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Lecture note A:

EXOGENEITY AND AUTONOMY

Erik Bigrn

Department of Economics

Version of July 5, 2011

1. A model with stochastic regressors

Consider the regression equation
(A-1) Yi = Bo + B171i + B wai + ui, 1=1,...,n,

where (y;, x1;, T9;, u;) are all assumed to be stochastic, They then have a joint
probability distribution. We assume in the simplest, ‘classical’ regression model
that

(A-2) E(uil21i, 22i) = 0, 1=1,...,n,

2
(A-3) E(uiuj|ziis w20, 115, 225) = {

o° for j =1,

L i=1,...n
0 forj£i T on

It follows from these assumptions that
(A-4) E(yil1s, w2i) = Bo + Br x1i + Po w2 + E(u;|215, 225) = Bo + B 215 + B2 T,
(A-5) var(y;|z1, 2o;) = var(ug|zy, 1) = 02,
(A_6) COV(%’ yj|x1i7 24, xlj’ x2j) == COV(UZ', Uj|$1i’ Toj, ,flj‘lj’ ,’L‘2J) = 07
i j=1,....n, j#i.
In deriving (A-4)—(A-6) from (A-1)-(A-3), we exploit the following:

(a) When considering a conditional distribution, we can proceed and reason as if
the variables on which we condition are constant, non-stochastic parameters.

(b) The expectation of a non-stochastic entity is the entity itself.

(c¢) The variance of a non-stochastic entity and the covariance between two non-
stochastic entities are zero.

Equations (A-4) and (A-5) summarize our assumptions about the joint distribution
of (Y, T1i, Ta;).
Let us represent this distribution by the density function

(A_7) f(yi7I1ia in) - fy(yi|zli7$2i) g(xlhléi)a Z - ]-7 ey N,

where f,(y;|71;, x9;) is the conditional density function of y;, given (xy;,zs;), and
g(x14, T2;) is the simultaneous (marginal) density function of (z1;, x9;). THE ESSENCE
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OF THE MODEL DESCRIPTION ABOVE IS THAT WE POSTULATE THAT THE CON-
DITIONAL DISTRIBUTION (y;|%1;, ;) HAS CERTAIN PROPERTIES, THAT IS, THAT
THE FUNCTION f,(-) HAS CERTAIN PROPERTIES, BUT DO NOT POSTULATE ANY-
THING ABOUT THE FUNCTION g(-).

2. Formal definitions of exogeneity in relation to regression models

In economic theory we say that a variable is exogenous if it is ‘determined out-
side the model’. This is interesting also in econometrics, but it is too vague and
imprecise.

We will now refer four alternative definitions which can be used for regres-
sion models: We consider the RHS (Right Hand Side) variables in (A-1) as stochas-
tic and say that THE DISTURBANCE, u;, HAS ZERO EXPECTATION AND THAT THE
T1;S ARE EXOGENOUS RELATIVE TO THE REGRESSION EQUATION (A-1) IF

Definition (i): E(u;|xy;,29;) =0,i=1,...,n.
Definition (ii): E(u;) =0 and cov(u;, xx;) =0,i=1,...,n; k=1,2.

Definition (iii): E(u;) =0,i=1,...,n, and u = (uy, ug, ..., uy)’
are stochastically independent of X = (x11,Ta1, ..., T1n, T2n)-

Definition (iv): In f(vyi, 21, v2) = f,(Yil1i, ©2:) g(x15, x2;) [ef. (A-7)], the distri-
bution represented by the density function g(x1;, To;) is determined outside the
model. In particular, the parameters (Bo, B, B2, 0%), which describe f,(-), are
assumed not to be included among the parameters of g(-). Also: The varia-
tion of the parameters in g(-) does not impose any restriction on the possible

variation of (8, B1, B2, 02) in f,(+).

These are four different, competing definitions. Definition (iv) is of a different
nature than Definitions (i)—(iii), while Definitions (i)—(iii) are relatively closely
related.

Definition (iii) is the most restrictive. If exogeneity according to definition (iii) is
satisfied, then exogeneity according to Definition (i) will also hold, because stochas-
tic independence between two variables implies that their conditional and marginal
distributions coincide Therefore E(u;|X) = 0 is a necessary (but not sufficient) con-
dition for both E(u;) = 0 and stochastic independence of u; and X. Hence (iii)
implies (i). Moreover, the conditions in Definition (i) are stronger than in Defini-
tion (ii). This follows from the theorem of double expectation, as can be seen as
follows: Assume that (i) is satisfied. It then follows, first, that

and second, that
cov(u;, Tri) = E(wizg;) = E[E(w; xi| 21, 9;)] = ElxgiE(wi| i, 22:)] = 0.

Consequently Definition (i) implies that Definition (ii) also holds.
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Our CONCLUSION therefore is
Definition (iii) = Definition (i) = Definition (ii).

In this course we will mostly stick to Definition (i) — also when considering more
complicated models (generalized regression models, systems of regression models,
simultaneous equation systems, etc.).

3. Remark on the concept of autonomy

Consider the decomposition (A-7). It shows that the form of f(y;, x1;, x9;) may
undergo changes either by changes in f, (yi|71i, zo;) or by changes in g(zy;, 9;) (or
both). IF A CHANGE IN g(-) INDUCES A CHANGE IN f(-) WHILE f,(-) IS UN-
CHANGED, THEN WE SAY THAT fy() IS AUTONOMOUS WITH RESPECT TO THE
CHANGE IN g¢(+). This term was used by some of the ‘founding fathers’ of Econo-
metrics (Frisch, Tinbergen, Koopmans, Haavelmo) ‘Structural invariance’ may be
a more modern term.

EXAMPLE 1: Assume that (A-1)-(A-6) is an econometric model of the consumption function:
y = consumption, 1 = income, xro = wealth. Then fy(yi|xli,x2i) represents the conditional
distribution of consumption, given income and wealth, its expectation being the (expected) con-
sumption function, and g(x1;, x2;) represents the joint distribution of income and wealth. Then
the parameters of the consumption function may be invariant to changes in the distribution of
income and wealth, for instance induced by changes in the tax system. We then say that equation
(A-1) is autonomous to this change in the income-wealth distribution. Equation (A-1) may be
autonomous to some such changes, but not to others. (Could you find examples?)

EXAMPLE 2: Assume that (A-1)-(A-6) is an econometric model of the log of a Cobb-Douglas
production function: y = log-output, 7 = log-labour input, xo2 = log-capital input. Then
fy(YilT1i, 72;) represents the conditional distribution of log-output, given log-labour and log-
capital input, its expectation being the (expected) production function, and g(x1;, x2;) represents
the joint distribution of the log-inputs. Then the parameters of the production may be, or may not
be, invariant to changes in the distribution, for instance induced by changes in output and input
prices, excise taxes etc. We then say that equation (A-1) is autonomous to, or not autonomous
to, this change in the log-input distribution. Equation (A-1) may be autonomous to some such
changes, but not to others. (Could you find examples?)

Further readings:

GREENE: Econometric Analysis. B.8 and B.9.

ENGLE, HENDRY & RICHARD: Exogeneity. Econometrica 51 (1983), 277-304.
ALDRICH: Autonomy. Ozford Economic Papers, 41 (1989), 15-34.
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SYSTEMS OF REGRESSION EQUATIONS

Erik Bigrn

Department of Economics

Version of July 5, 2011

1. What is a system of regression equations?
A system of linear regression equations is a model with the following characteristics:

(i) The model has at least two (linear) equations.

(i1) Fach equation has one and only one endogenous variable, which is the equa-
tion’s LHS (Left Hand Side) variable.

(i1i) Each equation has one or more exogenous variables. They are the equation’s
RHS (Right Hand Side) variables. They may be specific for a single equation
or occur in several equations.

(iv) Each equation has a disturbance which is uncorrelated with all RHS variables
wmn all the equations.

(v) The disturbances of different equations may be correlated.

(vi) Restrictions on coefficients in different equations may be imposed.

2. Model with two regression equations
Consider the model

(B-1) Y1 = B wy + uy, i=1,....n

Y2i = B2 o + U,
where uq; and ug; are disturbances, y1; and y; are endogenous variables and x; and
Zo; are exogenous variables. We assume that the four latter variables are measured
from their means, so that we can specify the equations without intercepts. (Explain
why.) No restriction are imposed on the coefficients 5 and fs.

Considering the x’s as stochastic, we make the following assumptions:

(B-2) E(uri| X) =0,

o | o for j =1, o
(B-3) E(ukiu;| X) = { 0 forj £i. k,r=1,2;4,7=1,...,n,
where X = (x11,..., %1, o1, . .., Zo,). Here, (B-2) formally expresses that z; and

X9, are exogeneous relatively to both regression equations. Using the rule of iterated
expectations, it follows that

(B-4) E(ui) = 0,
(B-5) cov (s, ,5) = 0,
(B-6) var(ugi) = Ogk,
. ) — Okr, ]:Z’ k"fr’:l,Q,
(B_7) COV(UM;UT]) - { 0, j;é’é ,7=1,...,n
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Note that, by (B-7), we allow for the disturbances in the two equations in (B-1)
being correlated.

3. Compressing the two equations into one equation

We now perform the following trick: We combine the two equations in (B-1), each
with one RHS wvariable and n observations, into one equation with two RHS vari-
ables and 2n observations. Technically, we do this by defining three new variables,

y;*, x]; and x5, and new disturbances v} in the following way:

N * * * *
? Yi Ty Ty U
1 yii T 0 up
yiz T2 0 up
no | Yin Tin 0 up
n+1|{yan 0 x99 un;
n+2|yn 0 o uxp
277, Yon 0 Top U2p
Then (B-1) can be written as
* * * * _
(B—8) yl — /61in _'_ /823721' _'_ ui7 1 = 17 e ey 271,
Defining the following vectors and matrices:
Y11 U1l
* . *
A Uy
* *
Y2 | | Y | I
y - . - 9 u = . -
Y21 U21
* .
y2n u2n
| Yon | L Uon, |
- . _ -
] T3 ryp O
* *
X = xTn xzn _ Tin 0 ﬁ o 61
I xh o 0 = ’ | B
1,n+1 2,n+1 21 2
* *
Tint2 Topt2 0 T2
* *
| Tion  To2n 0 o |

of dimensions (2n x 1), (2n x 1), (2n x 2) and (2 x 1), respectively, (B-8) can be

written compactly as

(B-9)

y=XpB+u.
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4. The composite disturbance covariance matrix

Equation (B-8) looks like a generalized regression equation with two RHS variables,
based on 2n observations, with the following variance-covariance structure:

(B-10) E(u|X) =0, i=1,...,2n,

o11 for it=j5=1,...,n,

099 for i=j=n+1,...,2n,
(B-11) E(ujuj| X) = o1 for i=1,...,n; j=1i+n and

t=n+1,...,2n; j=1—n,
0  otherwise.

Here (B-11) expresses that we formally have (i) a particular kind of heteroskedas-
ticity, in that the variances can take two different values, and (ii) a particular kind
of autocorrelation in the composite disturbance vector, in that disturbances with
distance n observations are correlated.

We can write (B-2) and (B-3) in matrix notation as

(B-12) E(u|X) = 0,

and

(B-13) E(uu/| X) =V,

where
-0'11 0 0 012 0 0 i
0 011 0 0 012 0

D A Rl I LS

012 022 o0 ln 091,
0 012 0 0 092 0
o 0 - o2 0 0 - o2

It exemplifies a partitioned matriz, which is a matrix with a block structure.

5. Estimation of the composite equation by GLS

We apply GLS on (B-9), assuming that _the o’s are known. The normal equations
for the estimators, which we denote as 5 = (31, 2)’, have, in matrix notation, the
form

(B-14) (X'V'X)B=X'V'y.
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We need an expression for the inverse of V' and the matrix products in the normal
equations. It is not difficult to show that

I, —o,1

V! = (0. 0 — o2 —1{ O224n 12n]’

(011095 — 07,) —opI, oI,

which exists if 01,04 > 0%, i.e., if the disturbances in the two equations are not

perfectly correlated. One can verify this by showing that VV ™' = I,. (If 0,05, =

02,, then V is singular and GLS collapses.) Notice that V' can be considered as
obtained from the (2 x 2)-covariance matrix

011 012
=
012 022

when each element is “inflated” by the identity matrix I,,. We may write this as
V =3X®I,, where ® is an operator which performs such operations, often denoted
as Kronecker-products [see Greene: Appendix A.5.5]. Correspondingly, the inverse
V! has the (2 x 2) covariance matrix

- - 022 — 012
¥ = (011095 — 052) !
— 012 011

after having “inflated” each element by I,;; we have V' =X '@I ' =327'a1I,.

Using the definitions of X and y and the expression for V™!, we find that the
normal equations for GLS, (B-14), can be expressed in terms of the variables in
the original regression equations, (z1;, T2;, Y1i, Y2i), as follows

2 \—1 0922 Z Ii —012 Z L1324 } 51
011099 — O -
(011022 12) [ —012 ) T1;T; o1 Y. X3 Ba

022 Z Z1iY1i — 012 Z T1Y2; }
)

2 \—1
( 11022 12) |: —019 Z ToiY1i + 011 Z T2iY2i

where Y denotes summation across i from 1 to n. Multiply on both sides of the
equality sign by (0,045 — 0%,) and divide by n. This gives

(B-15) ‘7227”11@1 - ‘712m12§2 = O2My11 — 012My01,
— O19Myafy + 011 Mgy By = —019My19 + T11My99,

where (recall that the variables are measured from their means):

My = M[xk> IT’] = % Z:’Lzl LpiLyss mykr = M[yk’ Zlfr] = % Z?:l Yii T
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6. The GLS estimators

The solution to (B-16), giving the GLS estimators, exists if the determinant value
of (B-15), which is

2 9
011092M11Mgy — 0129,

is different from zero. Since m;;my, > mi, always holds, o,,04, > 0%, (i.e., the
disturbances are not perfectly correlated) will be sufficient to ensure a positive
determinant value. The explicit expressions for the GLS estimators are

51 _ (9211 — 012My21) (011M92) 4+ (— 012my12+011my22)(012m12)

Y

(B-16) 10991 Mgy — TNy
52: (92my11 — O12My21) <112m125+8_0'12my12+Ullmy22)(a22mll)

01109210119y — Ulzmlz

In general, both estimators are functions of (i) all the three empirical second order
moments of the z’s, (ii) all the four empirical covariances between y’s and z’s and
(iii) alle the three theoretical second order moments of the two disturbances. In the
general case we are only able to perform the estimation if o1y, 099 and oy5 (or at
least their ratios) are known.

In general, GLS applied on a generalized regression model, which the present
two-equation model rearranged into one equation is, is MVLUE. This optimality
therefore also carries over to our case, provided that the disturbance variances and
covariances are known.

7. Estimation of the ¢’s and Feasible GLS
When the ¢’s are unknown, we can proceed as follows:
1. Estimate the regression equations separately by OLS, giving

B _myu My, 4] B _ myss  Mys, ]
1 — - 2 — -

mi1 M[Sﬁaiﬁ]’ Mag M[$27$2]'

The corresponding residuals are uy; = yi; — Ekil?m', k = 1,2. Use these in forming
the estimates

o= %Z?:l Uj;, Op = %Z?:l Uy;, Oy = %Z?:l Uyl
They are consistent because
plim(0%,) = plim(M{ay, u,)) = plim(M[ux, u,]) = ok,

Exercise: Show this, by exploiting the consistency of the OLS estimators in
stage 1.

2. Replace 011, 099 and 015 1 (B-16) by 071, 022 and 12 and use the expressions ob-
tained as estimators of 51 and . This gives the FGLS (Feasible GLS) estimators.
They differ from GLS in finite samples, but the two sets of estimators converge
when n — oo.
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8. Two special cases

In general, GLS applied on (B-8) will give a gain over OLS applied separately on
the two equations (B-1), in the form of lower variances of the estimators. We
know that GLS applied on a generalized regression model is MVLUE. In two cases,
however, GLS applied in this way will degenerate to simple application of OLS on
each of the two equations.

(i) Uncorrelated disturbances: Assume that o12 = 0. Then (B-16) can be sim-
plified to

gl _ My My, z1] _ > YT
mu M[xlvxl] ZLE%Z ’

By = My22 Mlys, ] _ Zy%l’%'
mag Mz, xo] >3
IN THIS CASE, APPLICATION OF GLS ON THE COMPOSITE EQUATION DEGENER-
ATES TO APPLYING OLS ON EACH OF THE ORIGINAL EQUATIONS SEPARATELY.

(ii) Identical regressors: Assume that x1; = x9; = x; for i = 1,...,n. Then we

have

mip = Mag = Mg = %Z?:l T; = My = Mz, 7],

where my, = M|z, x] is defined by the fourth equality. We also have
My11 = My12 = %Z?:l Y1iTi = My1e = M[?Jl’ x]7
My21 = My22 = %Z?:l Y2iTi = My2y = M[?Jz’ x]
Then (B-16) can be simplified to, provided that o,,09, > 0%,

Mytz _ My, «] _ > Yu;
Mye — Mz, 2] Sz’
By = My2e M[ys, x] _ D Yo

Mye — M|z, ] Sa?

B =

ALSO IN THIS CASE, APPLICATION OF GLS ON THE COMPOSITE EQUATION
DEGENERATES TO APPLYING OLS ON EACH OF THE ORIGINAL EQUATIONS SEP-
ARATELY.
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ASYMPTOTIC CONCEPTS AND RESULTS. STOCHASTIC CONVERGENCE

FErik Bigrn

Department of Economics

Version of July 5, 2011

There are several kinds of stochastic convergence that we are concerned with in
econometrics. Below we will present some of them.

1. Probability limit. Convergence in probability

Let g(n) be a stochastic variable constructed from n observations.

If a 0 exists such that

iy, o0 P(|my — 0] < 8) =1 forall § >0
<
limy, o0 P(|0p) — 0| >0) =0 forall § >0,

then é(n) 1s said to have probability limit 0. An equivalent statement is that
On) converges towards 6 in probablity.

In compact notation this is written as

~

plim (H(n)) =60 or é\(n) ﬁ) 0.

using p as abbreviation for probability. Often, we write plim,,_,  simply as plim.
That 6A’(n) converges towards € in probability means that the probability that é(n)
deviates from 0 by less than a small positive entity ¢ goes to one when the number
of observations goes to infinity. The probability mass (or the density function if it
exists) of HA(n) is gradually more strongly concentrated around the point 6 as the
number of observations increases.

2. Consistency

Assume that % is a statistic (a KNOWN function of OBSERVABLE stochastic vari-
ables), based on n observations. Let us use it as an estimator for the parameter ¢ in
a probability distribution or in an econometric model. (For notational simplicity,
we use 0 to symbolize both the parameter and its value.)

If ﬁ(n) converges towards 6 in probability when the number of observations
goes to infinity, i.e., if
plim (0¢,)) = 0,

n—oo

then ﬁ(n) is said to be a consistent estimator of 6, or briefly, to be consistent

for 6.
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We usually require of an estimator for a parameter that is consistent. This is often
regarded as a minimum requirement. If the estimator does not converge towards
the true value even in the most favourable data situation imaginable (i.e., with an
infinite sample size), then it is hardly useful.

3. Slutsky’s Theorem

Slutsky’s theorem is concerned with a very important and very useful property of
probability limits of functions of stochastic variables:

Assume that the probability limits of the stochastic variables Xl, e ,XK, based
on n observations, exist and are equal to Ay, ..., Ak, respectively. Let

g(Xl, o ,XK) be a function of these stochastic variables which is continuous
in the point g(\1,..., k). Then we have

n—oo

Briefly, we can “move the plim operator inside the function symbol”. The following
examples illustrate applications of Slutsky’s theorem for K = 2:

= 7X1) im(\
%) (plim(Az) # 0),

4. Convergence in mean and asymptotic unbiasedness

Let g(n) be a stochastic variable based on n observations. We use is as estimator
of the parameter ¢

If

lim E(6,,)) = 0

n—oo
then g(n) s said to converge towards 6 in expectation, or we say that the
estimator is asymptotically unbiased for 6.

Consistency is conceptually different from asymptotic unbiasedness. First, it
may be cases in which an estimator is consistent even if its asymptotic expectation
does not exist. Second, an estimator may have an expectation which converges
towards the true parameter value, while the probability mass (or the density it is
exists) of the estimator will not be more and more concentrated around this value
as the sample size increases.
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5. Convergence in quadratic mean

Let é(n) be a stochastic variable based on n observations.

If there exists a 0 such that

lim E(f,) =6 and lim E(6y,) —6)? =0,

n—o0 n—o0
then §(n) 1s said to converge towards 6 in quadratic mean.

In compact notation, this is written as

~ m

H(H) — 9,

where gm is an abbreviation of quadratic mean.

An example of an estimator which converges to the true parameter value in
quadratic mean is an unbiased or an asymptotically unbiased estimator whose
variance goes to zero when the number of observations goes to infinity.

Convergence in quadratic mean is a stronger claim than convergence in proba-
bility, formally

—~ qm ~ p
H(n) — 0 = H(n) — 9,

while the opposite does not necessarily hold. The proof of this is based on Cheby-
chev’s inequality, which in the present case says that, for any positive constant e,
we have R

E[(0) — 6)°]

P8y — 6] > ¢) < -

€
Thus there may exist consistent estimators which do not converge to the true
parameter value in quadratic mean. The variance of a consistent estimator does
not even need to exist. On the other hand, it is sufficient for an estimator being
consistent that it is unbiased and its variance goes to zero.

6. Convergence in distribution

Let z, be a stochastic variable based on n observations, with cumulative distribu-
tion function (CDF) F,(z,), and let z be another stochastic variable with CDF
F(2).

If
lim |F,(2,) — F(2)] = 0

n—oo
i all points where F' is continuous, then we say that z, converges towards z

in distribution. It is written
d
Zn — Z,

letting d be an abbreviation of distribution.
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It can be shown that convergence in distribution is a stronger claim than conver-
gence in probability, in the following sense:

d p
Zn = 2 = 2z, —z — 0.

See also Greene: Theorem D.17.

7. Convergence in moments

Convergence in moments refers to the very useful property of probability limits of
empirical moments of stochastic variables that they, under certain relatively wide
conditions, converge in probability towards the corresponding theoretical moments,
if the latter exist. Most frequently, this property is used for first-order moments
(means and expectations) and second-order moments (empirical and theoretical
variances and covariances). We can formulate this property as follows:

1. Assume that at x1,...,x, are stochastic variables with common expectation
pe and finite variance. Let & = (1/n) > " x;. Then

plim (7) = E(z;) = p.

2. Assume that at x4, ..., x, and y,...,y, are stochastic variables with theoret-
ical covariance cov(x;, y;) = 04y. Let Mz, y] = (1/n) > " (v —Z)(y; — ) be
their empirical covariance. Then the following holds under certain additional
conditions (inter alia, about the higher-order moments of the distribution:

plim (M[z,y]) = cov(z;, ;) = Ouy.
n—oo
If, in particular, y; = z;, a similar property holds for the variance.

An example of the result in 1 is that the mean of disturbances with a com-
mon expectation of zero and finite variances converges to zero in probability. An
example of application of the result in 2 is that the empirical covariance between
the disturbance and an exogenous variable in a regression equation has probabil-
ity limit zero. Another application is using empirical second-order moments as
consistent estimators of corresponding theoretical moments.

8. An example illustrating the distinction between asymptotic unbiased-
ness, convergence in quadratic mean, and consistency

In the previous sections, the following asymptotic properties of estimators of param-
eters in econometric models were defined: asymptotic unbiasedness, convergence
in quadratic mean, and consistency. I have experienced that students (and other
people as well) often have some difficulty in distinguishing intuitively between these
three concepts — and in keeping the distinction in their mind. This note provides
an example — admittedly particular — illustrating the distinction.
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8.1. The distribution of the estimator

Let én be an estimator of the parameter 6, based on n observations. Assume that it
has the following (particular) discrete distribution, characterized by the parameters

0,7,q):

(C-17) On =6 W?th P(Q":e):pzl_n__’ 0<r<oo; 0<q< 0.
0, =n? with P(f,=n9)=1-p=n",

Hence @L takes the ‘true’ value with probability, p, which goes to one when the
number of observations goes to infinity. On the other hand, there is a small prob-
ability, 1—p (going to zero when the number of observations goes to infinity) that
the estimator takes a value which grows with the number of observations. It turns
out that the various asymptotic properties depend on the relative magnitude of r
and ¢, i.e., how fast the outlier in the distribution of the estimator, n?, goes to
infinity and how fast the probability of this outcome, n™" goes to zero.

8.2. Formal properties of the estimator

We find from (C-17) and the definition of an expectation and a variance that
(C-18) E(6,) = 0 P(B, = 0) + n? P(9, = n?)

=0(1-n"")+nIn"" =60+ (n?—0)n"",
(C-19) E[(6,—6)*] = (6—6)" P(6, = 0) + (n'—6)" P(6, = n")

= (0-0’(1—n"")+ (n1—0)>n"" = (n?—0)>n"",

~

(C-20) V(6,) = E[0,, —E(6,)]* = E[(6,—6)?] — [E(,)—0)?
= (=00 (1 —n").
We also find
(C-21) lim P(|0)—6| < 8) = lim P(6, =6) = lim (1-n""), V4§ >0.

n—o0 n—o0 n—o0

8.3. Implications of the properties

Equations (C-18)—(C-21) imply, respectively,

R =0 if 0<q<r,
(C-22) lim E(f,) = ¢ =60+1 if 0<g=r,
oo does not exist if 0<r <gq.
R =0 if 0<qg<ir,
(C-23) lim E[(6, —0)*] =} = if 0<gq=41r,
n—reo does not exist if 0< ir <gq.
R =0 it 0<q<ir,
(C-24) lim V(0,) =< =1 if 0<q=4%r,
n—oo

does not exist if 0< ir <gq.
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(C-25) plim (6,) =0 if r >0, regardless of ¢

n—oo

We see that

* AN ESTIMATOR MAY BE ASYMPTOTICALLY UNBIASED EVEN IF ITS ASYMP-
TOTIC VARIANCE DOES NOT EXIST.
Example: q =2, r=3.

* AN ESTIMATOR MAY BE CONSISTENT EVEN IF ITS ASYMPTOTIC EXPECTA-
TION AND ITS ASYMPTOTIC VARIANCE DOES NOT EXIST.
Example: ¢ =3, r = 2.

& AN ESTIMATOR MAY BE CONSISTENT IF ITS ASYMPTOTIC EXPECTATION EX-
ISTS, EVEN IF ITS ASYMPTOTIC VARIANCE DOES NOT EXIST.
Example: q =2, r=3.

& LEAVE FOR A MOMENT THE ABOVE EXAMPLE AND TRY TO RECALL, WHEN
THE NUMBER OF OBSERVATIONS GROWS TOWARDS INFINITY, THE VISUAL PIC-
TURE OF THE DENSITY FUNCTION OF A continuously DISTRIBUTED ESTIMATOR
(IT MAY FOR INSTANCE HAVE A BELL-SHAPE) WHICH IS (A) ASYMPTOTICALLY
UNBIASED, AND (B) CONSISTENT.

8.4. Conclusion

(i) The estimator 6,, is ASYMPTOTICALLY UNBIASED for 6 if ¢ < r.
EXAMPLE: ¢ =1, r =2.

(ii) The estimator #,, CONVERGES TO 6 IN QUADRATIC MEAN if ¢ < ir.
EXAMPLE: ¢ =1, r =3.

(iii) The estimator 6, HAS A VARIANCE WHICH CONVERGES TO ZERO if ¢ < $7.
EXAMPLE: ¢ =1, r = 3.

(iv) The estimator 6, is CONSISTENT for 6 if 7 > 0.
EXAMPLE: ¢=1,2,3,... , r=1.

Further readings:
W.H. GREENE: Econometric Analysis. Appendix D.

B. McCABE AND A. TREMAYNE: Elements of modern asymptotic theory with statistical
applications. Manchester University Press, 1993.
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ECON4160 ECONOMETRICS — MODELLING AND SYSTEMS ESTIMATION

Lecture note D:

CONCEPTS RELATED TO SIMULTANEOUS EQUATION SYSTEMS

Erik Bigrn

Department of Economics

Version of July 5, 2011

In this lecture note some basic terms related to econometric simultaneous equation
systems are explained.

1. The structural form and related concepts

(i) A STRUCTURAL RELATIONSHIP or STRUCTURAL EQUATION is a relationship
representing:

(a) economic agents’ or sectors’ behaviour,

(b) technological conditions,

(c) institutional conditions, or

(d) definitional equations or equilibrium equations.

Each structural equation represents a specific theory which is assumed to be valid
independently of the fact that it is an element in a simultaneous model together
with other structural equations.

Basic to postulating any structural equation is, in principle, an imagined experi-
ment, more or less precisely described by the underlying economic theory. Examples
are supply functions obtained from producer theory under price taking behaviour,
or demand functions obtained from consumer theory under price taking behaviour.

A structural equation has a certain degree of autonomy (independent existence,
or structural invariance), vis-a-vis changes in other structural equations. If a equa-
tion possesses a high degree of autonomy, this signifies that it represents a good
theory. Relationships in macro theory which have been argued to have a low (or not
particularly high) degree of autonomy against shocks in the rest of the economy are
the Keynesian investment function and Phillips curve relations. (Could you give
some reasons for this?) We can imagine changes occurring in the economic struc-
ture which ‘destroy’ one (or a few) relationship(s) without affecting the others. A
demand function may, for instance, be destroyed by sudden or gradual changes in
preferences or in demographic characteristics without changing the supply function.
A supply function may, for instance, be destroyed by sudden or gradual changes in
the production technology or in the supply side conditions without changing the
demand function. Etc.

(ii) By a STRUCTURAL COEFFICIENT we understand a coefficient occurring in a
structural equation. Examples are the price coefficients $; and Sy in the market
models in Lecture note E, Section 1, below.

(iii) By a STRUCTURAL PARAMETER we understand a structural coefficient OR a
parameter describing the distribution of the disturbance of a structural equation.
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Examples are 31, 32, 02, and ¢2 in the market models in Lecture note E below.

(iv) By a STRUCTURAL MODEL OR A MODEL'S STRUCTURAL FORM (ABBREVI-
ATED SF) we mean a set of structural equation, with as high degree of autonomy
as possible, put together into a determined system with specified endogenous and
exogenous variables. A structural model has the same number of equations as its
number of endogenous variables.

2. The reduced form and related concepts

(i) By a structural model’s REDUCED FORM (ABBREVIATED RF) we understand
the set of equations which arise when we solve the model’s equations such that each
of its endogenous variables is expressed as a function of the model’s exogenous vari-
ables (if such variables occur in the model) and the disturbances.

(ii) Coeflicient combinations occurring as intercepts or as coefficients of exoge-
nous variables in a model’s reduced form, are denoted as COEFFICIENTS IN THE
REDUCED FORM, OR SIMPLY, REDUCED-FORM-COEFFICIENTS. They are impact
coefficients (impact multipliers). Confer shift analyses in simple market theory and
multipliers in (Keynesian) macro models. Examples of reduced-form-coefficients in
the market models in Lecture note E below are, in the case with no exogenous
variables:
_ Prag — By d _ Q2T

=5 "8, M T8 5

and, in the case with two exogenous variables: 111, [Ty5, [151.1199

(iii) By @ PARAMETER IN THE REDUCED FORM, OR SIMPLY A REDUCED-FORM-
PARAMETER, we understand a reduced-form-coefficient OR a parameter describing
the distribution of the disturbances in a model’s reduced form. Examples of reduced
forms (in cases without and with exogenous variables) for simple market models
are given in Lecture note E.

(iv) Fach endogenous variable has one RF equation. The endogenous variable is
its LHS variable. All exogenous variables in the model occur as RHS variables in
the RF, in general.

(v) The RF disturbances are all linear combinations of the SF disturbances. The
coefficients in these linear combinations are functions of the coefficients of the en-
dogenous variables in the model’s SF.

(vi) The RF is, formally, a system of regression equations with the same set of
exogenous variables, viz. all the model’s exogenous variables.

(vii) The RF coefficients are non-linear functions of the SF coefficients; cf. (ii)
above.

(viii) The RF equations have lower degree of autonomy than the SF equations; cf.
(ii) above. They are confluent relationships, they “flow together”, because struc-
tural coefficients from several equations are ‘mixed up’ in the same RF equation.
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ECON4160 ECONOMETRICS — MODELLING AND SYSTEMS ESTIMATION

Lecture note E

IDENTIFICATION PROBLEMS 1: SIMPLE MARKET MODELS

Erik Bigrn

Department of Economics

Version of July 5, 2011

1. A market model without exogenous variables

Let us consider the market for a single consumption commodity, and let 3; denote
the market quantity traded and p, the market price. The market model has a
supply function (S) and a demand function (D) and is:

(E-1) Y = a1+ Bip+ (5)
(E-2) Yo = Qg+ Papr + vr, (D)
(E-3) E(u;) = E(vy) =0,

(E-4) var(u,) = o2, var(v) =02, cov(u,v) = Oy,
(E-5) cov(ug, us) = cov(vg,vg) = cov(ug,vs) =0, s F#t,

t,s=1,...,T.

The observations generated from it are T points scattered around the point of
intersection between the lines y; = a; + Bip; and y; = as + Bop;. Some more
terminology related to simultaneous equation systems in econometrics is given in
lecture note D.

The essential question when deciding whether we have identification of the
model’s parameters (or some of them) and hence are able (in one way or another,
not discussed here) to estimate its parameters ‘in a proper way’, is: What do we
know, from (E-1)-(E-5), about the joint probability distribution of the two observed
endogenous variables y; and p;?. This is the fundamental question we seek to
answer to decide whether or not we have identification of the equations of this
stochastic market model. In order to answer it we first solve (E-1) and (E-2) with
respect to the endogenous variables, giving

prog — Bacry i Brvy — Bauy
b1 — B2 Br—P

Qg — Uy — Ut

Bi—PB PP

(E‘6) Y =

(E‘7) bt =
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Utilizing (E-3)—(E-5), we obtain

(E-5) E(y) = 222y,

(E-9) E(p) = ﬁ = fip,

(E11) war(p) = Z2 LR o

(E12) cov(ynp) = 20— Bt Bow + ooy _

(B1 — B2)?

where p,, 1y, 05, 012,, o,y are defined by the last equalities of the five equations.
The simultaneous distribution of the endogenous variables (y;, p;) is described
by their first- and second-order moments, i.e., the expectations f,, f1,, the variances
2 2

0,,0,, and the covariance o,,. This is the distribution of our observed (endoge-

nous) variables.

