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_ `ab abc bcde fg h ie cjakfijfe c abc lh m kcifnhjc d`nc olh m p d`ncq `i iars`cs rnsck t
s`uckcna i`arha`fni v
`q gkfw h xhw c iek`nydcs z `ab ihda olh{dq h|h`nia h shky }hjy|kfrns
``q gkfw h xhwc iek`nydcs z `ab ihda olh{dq h|h`nia hn `nacnic jfna`nrfri d`|ba ifrkjc
```q gkfw abc ~fdhk s`iy
`� q gkfw abc {bkfwfiebckc o� ria frai`sc abc ~fdhk s`iy q srk`n| h ~fdhk cjd`eic �
�nsck azf fg abcic i`arha`fni hn cw `ii`fn d`nc `i f}ick�cs � gfk abc fabck azf hn h}ifk}�
a`fn d`nc kcirdai � _c zhna af `n�cia`|hac abc kchifni gfk abc s`uckcna kcirdai � � `�c �frk
hnizcki `n ������� hns ����� gfkw �
hq ~ahac abc khs`ha`�c akhniefka c�rha`fn � c�edh`n abc s`uckcna ehkhwcacki hns �hk`�

h}dci `n�fd�cs hns |`�c abc`k eb�i`jhd s `w cni`fni �
�hs`ha`fn `i cw ck|`n| gkfw h bfwf|cncfri ab`jy oicw `�`n�n`acq idh} `n abckw hd c�r`d`}�
k`rw o��q ha acweckharkc

TR

oicc �|rkc mhq � _c jfni`sck abc gkc�rcnj� khn|c
(ν0, ν1)gfk zb`jb abc c�a`nja`fn jfc� jcna

αν

`i fg abc gfkw `ddriakhacs `n �|rkc m} �
}q _ b`jb eb�i`jhd ekfjciici jhn }c kciefni`} dc gfk abc ehka`jrdhk gfkw fg

αν �jq �`ns abc ie ci`�j `nacni`a�
IR
ν

abha z `dd } c f}ick�cs hi h grnja`fn fg gkc�rcnj�
νhns hn|dc

θ
�
µ = cos θ

�

�
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_c nc�a jfni`sck abc khs`ha`fn cw ck|`n| gkfw h bfwf|cncfri ab`n idh} fg ab`jyncii
L
�

�fk i`w ed`j`a� zc hiirw c abc idh} af } c bcds `n �� � nfz ha acweckharkc
TL
� �ca abc

c�a`nja`fn jfc� j`cna
αν

gfk abc ab`n idh} h|h`n } c fg abc gfkw |`�cn �|rkc m} � �bc idh}
`i `kkhs`hacs gkfw }cb`ns }� h ie ci`�j `nacni`a�

IR
ν

�
s q mg

α`
νL > 1

�
αs

νL < 1
hns

αc
νL � 1

� scijk`} c �rhd`aha`�cd� abc `nacni`a�
IL
ν

abha
z `dd } c f}ick�cs ab`i a`w c hi h grnja`fn fg gkc�rcnj�

ν
hns s`kcja`fn

µ
gfk abc jhic

abha �q
TL > TRhns �q
TL < TR

�
mn ehka`jrdhk � |`�c abc c�ed`j`a �hdrc fg

IL
ν

gfk
ν = νl

�
cq �n abc }hi`i fg abc kcirdai h}f�c c�edh`n zbha a�e c fg d`nc �fr c�ecja af f}ick�c
rnsck abc t i`arha`fni scijk`} cs `n abc `nakfsrja`fn �
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�n c�acknhd cdcjak`j �cds

E
z `dd w fs`g� abc cnck|� dc�cdi fg hafw i � �b`i cucja `i jhddcs

~ahky cucja � �fk abc c�j`acs cnck|� iahaci fg � m d`nchk ~ahky cucja `i abc sfw `nha`n|
