y(t)_{l ifr>1, )=

u=0,z=0for¢tin [0,1);u=1,z=¢t—1for ¢t in (1,2].

(a) (i) v = u*(t) maximizes (:E*(t))2 —2*(t) + p(t)u for u in [0, 1],

(ii) p(t) = —OH* [0z = —22*(t) + 1, p(T) = 0.

(b) Solution: For T' < 3: u*(t) =0, z*(t) = 0, p(t) =t — T.

For T >2: u*(t)=1,2%(t)=¢t,p(t) = -2+t + T2 —T.

(a) For b > a( —1): u*(t) =0, 2*(t) = zoe! and p(t) = a(e? =t - 1).

For b < a(e? —1): u*(t) =2, 2*(t) = (v 0+2)e —2 and p(t) = a(e? =t - 1) in [0, ¢*],
while u*(t) = 0, 2*(t) = (zo 4 2)e* — 2!~ and p(t) = a(e”~t — 1) in (¢t*, T, where
t* =T —1In(1+b/a).

1
u (t) =1, z*(t) = —. p(t) = 12V/11(1 — 2¢)3/2 + 46t — 23 if t € [0,7/22],
u*(t) =0, z*(t) = V11, p(t) =8 —24t if t € (7/22,1/3].
o[ 1 ifo<t<, et ifo<t<l,
“(t)_{—l if1<t<2, x(t)_{Q—t if1<t<2.
1 1 1
wit) = 5 2 (t) =t Q(C_t)+20, p(t) =C —t, with C' = 1(1++/3)
1 _ t— i +1—-2A ift>A—1
(b) u*<t>—{“ Pre Al ey = T ,
1 ift<A-1 1t ift<A-1

x; = (v10)*(Acos(t) + Bsin(ﬁt)) with cosf = —3\@/10.
x(t ) = 5t(Cl cos 6t + 02 sin Qt) o w1th cosf = 3.
xy =28 — 2(—6)" — t2 — 2t — 2.

(a) xt:A2t+B(%)t+4-3t. If 1o =0 and 21 = 2, thenA:—%, B = %.

_ - pK
(b) 2y = Aa' + Ba t—a62_(1+a2)ﬁ+a6t

(@) For e = : o1 = 30204 39" Por L 0 = (2 + '~

We obtain the equation from part (a) with ¢ = 0, xg = 1 and z; = 1, and
ye = 3(=(=2)" +3").

(a) Jr(z) = —2?, with u}(z) undetermined. Jr_q(z) = —2?/2 with u}_, = —x/2.
Jr_o(z) = —22%/3 with u_, = —z/3.

(b) We claim that Jr_p = —22/(k + 1) with u_, = —z/(k + 1). This is true
for K = 1. Suppose it is true for & = s. Then Jp_(s41)(2) = max,er(—u? +
Jr_s(z + u)) = max,er(—u? — (v +u)?/(k +1)). The maximizer for the g(u) =
—u? — (z+u)?/(k+1)isu=—=z/(s+2). (Note that g is concave.) It follows that
Jr—(s+1)(z) = —u? — (x+u)?/(k+1) = —2?/(s+2), which is the given formula for
t = s+ 1. It follows by induction that the suggested formula is valid for all &.
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11-02.

11-03.

11-04.

11-05.

11-06.

11-07.

(a) Jp(x) = z with w¥(z) = 0, Jp_1(z) = 22 with u}._, (2) undetermined, Jp_o(z)=
3z + 1 with wp_,(z) = 1, Jp_3(x) = 4o + 3 with w}_4(z) = 1, Jr_a(z) = 52+ 6
with u¥._,(z) =1

(b) Jr—g(z) = (k+ 1)z + Sk(k — 1) with u}_, (z) =1 for k > 2.

(a) Jr(x) = Inz with w}.(z) undetermined. Jr_;(x) = 2In(z/2) with uh_, = z/2.
Jr_o(z) = 3In(x/3) with u¥_, =2/3. (b) uh_, =2/(k+1)

(a) Jr(z) = 222 for uk(z) = 1. Jp_q1(z) = 322 for ul_; = 0.

(Jr—1(z) = maxyep,{z?(1+u) + Jr(z(1 —u))} = 2? max,ep,1)(1 +u+2(1 —u)?}.
The function to be maximized is convex in u and has its maximum 322 at u = 0.)
Jr_o(z) = 42? with uf_, = 0.

(b) zf =z for all t and uf =0 for t =0, ..., T — 1, us = 1. The maximum value
of the objective function is Jo(xg) = (T + 2)z3.

(a) fo(s,z,u) = ufor s <T, fo(T,z,u) = —z.

Jr(x) = max,e(0,00)(—2) = —, with uwj(z) undetermined.

Jr—1(2) = MaXye(0,00) { VU + J1(2(x + 1)) } = max,e(o,00) {v — 2(x +u)}.

Put gr_1(u) = u — 2z — 2u. Then ¢} ,(u) = 1/2y/u —2 = 0 for u = 1/16,
and ¢/ _;(u) = —1/4uy/u < 0 for u > 0, so u = 1/16 is the maximizer, and
Jr_1(x) = =22+ 1/23 for uk_,(z) = 1/2%.

Jr_o(x) = maxue(o,oo){\/ﬁ—i— JT_l(Q(m—l—u))} = maxue(opo){\/ﬂ—élx—llu—i— 2%} It
is easy to see that the function gr_s(u) = \/u — 4z — 4u+1/23 attains its maximum
for u=1/2% and Jr_s(z) = —22z + (22 — 1)/2* for u}_, = 1/2°.

(b) Jr_i(x) = —2Fx + (28 — 1)/2%+2_ by induction.

(a) Jr(z) = max,eo,1)(z + Inu) = z for ui(z) = 1. Jr_1(z) = max,c,1)(r +
Inu + Jp(z — u)) = max,e,1](22 + Inu — u). The maximum is attained at u = 1,
so Jr_1(z) = 22 — 1 for up_,(z) = 1. Further, Jr_»(x) = max,¢g(o,1( + Inu +
Jr_1(z —u)) = max,eo,1](3x + Inu —2u — 1). We see that Jr_o(z) =32z —2 —1n?2
for u}h_,(x) =1/2.

(b) Suppose the formula is valid for ¢ = s. Then Jp_(sy1)(z) = max,c1)(z +
Inu + Jr_s(r — u)) = max,eo,1)(r + nu+ (s +1)(z —u) —s —In(1-2---5). We
see that the maximizer is u = 1/(s + 1), and it follows easily that Jp_(,11)(z) =
(s+2)z—(s+1)—In(1-2---s-(s+ 1)), which is the given formula for t = s + 1.
(a) Jr(z) = /7 with wh(r) undetermined. Jr_i(z) = vby/z with ui | = 4/5.
Jr_o(z) = 3y/x with u_, =4/9. (b) Inserting J;(x) = k¢y/x into the fundamental
equation and cancelling \/z yields k; 1 = max,c[o,1){2v/u+k¢v1 — u}. The optimal
choice of w is u = 4/(k? + 4), and it follows that k;_; = \/k? + 4. (Note that with
k’T = 1, ]{ZT,1 == \/5 and kT,Q == 3)
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