Remark: Strictly speaking, we here make the additional assumption that we con-
fine attention to the first- and second-order moments of the distribution. We thus
disregard information we might obtain by considering also the higher-order mo-
ments of (y;, p;). However, if we in addition to (E-3)—(E-5) assume that the simul-
taneous distribution of (uy, vy) is binormal, so that also (y;, p;) become binormally
distributed (as two linear combinations of binormal variables are also binormal),
we are unable to obtain any additional information by utilizing the higher-order
moments. The reason is that the binormal distribution (and, more generally, the
multinormal distribution) is completely described by its first- and second-order
moments. On the binomal distribution, see Greene: Appendix B.9.

Hence, what we, under the most favourable circumstances we can imagine, are
able to ‘extract’ from our T' observations (y;, p;), is to estimate this distribution,
i.e., to determine the five parameters

2 2
,uya ,upa O-y? O-p? pr‘

We could, for instance, estimate these (theoretical) moments by the corresponding
empirical moments,

y,p, My, yl, M[p,p|, My, pl,

utilizing the convergence in moments property. This exemplifies the so-called
Method of Moments. If T — oo, we are able to completely determine this dis-
tribution. This is the most favourable data situation we can imagine.

Now, the model (E-1)—(E-5) has seven unknown parameters,

2 2
aq, Og, 517 527 045045 Oup-
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The crucial question then becomes: Can we, from knowledge of puy, iy, 05, 07, 0y
deduce the values of these seven parameters, while utilizing (E-8)-(E-12)¢ The
answer is no in general; we have too few equations, only five. In the absence of
additional information, we have an identification problem: Neither the supply nor
the demand function is identifiable.

We next present three examples in which we possess such additional information

2. Three examples with identification from additional information

EXAMPLE 1: Assume that there is no disturbance in the supply function: w, =
0 = 02 = 04, = 0. Then all observations will be different and will lie on the
supply function, provided that ¢? > 0. Intuitively, we should then expect the
supply function to be identifiable. Algebra based on (E-8)—(E-12) will confirm
this. We find

2
0,
(E-13) =t =%
Oyp Up
o? o
— Y _ yp
(E-14) Oy T i = My b

The coefficient and the intercept of the supply function can be calculated when
knowing the joint distribution of market price and traded quantity. The demand
function is not identifiable. Note that in this case, there are two different ways of
calculating 8; and a;. Even if we now have five equations and five unknowns in
(E-8)—(E-12), we are unable to solve for B2 and as. At the same time, there are
two ways of expressing o and (.

A symmetric example, which you are invited to elaborate, is that in which the
demand function does not contain a disturbance.

EXAMPLE 2: Assume next that our theory tells us that the supply is price inelastic,
i.e., f1 = 0, and that the two disturbances are uncorrelated, i.e., o,, = 0. It then
follows from (E-8)—(E-12) that

2
B, = &
2 — 9
Oyp
2\ 2 2
o o
2 2 2 2 y 2 _ _ y
Oy = Oy Oy = Op\ — = 0y, Q1 = Uy, Q= [y — — [p-
Oyp Oyp

We are therefore able, when knowing the parameters of the distribution of (y, p;),
to compute all the five remaining unknown parameters in the market model. The
additional information we have, is crucial.

Since the price coefficient of the demand function emerges as the ratio between
the variance of the quantity and the covariance between quantity and price, a useful
procedure seems to be to estimate 35 by
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This corresponds to estimating 1/8; by regressing the market price on the quan-
tity traded and afterwards invert the expression to estimate (5. Using Slutsky’s
Theorem in combination with convergence in moments, we can show that Bg is
consistent for [s.

A symmetric example, which you are invited to elaborate, is that in which the
demand side is price inelastic

ExAMPLE 3: We now make the additional assumption that the country we are
considering is a small country and that the demand side is characterized by the
price being given in the world market regardless of the supply conditions in our
small country. We then omit (E-2) and replace (E-3)—(E-5) by

E(w,) =0, var(u)=o>

u?

cov(pg, ug) = 0,

using the last assumption to make precise our economic insight that p; is exoge-
nously determined in the world market. From (E-1) we then obtain

fy = a1+ B pip,
_ o[22 2
o, = Pio,+ 0y,
_ 2
pr - Bl Up’
giving

2
o o o
B = aig’ Q= fly — Uigp,up, — 05 - <Ui§) ol

In this case, the supply function can be identified. We see, furthermore, that
the supply price coefficient emerges as the ratio between the covariance between
quantity and price and the variance of the price. In this situation, it then can be

convenient to estimate (5, by
My, p)

Mlp,p]’

This corresponds to estimating the supply price coefficient by regressing the traded
quantity on the market price. Using Slutsky’s Theorem in combination with con-
vergence in moments, we can show that Bl is consistent for f3;.

A symmetric example, which you are invited to elaborate, is that in which the

B =

supply side is characterized by the small country property.

3. A market model with two exogenous variables
We now consider a more general market model, with the following structural form

(SF) equations:

(E-15) Yy = oq + Bipr + 1% + Uy, (S)
(E-16) Yy = oo+ Bapy + Y22 Iy + vy, (D)

where (E-15) is the supply function (S) and (E-16) is the demand function (D)
(t = 1,...,7), and where 2z, and R, are exogenous variables. The observable
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variables are (v, pi, 2, R:). We can think of (E-15) and (E-16) as having been
obtained by putting, according to our theory, y12 = v9; = 0 since R; plays no role
for the supply and z; plays no role for the demand. Further, we assume, reflecting
our exogeneity assumptions that

(E-17) E(uilze, Ry) = 0,

(E-18) E(ve|zi, Ry) = 0,

(E-19) var(ugz, Ry) = o2,

(E-20) var(vy|z, Ry) = o2,

(E-21) cov(ug, vl ze, Ry) = Oy,

(E-22) cov (g, us|z, Ry, z5, Rs) = 0, s #t,

(E-23) cov(vy, vs|zy, Ry, 25, Rs) = 0, s #t,

(E-24) cov(ug, vs|ze, Ry, zs, Rs) = 0, s#t, t,s=1,...,T.

More generally (and often more conveniently) we could assume that (E-17)—(E-
24) hold conditionally on all z and R values in the data set, z = (z1,...,27) and
R: (Rl,...,RT).

Using the law of double expectations, we derive

cov (ug, V) = Oy,
= cov(vg, vs) = cov(ug,vs) =0, s #t,

= cov(z, vy) = cov(Ry, uy) = cov(Ry,vy) =0, t,s=1,...,T.

4. Elements of the econometric model description

The description of our structural model (E-15)—(E-24) contains:

(i) A DETERMINED SYSTEM OF STRUCTURAL EQUATIONS with specification of
endogenous and exogenous variables, disturbances and unknown structural
coefficients,

(ii) NORMALIZATION RESTRICTIONS, exemplified by one of the variables in each
equation, y;, having a known coefficient, set to unity. If no normalization had
been imposed, we could have “blown up” all of the equation’s coefficients by
a common unspecified factor and would have had no chance of identifying
any of its coefficients.

(iii) EXCLUSION RESTRICTIONS, exemplified by R; not occurring the supply func-
tion (712 = 0) and z; not occurring in the demand function (y9; = 0).

(iv) A specification of the PROPERTIES OF THE DISTURBANCE DISTRIBUTION.
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5. The structural model expressed in conditional expectations
From (E-15)—(E-18) we obtain

(E‘29) E(yt|ztaRt) =a; + 51E(pt|2t,Rt) + Y1z, (T)
(E-30) E(yelz, Re) = o + BoE(pi|2e, Re) + Yol (E)

The model’s reduced form (RF) is

(E_Bl) yt = ﬁ1a2 — ﬁ2a1 - /62r>/11 Zt _I_ ﬁlry22 Rt + M,
B — B pr — o B — B b1 — B
(E-32) Dt e Bt 2+ 122 R, + bt

:51—52_51—52 B — B2 B — B’

or, in abbreviated notation,

(E-33) ye = Iy + Iz + e By + ey,
(E-34) pr = oo + Iloy 2z + Ilpo Ry + €.

Here we have

51% - ﬁ2ut
E-35 Et = —F5
(E-35) Rc:>

Ve — Ut
E-36 €91 =
(E-36) * = BB
and 5 F 3

Mo — 100 — 2041’ My — — 2711
0 B — B H B — B2

etc. It follows that
(E-37) E(ewlze, Be) = 0,
(E-38) E(earf2t, Ry) = 0,

which implies that the RF disturbances are uncorrelated with the RHS variables
in the RF.

6. The reduced form and the distribution of the endogenous variables
conditional on the exogenous variables

Why is the model’s RF useful when examining whether or not each of the SF equa-
tions are identifiable. The answer is:

WE CAN USE THE MODEL’S RF TO DESCRIBE THE PROBABILITY DISTRIBUTION
OF THE MODEL’S (OBSERVABLE) ENDOGENOUS VARIABLES CONDITIONAL ON ITS
(OBSERVABLE) EXOGENOUS VARIABLES.
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From (E-33)—(E-38) we find

(E-39) E(yelze, Re) = Hyp + iz + Mo Ry,
(E-40) E(pelze, Be) = Moo + o1z + Tlao Ry,
(E-41) var(ye|ze, Ry) = var(ey|z, Ry)
_ Biol = 28100 + Bi0n
- (B — Bo)? S
(E-42) var(pe|ze, Ry) = var(ey|z, Ry)
0204+ 0L
B
(E-43) cov (s, pe| 2, Re) = cov(en, €at|2e, Ry)
B0l = (b1 + B2)0uy + Paos
- (B1 — Ba)? m e

(E_44) Cov(yhys‘ztht’Z&Rs) = Cov(glhgls‘thtvzsuRS) = 07 S # t?
(E-45) cov(pr, Ps|2t, By, 25, Rs) = cov(ea, €asl 21, By, 25, Rs) =0, s #1,
(E_46) COV(ytap8|Zta Rta Zs) RS) = COV(Elta <C:28|Zta Rta Zs) RS) = O? S 7£ t?

where w1, wey and wyy are defined by the last equalities in (E-41)—(E-43).

From our data (y;, ps, 2, Ry), t = 1,...,T,, we can, more or less precisely, de-
termine (estimate) the probability distribution of the model’s endogenous variables
(y¢, p¢) conditional on its exogenous variables (z;, R;). This distribution is charac-
terized by the II;;’s and the w;;’s. We can determine this distribution perfectly if we
have an infinite sample. This is the most favourable data situation we can imagine.

THE CRUCIAL QUESTION WE MUST ANSWER TO DECIDE WHETHER WE HAVE
IDENTIFICATION OF (S) AND (D) THEREFORE REDUCES TO THE FOLLOWING:
KNOWING THE II’S AND THE w’S, ARE WE ABLE TO DETERMINE THE VALUES
OF THE UNKNOWN a’s, 'S, 7’S AND/OR ¢’s?.

In our example we have six structural coefficients

aq, g, 51) /82a 7117 Y22,

and six reduced-form coefficients,
H107 H117 H127 H207 H217 H22'

Furthermore, we have three second-order moments of the SF' disturbances

2 2
Ous Oys Ouv,

and the same number of second-order moments of the RF disturbances,
W11, Wa2, Wi2-

Given the IT’s and the w’s, we thus have nine unknown SF parameters. We also have
nine equations, namely those which emerge when utilizing the coefficient equalities
between (E-31)—-(E-32) and (E-33)—(E-34), giving six equations, and (E-41)—(E-43),
giving three equations.

We can state the following:
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(i) If no restrictions are imposed on o2, 02, 0y, the number of ¢’s will be equal

u? v
to the number of w’s.

(ii) Given p; and f,, the relationships between the o’s and the w’s are linear.
Therefore:

(iii) All o’s will certainly be identifiable if all 3’s are identifiable.

(iv) We may, if we only are interested in the identifiability of the SF COEFFI-
CIENTS, i.e., the a’s, the 5’s and the 7’s, disregard all equations in (E-39)—(E-
43) which contain the second-order moments, i.e., (E-41)—(E-43), and confine
attention to the equations derived from the first-order moments.

7. Further remarks on the identification of the supply function
Consider the model’s supply function. Inserting (E-39)—(E-40) into (E-29), we get

(E-47) o + 2 + o Ry = o + B1 (Moo + Moy 2 + oo Ry) + Y1121

This shall hold as an identity in the exogenous variables. Recall that the exogenous
variables are determined outside the model, and hence there would have been a
violation of the model’s logic if (E-47) were to restrict their variation. For this
reason, there must be pair-wise equality between the coefficients of the LHS (Left
Hand Side) and the RHS (Right hand side) of (E-47). We therefore have:

(E-48) Iy = o + By,
(E-49) Iy = Billoy + 71,
(E-50) Iy = B 1,

corresponding to respectively, the intercept, z;, and R;. If we know the six II’s
we can then solve (E-48)—(E-50) and determine the SF coefficients in the supply
function as follows:

11 11 II
(E‘51) b= H—Z’ Y1 = Iy — H_Z Iy, oy =1l — H—:z Ig.

Hence, all the coefficients of the supply function are identifiable.

8. A formal description of the identification problem in general

Our problem is, in general, of the following form:

(i) Let (qi,---,qn¢) be N observable endogenous variable and let (xy, ..., Txy)
be K observable exogenous variables.

(ii) Let furthermore (A, ..., Ag) be the model’s @ unknown SF parameters. As-
sume, however, that the model, when regard is paid to all of its restrictions,
implies that (qi,...,qn¢) and (xy,...,7Tx) have a simultaneous distribu-
tion which could be fully described by the P + R parameters (0y,...,0p)
and (71,...,7r). We assume that the density of this distribution exists and
denote it as fi(qu, - - Nty X1ty - - Tt 01, -« 0Py T, ooy TR).
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(iii) We assume that (6y,...,0p) and (71, ..., 7g) have no elements in common.

(iv) We assume that the joint density of all the exogenous and endogenous vari-
ables can be written as the product of a marginal density of the exogenous
variables and a conditional density of the endogenous variables on the exoge-
nous variables as follows:

ft((ht’ <3 gNEs Tty - - 7th;917 .- '70P7T17 < 7TR)
- h(q1ta . '7th|xlta s 7$Kt;917 s 79P)¢t(zlt> ey UK T1y e e s 7TR)7

where h(-) is independent of ¢. Its form is fully specified when (60y,...,0p)
is given. The density of the exogenous variables, ¢,(-), only depends on the
parameter vector (7i,...,7g), but can change with ¢.

We now, have an economic theory, stated in our structural model, which implies
that the #’s can be expressed by the A’s as follows:

91 = gl()\l,)\g, .. .,)\Q),
0y = gy, Aoy - - -, o),
(E.52) > = ga( 1A Q)

HP = gP()\l, )\27 ey >\Q)’

where the functions g,(-),...,gp(:) are completely known from the theory. We
consequently can compute all ’s when all \’s are given. The fundamental question
is: Can we go the opposite way? Three answers to this question can be given:

(i) If the parameter \; can be computed from (E-52), \; is identifiable.
(i1) If N; cannot be computed in this way, it is non-identifiable.
(111) If the parameters A, ..., \g are known and can be computed from (E-52)
when 01, ...,0p are known, all the model’s SF parameters are identifiable.

(iv) A NECESSARY condition for all the model’s SF parameters being identifiable
is that P > @, i.e., that the number of equations in (E-52) is at least as large
as the number of unknowns.

So far we have considered the formalities of the general case. Let us concretize
by referring to the market model example in Sections 3-7.
We then in particular have N =2, K =2, P =(Q = 9. Moreover,

(Cht, q2ty - -+ QNt) correspond to (ytvpt)u

(14, Tog, - - ., Ty) correspond to (2, Ry),
(917 o, ..., HP) correspond to (H107 11, 9, Ilpg, oy, Ilgg, iy, woo, W12)7
()\la)\Qa .. 7)\Q) CorreSpond to (a17a2aﬁ17527711a7227057012170uv)a
(11,72, ..., TR) are unspecified and irrelevant.

The equation system (E-52) corresponds to the systems of coefficient restrictions
which follows by comparing (E-31)-(E-32) with (E-33)—(E-34) and from (E-41)-
(E-43), that is

_ Prag — Pacy

I Bat B0 — 2615204, + B30
10 — ) -
B — B2

Hu=-3"5 wn Bi— B
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etc.

We now want to obtain a rather general criterion for examining the identification
status of an equation, without having to be involved in solving a system like (E-52)
each time.

9. The order condition for identification

Consider an equation in a simultaneous model and let:

K = No. of exogenous variables in the complete model.
N = No. of endogenous variables in the complete model.
K, = No. of exogenous variables included in the actual equation.
N; = No. of endogenous variables included in the actual equation.
Ky = No. of exogenous variables excluded from the actual equation.
Ny = No. of endogenous variables excluded from the actual equation.
We have
(E-53) Ki+Ky=K, N+ Ny=N.

Let H denote the number of equations between the RF coefficients and the SF
coefficients in the actual equation, of the form (E-48)—(E-50). This number is one
more than the number of exogenous variables, as the intercept term also occupies
one equation, i.e.,

H=K+1.

In the structural equation considered, we have
MN == N1 - 1

unknown coefficients of the included endogenous variables, as one coefficient must
be deducted because of the normalization restriction. In the structural equation
considered, we have

M K = K 1+ 1

unknown coefficients belonging to the exogenous variables including the intercept
term.

The order condition for identification of the equation considered is the condition
that we have a sufficient number of equations between the coefficients. It can be
formulated as

(E—54) H>My+ My <— N +K <K-+1.

Using (E-53), we find that the order condition is equivalent to the following condi-
tion, which is easier to remember:

(E-55) Ky+ Ny >N —1,
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ie.,
The total number of variables excluded from the equation
should be at least as large as
the number of equations in the model minus 1.
Note that:

1. THE ORDER CONDITION IS NECESSARY FOR IDENTIFICATION WHEN NO RESTRIC-
TIONS HAVE BEEN IMPOSED ON THE SF DISTURBANCE VARIANCES AND COVARIANCES.
THERE EXISTS A CORRESPONDING RANK CONDITION (KNOWLEDGE OF THIS IS NOT RE-
QUIRED IN THIS COURSE) WHICH IS BOTH NECESSARY AND SUFFICIENT.

2. IF AT LEAST ONE RESTRICTION HAS BEEN IMPOSED ON THESE VARIANCES AND
COVARIANCES, THEN THE ORDER AND RANK CONDITIONS ARE NO LONGER NECESSARY,
AND THE PROBLEM SHOULD BE EXAMINED SPECIFICALLY. Simple examples of the
latter kind of examination are Examples 1-3 in Section 2.

10. Indirect Least Squares (ILS) estimation in exactly identified and
overidentified equations: Examples and exercises

Consider a simple model of a commodity market with SF (Structural Form) equa-
tions

(E-56) Yr = o1 + Bipe + Y112 + v,
(E-57) Yo = o2 + Papr + V22 Ry + 723qe + uar,
where (E-56) is the supply function and (E-57) is the demand function. The en-

dogenous variables are (y;, p;), the exogenous variable are (z;, Ry, q;). The SF dis-
turbances are (ui4, ug). Its RF (Reduced Form) equations are

(E-58) yr = 1o + i1 2 + o Ry 4 1li3qs + €14,
(E-59) pr = Iy + 1oy 2 + oo Ry + Iazqy + €94,
where
(E-60) i = brag— P . Paymi 2+ Bi722 R, + P1723 @ + 51u2t—52u1t’
B1— B2 B1— B2 B1— B2 B1— B2 B1— B2
Qg —0n Y11 Ugt — U1t
E-61 = — 2t + Ry + + .
B = R ﬁl—/x : ﬁl—ﬁz% B1—Bs

From (E-56)—-(E-57) and (E-58)—(E-59), utilizing the zero conditional expectations
for the disturbances, we find

(E-62) E(yelzt, Re, i) = cu + BiE(pelze, Ry, qi) + 2,
(E-63) E(yel2e, B, qr) = o + BoB(pe|2e, By, qe) + Yo e + V2341,
(E-64) E(yel2e, B, qi) = Mo + My 2 + Thg Ry + Tz gy,
(E-65) E(pelze, Ry, qr) = Moo + Moy 2 + Ton Ry + Tlog g
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Inserting (E-64)—(E-65) into (E-62) and into (E-63), we get, respectively

(E-66) IIyo+ Iy12 + o Ry + T3¢
= oy + B1(Ilsg + o1 2t + oo Ry + Ia3qe) + Y1121,

(E-67) o+ 12 + Hyo Ry + T3¢
= g + Po(Ilag + oy 2t + oo Ry + Tlasqe) + Yoo Rt + 723

THESE EQUATIONS SHALL HOLD AS IDENTITIES IN THE EXOGENOUS VARIABLES.
Recall that the exogenous variables are determined outside the model, and hence
there would have been a violation of the logic of the structural model we have pos-
tulated if (E-66) and (E-67) had restricted their variation. For this reason, there
must be pair-wise equality between the coefficients of the LHS and the RHS of
(E-66) and those of (E-67).

We therefore have from equation (E-66) [We confine attention to this; equation
(E-67) can be treated similarly — you may do this as an exercise]

Lo = ag + By Iy,
Il = By oy + 711,

(E-68)
I = By 1o,
I3 = B a3,
corresponding to, respectively, the intercept, z;, R;, and ¢;. This implies
g, — iz lhs
Hao 13
IT IT
(E-69) Y =1y — H—Z lp =114y — H—;i a1,
IT IT
ap = Ilyg — H—Zﬂzo = Il — H—:zﬂzo-

Remark: Equations (E-68) and (E-69) can also be obtained by comparing (E-58)-
(E-59) with (E-60)—(E-61).

EXERCISE 1: Assume that we know that v93 = 0. Then the supply function (E-
56) is EXACTLY IDENTIFIED. Why will this imply II;3 = IIo3 = 07 An OLS
estimation of (E-58) and (E-59) has given [The example has been constructed!

ﬁlO - 265, ﬁll - 21, ﬁ12 == 585,
H20 == 5, H21 == —0.3, H22 - 45

Interpret these estimates. Show, by using the relationships between the SF coef-
ficients (Oél, g, 51, ﬁg, Y11, ’}/22) and the RF coefficients (H10> H11> ng, Hgo, Hgl, Hgg)
obtained from (E-68)—(E-69), and the corresponding equations relating to equation
(E-57), that the derived estimates of the SF coefficients in the supply function are

a, =200, B =13, A, =6,
Qs =300, By=—T, A = 90.
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Interpret these estimates. Are the estimators of the RF coefficients (i) unbiased,
(ii) consistent? Are the estimators of the SF coefficients(i) unbiased, (ii) consistent?

The estimation method just described exemplifies the INDIRECT LEAST SQUARES
(ILS) METHOD.

ILS means: FIRST ESTIMATE THE RF COEFFICIENTS BY APPLYING OLS ON
EACH RF EQUATION SEPARATELY. NEXT DERIVE ESTIMATORS OF THE SF CoO-
EFFICIENTS BY EXPLOITING THE RELATIONSHIPS BETWEEN THE THE RF COEF-
FICIENTS AND THE THE SF COEFFICIENTS, AS EXEMPLIFIED BY (E-68)—(E-69).

EXERCISE 2: Assume that 7,3 # 0 and unknown. Then the supply function (E-56) is
OVERIDENTIFIED. Why will this imply I1;3 # 0, II53 # 07 An OLS estimation
of (E-58) and (E-59) has given [Again, the example has been constructed]

ﬁlO - 265, ﬁll == 21, ﬁlg == 585, ﬁlg == 18,

H20 - 5, H21 == —03, H22 == 45, H23 == 2
Interpret these estimates. Show, by using the relationships between the SF coeffi-
cients (aq, ag, B1, B2, V11, Y22, Y23) and the RF coefficients (I, IT11, ITy2, ITy3,

Ilog, [Ty, I199, T1o3) obtained from (E-68)—(E-69) that we get two sets of ILS esti-
mates of the SF coefficients in (E-56), denoted as (a) and (b):

(a) ay =200, By =13, 711 =6,

(b) &1 - 210, 61 - 9, ”\}711 - 48,
and, by a similar argument, one set of ILS estimates of the SF coefficients in (E-57):
() @y =300, Pp=—T7, Fa=90, A5 =32

Interpret these estimates.

EXERCISE 3:

[1] Explain why we get two sets of estimates of the coefficients in (E-56) in EXER-
CISE 2, but only one set of estimates in EXERCISE 1.

2] Explain why we get one set of estimates of the coefficients in (E-57) in both
EXERCISE 2 and EXERCISE 1.

[3] Are the estimators of the RF coefficients (i) unbiased, (ii) consistent? Are the
estimators of the SF coefficients (i) unbiased, (ii) consistent?

[4] How would (E-66)—(E-69) have been changed and how would the estimation of
(E-56) have proceeded if we had NOT known (from economic theory) that R; and
q; were excluded from this equation?
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ECON4160 ECONOMETRICS — MODELLING AND SYSTEMS ESTIMATION

Lecture note F:

IDENTIFICATION PROBLEMS 2: MEASUREMENT ERROR MODELS

Erik Bigrn

Department of Economics

Version of July 5, 2011

In reading the lecture note, you may take advantage in reading it in parallel with
Lecture note E, section 8.

1. Model with random measurement error in the exogenous variable

We specify the following deterministic relationship between the endogenous variable
Y;* and the exogenous variable X:

(F-1) Y =a+ X/, 1=1,...,n,

)

where a and 3 are unknown coefficients. NEITHER Y;* NOR X, IS OBSERVABLE.
The observations are given by

(F‘?)) XZ:X:_'_UZ’ ’i:l,...,n.

We denote u,; as the measurement error in Y, and v; as the measurement error in X,.
We further denote Y;* and X as latent structural variables. A concrete interpreta-
tion may be: Y;, Y;*, and wu; are, respectively, observed, permanent (normal), and
transitory (irregular) consumption, and X;, X7, and v; are, respectively, observed,
permanent (normal), and transitory (irregular) income (windfall gains). The basic
hypotheses then are that neither permanent, nor transitory consumption respond
to transitory income.

Eliminating Y;* from (F-1) by using (F-2) we get
(F-4) Y, =a+ X +u,, i=1,...,n.

We may interpret u; as also including a disturbance in (F-1).
We assume that

(F-5) E(u|X}) = E(u,|X7) =0,  i=1,....n.

Regardless of which value X/ takes, the measurement error has zero expectation.
On average, we measure X correctly, regardless of how large the value we want to
measure is. It follows from (F-5) that

(F-6) E(u;) = E(v;) =0,
(F-7) cov(u, X;) = cov(v, X)) =0, i=1,...,n.
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We further assume

(F_8> Var(ui> = 0-57 COV(uiv uj) = 07 j # i,
(F_9> Val"(’UZ-) = 012;7 COV(Uiv Uj) = 07 .] 7A (3
(F-10) cov(u;,v;) =0,  cov(u,v;) =0, j#i, 4,j=1,...,n

We eliminate Y;* and X from (F-1) by using (F-2)—(F-3) and get

Y, —u; = a+ B(X; —v),

ie.,

(F11) Y, = a+8X,+u,— By, = a+fXi+w,  i=1,...,n,
where

(F-12) w, = u; — P, i=1,...,n.

Which are the properties of the composite error w;? Using (F-5)—(F-10), we
find

E(w;) = E(w;|X7) = E(w;]Y]") =0,
var(w;) = E(wy) = oy, + oy,
cov(w;, w;) = E(waw,;) =0, j#i, i,j=1,...,n,
i.e., w,; has zero expectation, varies randomly in relation to X} and Y;*, and is
homoskedastic and non-autocorrelated. Further,

(F-13) cov(w;, X7') = E(w; X]") = E[(u; — fv;) X[] = 0,
(F-14) cov(w,,Y") = E(w,Y;') = E 0

171

But, we have

(F-15) cov(w,, X;) =
(F-16) cov(w,,Y;) =

[ REa)

E(w, X;) = E[(u; — Bv)(X] +v,)] = —5037
E(w,Y;) = E[(u; — Bv)(Y;" +u,)] = o3
Thus, the composite error in the equation between the observed variables, (F-11),
is correlated with both the LHS and the RHS variables: cov(w;,Y;) > 0, while

cov(w;, X;) has a sign which is the opposite of the sign of 3, provided that o2 > 0
and o2 > 0.

2. The probability distribution of the observable variables

Let us express the (theoretical) first- and second-order moments of X; and Y; by
means of the model’s structural parameters and the parameters in the distribution
of the latent exogenous variable. From (F-1)-(F-3) and (F-6) we find

(F-17) E(X;) = E(X}),
(F-18) E(Y)) = E(Y)") = o+ BE(X]).

(2
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Further, (F-1)—(F-3) and (F-7)—(F-10) imply

(F-19) var(X,) = var(X} —i— v;) = var(X}) + o2,
(F-20) var(Y;) = var(Y +u;) = var(Y;") + o2 = f*var(X}) + o2,
(F-21)  cov(X,,Y;) = cov(Y; —I—u X +v,)
1
= cov(Y;", X]) + cov(u;,v;) = Bvar(X;]) = =var(Y;").

3. Identification

We first make the following assumption about the distribution of the model’s la-
tent, exogenous variable, X*: The expectation and the variance is the same for all
observation units. Precisely,

(F-22) E(X]) = px.,

(2

(F-23) var(X}) = o%., i=1,...,n.

This is stronger type of assumptions than we normally use in regression models
and simultaneous equation systems, and they may not always be realistic. The
model obtained sometimes is referred to as a structural model, because we impose
a structure on the probability distribution of the exogenous variable.

It follows from (F-22)-(F-23) and (F-17)-(F-21) that the distribution of the
observable variables is described by

(F_25) E(Y) a_l_ﬁ:uX* = Ky, 1= ].,...,TL,

7

where 1y and py are defined by the two last equalities, and

(F-26) var(X;) = o, + o, = 0%,
(F-27) var(Y;) = fo%, + oy = oy,

- cov(X,,Y,) = Box, =0xy, 1=1,...,n,
(F-28) (X;,Y;) = Box, = oxy =1

where 0%, 0% and oy, are defined by the three last equalities. The information

we, at most, can ‘extract’ from a set of observations (Y;, X,), i = 1,...,n, is to
determine this distribution completely. Confining attention to the first-order and
second-order moments, this means that we, at most, can determine the following
five first- and second-order moments

2 2
Hxs Ky, Ox, Oy, Oxy-

They can, for instance, be estimated by (X,Y, M[X, X], M[Y,Y], M[X,Y]), uti-
lizing convergence in moments. However, the model contains the following six

structural parameters:

2 9 2
o, By txs, Ouy Ouy Oxy-

They are connected with the five first- and second-order moments of the observable
variables via (F-24)—(F-28).
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It follows from (F-24) that py, is always identifiable. Using (F-24) to eliminate

Iy, We get the following system with four equations:

py = a+ By,

2 2 2
oy = 0%, +0
(F-29) i B SO
Y — 2X* (7RI
Oxy = Bok..

It determines the possibilities for identification of the remaining five structural
parameters, «, 3, 0%,, 02 and 02. THE MATHEMATICAL INTERPRETATION OF
THE IDENTIFICATION PROBLEM IS THAT WE ONLY HAVE FOUR EQUATIONS IN
FIVE UNKNOWNS, when considering iy, iy, 0%, 0% and 0%y as known entities.

4. Identification under additional information. Five examples

In all the following examples, we impose one and only one additional restriction

and show that can then solve the identification problem.

EXAMPLE 1: THE INTERCEPT « IS KNOWN. Then (F-29) gives

-«
po= b=
Bx
0%« = Oxy Hx )
Py —@
o, = 0% — Oxy By )
Hy — @
on = 0oy — UXYMY -
Hx
If, in particular, a = 0, i.e., the structural equation goes through the origin, then
B = Py
Hx ’

etc. We have full identification.
QUESTION 1: How would you estimate S consistently in the last case?

EXAMPLE 2: THE MEASUREMENT ERROR VARIANCE OF X, 02, 1S KNOWN. Then (F-29) gives

B = IxXy
= 2 2
Ox — 0y
Ixy
a = fy 2 X
Ox — 0y
2 2 2
OX Ox _UU72
2 _ 2 Ixy
Ow = 0y — 5 3
Ox — Oy

If, in particular, o2 = 0, i.e., X; has no measurement error, then

IXxXYy
g=2xY
Ox

etc. We again have full identification.
QUESTION 2: How would you estimate S consistently in the last case?

EXAMPLE 3: THE MEASUREMENT ERROR VARIANCE OF Y, 02, 1S KNOWN. Then (F-29) gives

2 2
ﬂ — Oy — 0y
)
D'e’s
_ oy — o
Q= Uy — Hxs
5  OXxy
o2 Ixy
X*x 2 27
Oy UuUQ
2 _ 2 XY
Oy = 0Ox 2 2
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If, in particular, 02 = 0, i.e., ¥; has no measurement error (and the equation has no disturbance),
then

etc. We again have full identification.
QUESTION 3: How would you estimate S consistently in the last case?

EXAMPLE 4: THE RATIO BETWEEN THE MEASUREMENT ERROR VARIANCE AND THE VARIANCE
OF THE TRUE X IS KNOWN, AND EQUAL TO ¢: 02 = co%,. This is equivalent to assuming that
the measurement error variance is ¢/(1 + ¢) times the variance of the observed X. From (F-29)
it follows that

ag
B = XX (1+¢),
Ox
ag
a = py — 1+,
Ox
o2 = 1 o2
X 1+c X
2 ¢ 2
oL = 0%,
v 1+c¢ );
o2 = a%,——a)gy(l—i—c).
Ox

We again have full identification.
QUESTION 4: How would you estimate 8 consistently in this case if you knew a priori that ¢ = 0.17

EXAMPLE 5: THE RATIO BETWEEN THE MEASUREMENT ERROR AND THE VARIANCE OF THE
TRUE Y IS KNOWN AND EQUAL TO d: o2 = d3%0%,. This is equivalent to assuming that the

measurement error variance is d/(1 4+ d) times the variance of the observed Y. From (F-29) it

now follows that 2
g = v 1
nyl‘i_zd,
T S
Y oy 144N
0%, = X (1+4d),
Oy
7 = ok - (1),
Oy
2 d o
Ow = 7,7 ;9
1+d

We again have full identification.

QUESTION 5: How would you estimate § consistently in this case if you knew a priori that
d=10.27

IMPORTANT REMINDER: THE order condition FOR IDENTIFICATION DEVELOPED IN
Lecture note E, SECTION 9, PRESUMES THAT ALL (STRUCTURAL) VARIABLES ARE
OBSERVABLE. THEREFORE, IT CANNOT BE USED IN EXAMINING THE IDENTIFICATION
STATUS OF PARAMETERS IN MEASUREMENT ERROR MODELS!