fnc � abri abc

n = 2
cnck|� dc�cd `i ie d`a `naf

2n − 1 = 3
c�r`s`iahna dc�cdi z `ab cnck|�

icehka`fn
∆W = 3aBeE,

o�q
zbckc

aB
`i abc �fbk khs`ri �

�bc d`nc z `sabi `n iacddhk ie cjakh � gfk `niahnjc abc d`nci `n abc b�skf|cn �hdw ck
ick`ci � hkc scackw `ncs }� ic�ckhd ghjafki v abckw hd hns kfaha`fnhd pfeedck cucjai � nharkhd
d`nc z `sab src af �n`ac d`gca`w c fg c�j`acs iahaci � jfdd`i`fnhd }kfhscn`n| � ���� }ra hdif
~ahky cucja � _c ibhdd jfni`sck abc ~ahky cucja src af abc cdcjak`j w `jkf�cdsi gkfw
�kcdha`�cd� idfz�wf�`n|� �

+
`fni `n h iacddhk haw fiebckc jfni`ia`n| w h`nd� fg ehka`hdd�

`fn`�cs b�skf|cn |hi �
hq �bc s`iahnjc } cazccn h |`�cn � m hafw hns `ai nchkcia �

+
`fn �hk`ci z `ab a`w c �

� k|rc abha h a�e`jhd w h�`wrw s`iahnjc `i
r !" ≈ n

−1/3
e

zbckc
ne

`i abc cdcjakfn
scni`a��

#



� a�e`jhd w `n`wrw s`iahnjc z `dd } c h jckah`n gkhja`fn
f
fg ab`i w h�`wrw �hdrc �

r �� ≈
fr !"

� �� iaha`ia`jhd hnhd�i`i z `dd } c nccscs af cia`w hac
f
� �fk abc gfddfz `n| s`ijrii`fn

zc hiirwc abha
f
`i `n abc khn|c � ���� �� � ��

}q _ bha `i abc jfkkciefns`n| a�e`jhd cdcjak`j �cds
E
iccn }� abc hafw �jq �hics fn o�q |`�c hn cia`w hac gfk h a�e`jhd d`nc z `sab o

∆λS/λ
q src af abc ~ahky

cucja gfk abc �hdw ck ick`ci d`nci � ��fk h w `n`wrw cia`w hac abc cnck|� ied`aa`n| fg
abc

n > 2
dc�cdi jhn }c nc|dcjacs ��

�fk h jckah`n d`nc nrw}ck
k
`n abc �hdw ck ick`ci ab`i d`nc z `sab z `dd } c jfwehkh}dc af

abc zh�cdcn|ab s`iahnjc } cazccn ir}ic�rcna d`nci �
sq ��ekcii abc s`iahnjc o

∆λk/λ
q } cazccn ir}ic�rcna d`nci `n abc �hdw ck ick`ci hi h

grnja`fn fg d`nc nrw}ck
k
�

cq �ia`w hac abc d`nc nrw}ck
k
zbckc abc s`iahnjc } cazccn ir}ic�rcna d`nci c�rhdi

abc ow `n`wrw q ~ahky cucja d`nc z `sab �
g q {bcjy abha abckw hd pfeedck cucja o

∆λD/λ
q `i nfa jfwedcacd� w hiy`n| abc ~ahky

cucja d`nc }kfhscn`n| � � `�c h }k`cg hk|rwcna gfk �frk jbf`jc fg a�e`jhd acweckharkc
T
� _ bha `i �frk jfnjdri`fn�ma `i jdh`w cs abha v ��bc d`nc nrw}ck fg abc b`|bcia gkc�rcnj� �hdw ck d`nc abha `i ia`dd

icehkhacd� s`ijcknh}dc hddfz i gfk h kfr|b �kia cia`w hac fg abc cdcjakfn scni`a� `n abc
iacddhk hawfiebckc� �
| q pf �fr �ns ab`i jdh`w kchifnh}dc� mg if � |`�c hn c�ekcii`fn gfk

ne
hi h grnja`fn

fg ab`i d`nc nrw}ck
k
�

�


