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University of OsloFaulty of Mathematis and Natural SienesExamination in: FYS2160 { Thermodynamis and statistial physisDate: 10. Deember 2009Time of examination: 14.30 - 17.30The set of problems: 3 pagesPermitted aids: Eletroni alulator, approved for high shool. Two A4-sheets of paper with your own notes (both sides an be used). Rottmann: Matematisk formelsamling (all editions). �grim og Lian / Angell og Lian: Fysiske st�rrelser og enheter. (all editions). Harrap's de pohe Ditionnaire Anglais-Franais, Franais-Anglais. (all editions). Kunnskapsforlaget Ashehoug og Gyldendal, Fransk lommeordbok. (all editions)Please hek that the set of problems is omplete before you start solving them.Problem 1a) Write down a general expression for the anonial partition funtion Z1 for one partilehaving a set of aessible unique quantum states s with energies �(s).The permitted energy values for an ultrarelativisti partile (kineti energy muh largerthan rest energy) in a 3-dimensional ubi box of volume V = L3, an be expressed interms of the quantum numbers nx; ny and nz:� = hqn2x + n2y + n2z2L (1)where nx; ny and nz must be positive integers.Throughout the problem we assume that the system is dilute enough for Boltzmannstatistis to be appliable. Write down the orresponding anonial partition funtion Z1for one partile.b) By approximating the expression found in a) for the one-partile partition funtion Z1 bya triple integral, it an be shown (derivation not a part of the present problem) that thepartition funtion takes the form:Z1 = 8�V  kTh !3 (2)What is the ondition for using the integral approximation? Write down the generalanonial partition funtion ZN for a system of N free, non-interating, indistinguishablepartiles, and determine Helmholtz free energy F for this system (with N being a largenumber). 1



) Find an expression for the entropy S in terms of T; V and N (analogous to the Sakur-Tetrode equation for an ideal, non-relativisti monatomi gas). Also �nd expressionsfor the internal energy U and the pressure P , and �nally show that P equals U3V . (Notethat the last equation is a general result for a gas of ultrarelativisti or massless partiles.)Problem 2The distribution funtion (average oupany per one-partile quantum state) for a system offermions an be written as: �nFD(�) = 1e(���)=kT + 1 (3)where � is the energy of the one-partile state, � is the hemial potential and T the tempera-ture. The density of states g(�) for non-interating, non-relativisti fermions with mass m andeigenspin 12 in a volume V an be expressed:g(�) = �2V �8mh2 �3=2p� (4)The total number N of fermions in the system (all one-partile states) is onserved.a) Sketh the distribution funtion �nFD(�) for T = 0 and for some �nite T . Explain what ismeant by the Fermi energy �F . Write down an equation that in priniple determines thehemial potential � for the Fermi gas for arbitrary T . Then show that the Fermi energyis given by the following expression:�F = h28m �3N�V �2=3 (5)b) Write down a general expression for the internal energy U for the fermion system atarbitrary T , and determine U for the speial ase T = 0, expressed in terms of �F and N .At �nite temperature T , we have (derivation not a part of the problem):U = 35N�F + �24 N (kT )2�F : (6)Find an expression for the heat apaity CV as a funtion of T . Disuss your result forthe limit T ! 0.) Explain how the entropy S an be determined when CV is known. Calulate the entropyS and show that Helmholtz free energy F an be expressed as:F = 35N�F � �24 N (kT )2�F (7)d) Find an expression for the hemial potential � in terms of �F and T . Chek your resultin the limit T = 0. 2



Problem 3We will here study blakbody radiation in a system ontaining a large, blak planar surfaewith onstant temperature Th (an in this ontext be onsidered a reservoir). A thin blakplanar sheet is plaed a small distane from this surfae and parallel to it. We assume that theentire system is loated in vauum.In this problem, you may need the expression for Stefan-Boltzmann's onstant:� = 2�5k415h32 (8)a) Determine the temperature T of the sheet at equilibrium. Find the energy ux (energyemitted per area and time) out of the ombined system.b) We study a similar system, with two thin blak sheets plaed lose to the hot blak surfaeof temperature Th, all parallel. Determine the equilibrium temperatures T and Tm forthe outermost and the middle sheet in terms of the reservoir temperature Th. Also �ndthe energy ux out of the ombined system in this situation.) For a photon gas in thermal equilibrium inside a blak box at temperature T , the energyand entropy densities are, respetively :UV = 8�5k4T 415h33 ; SV = 32�5k4T 345h33 (9)Compare the values for UV and SV . Determine the entropy ux (entropy per area and time)out of the systems in a) and b), and ompare to the orresponding energy ux. Commenton the result. That is all. Good luk!
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University of Oslo
Faculty of Mathematics and Natural Sciences

Examination in: FYS2160 – Thermodynamics and statistical physics
Date: 13. December 2010
Time of examination: 14.30 - 18.30
The set of problems: 3 pages
Permitted aids: Electronic calculator, approved for high school
. Two A4 sheets of paper with your own notes (both sides can be used)
. Rottmann: Matematisk formelsamling (all editions)
. Øgrim og Lian / Angell og Lian: Fysiske størrelser og enheter
. (all editions)

Please check that the set of problems is complete before you start solving them.

Problem 1

We have a system of N fermions with eigenspin s = 1
2
. The permitted energies for one fermion

are given as:

ǫ = ǫ0(nx + ny) = ǫ0n (1)

where ǫ0 is a constant, and nx and ny are both non-negative integers.

a) The Fermi-Dirac distribution is given as:

n̄FD(ǫ) =
1

e(ǫ−µ)/kT + 1
(2)

Sketch this distribution for a temperature T = 0, and for some finite (high) T . Explain
what is meant by a degenerate Fermi gas.

b) Show that the number of one-particle states with energy lower than ǫ = ǫ0n is given by:

f(ǫ) =
ǫ2

ǫ2
0

(3)

when we assume n >> 1. Then determine the density of states g(ǫ):

g(ǫ) =
df(ǫ)

dǫ
(4)

c) Explain what is meant by the Fermi energy. Show that the Fermi energy ǫF for this
system is given as:

ǫF = ǫ0

√
N. (5)

Also find the total energy U for the degenerate Fermi gas, in terms of N and ǫF .

1



d) We now assume that the Fermi gas is non-degenerate. Write down a general expression
for the total number N of fermions in the system.
Explain qualitatively how the chemical potential µ for the Fermi gas will evolve with
rising temperature T , from T = 0. Find the temperature T where µ = 0, expressed in
terms of ǫF .
Hint: You may need the integral:

∫

∞

0

xdx

ex + 1
=

π2

12
(6)

e) Now determine the total energy U for the system at the temperature found in d), and
compare with the result from c).
Hint: You may need the integral:

∫

∞

0

x2dx

ex + 1
= a ≈ 1.80 (7)

Problem 2

We consider a heat engine operating cyclically between a hot reservoir of temperature Th, and
a cold reservoir at temperature Tc. The working substance is a monatomic ideal gas with N
atoms. The cycle consists of four steps: i) an isochoric heating at constant volume V1, ii) an
isothermal expansion at T = Th; iii) an isochoric cooling at constant volume V2; and finally,
iv) an isothermal compression at T = Tc. All processes take place at quasistatic conditions.

a) Draw the cycle in a PV diagram. For each of the processes, calculate the work done on
the motor and the heat entering the motor.

b) Write down a general expression for the efficiency e of a heat engine, and explain the
quantities involved. Show that the efficiency of an engine using the present cycle is given
as:

1

e
=

1

1 − Tc

Th

+
3

2 ln(V2/V1)
(8)

c) We introduce an extra reservoir where the same amount of heat is dumped during the
isochoric cooling process and reabsorbed during the isochoric heating process, in a per-
fectly reversible way. Find the efficiency of the engine in this case, and comment on the
result. Discuss the conditions which realize this efficiency.

Problem 3

We consider a solid where atoms can vibrate in three dimensions about their equilibrium posi-
tions in the crystal lattice. For each dimension, the vibrational energy levels have the energies
Evib = nǫ where n is a non-negative integer and ǫ is a constant. Vibrations in different dimen-
sions take place independently, but with the same ǫ. We assume that kT >> ǫ. The electronic
ground state for each atom in the crystal is located at an energy −Eb, where the binding energy
Eb is positive. The solid can sublimate into a monatomic ideal gas, and is in equilibrium with
its vapour phase at temperature T .

2



a) Show that the partition function for the entire solid crystal consisting of N atoms can be
written as:

ZN,s =



e
Eb

kT

(

kT

ǫ

)3




N

(9)

The one-particle partition function for a gas atom with no internal degrees of freedom
can be expressed as (derivation not a part of this problem):

Z1,g =
V

vQ

; vQ =

(

h2

2πmkT

)
3

2

(10)

Write down the partition function ZN,g for an amount of gas consisting of N indistin-
guishable atoms.

b) Show that the chemical potential µ for a system can be expressed as:

µ =

(

∂F

∂N

)

T,V

(11)

Find the chemical potential µs for the solid. For the gas, it can be shown (derivation not
a part of this problem) that the chemical potential µg is given as:

µg = −kT ln

(

V

NvQ

)

(12)

Write down the chemical equilibrium condition for the solid-gas system.

c) Show that the vapour pressure Pg for the ideal gas at equilibrium is given as:

Pg =

(

ǫ
√

2πm

h

)3
1

√
kT

e−
Eb

kT (13)

d) Explain how the result from c) can be utilized to find the latent heat L for this sublimation
phase transition (detailed calculations not required).

That is all. Good luck!
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Tid for eksamen: 14.30 - 18.30
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Kontroller at oppgavesettet er komplett før du begynner å besvare spørsm̊alene.

Oppgave 1:

Partisjonsfunksjonen for en ideell diatomig gass med N identiske molekyler er ved romtem-
peratur gitt som (trenger ikke vises):

ZN =
1

N !
ZN

1 ; Z1 = ZtransZrotZvib ; (1)

Ztrans =
V

vQ

= V

(

2πmkT

h2

)3/2

; Zrot =
kT

2ǫrot

; Zvib =
1

1 − e−
ǫ
vib

kT

.

der vQ =
(

h2

2πmkT

)3/2
er kvantevolumet og ǫrot og ǫvib er konstanter. Ved romtemperatur

gjelder at ǫrot << kT << ǫvib.

a) Forklar at vi ved denne temperaturen kan neglisjere vibrasjonsfrihetsgradene. Bestem
indre energi U for gassen, og kommenter resultatet i lys av ekvipartisjonsteoremet.
Best̊ar molekylene i denne gassen av to like eller to ulike atomer?

En ideell diatomig gass med N atomer gjennomløper en syklisk prosess som best̊ar av
følgende delprosesser: i) en isobar ekspansjon fra volum V1 til volum V2 = xV1 der x > 1; ii)
en adiabatisk ekspansjon fra volum V2 til V3; iii) en isoterm kompresjon tilbake til volumet
V1. Alle delprosesser foreg̊ar nær romtemperatur og under kvasistatiske forhold.

b) Skisser syklusen i et PV -diagram. Finn trykk, volum og temperatur i punktene 2 og
3 uttrykt ved x, P1, V1 og T1. (Hint: Adiabatrelasjonen PV γ = konst. der γ = f+2

f

kan antas kjent og brukes uten utledning. Hva er antall kvadratiske frihetsgrader f for
denne gassen? Resultatet for V3 skal bli V1 · x

7

2 . )

c) Finn endring ∆U i indre energi, arbeid W gjort p̊a systemet og varme Q tilført systemet
for hver av delprosessene.

d) Vi antar at en varmekraftmaskin opererer med denne syklusen. Forklar hvor i syk-
lusen input varme Qh tilføres gassen, og hvor spillvarme Qc forlater gassen. Vis at
effektiviteten for syklusen er gitt som:

e = 1 −

ln x

x − 1
. (2)

1



Hvor oppn̊as laveste og høyeste temperatur Tc og Th i syklusen? Sammenlign med
effektiviteten for en Carnot-maskin med samme Tc og Th for spesialtilfellet x = 2
(oppgitt: ln 2 ≈ 0.693).

Oppgave 2:

Fordelingsfunksjonen (midlere partikkeltall pr. enpartikkel-kvantetilstand) for et system av
fermioner, ogs̊a kalt Fermi-Dirac-fordelingen, kan uttrykkes:

n̄FD(ǫ) =
1

e(ǫ−µ)/kT + 1
. (3)

a) Skisser Fermi-Dirac-fordelingen som funksjon av enpartikkelenergien ǫ for T = 0 og for
en endelig temperatur T . Skriv ned generelle uttrykk som ved vilk̊arlig T kan brukes til
å bestemme det kjemiske potensialet µ for Fermigassen n̊ar antall fermioner er bevart
og lik N , i tilfellene der vi kjenner spektret av diskrete enpartikkeltilstander ǫj , eller
alternativt tilstandstettheten g(ǫ). Hva menes med Fermi-energien ǫF ?

Vi har en ultrarelativistisk Fermigass i et volum V . Det kan vises (ikke del av oppgaven) at
tilstandstettheten g(ǫ) kan uttrykkes:

g(ǫ) =
8πV

(hc)3
ǫ2 . (4)

b) Vis at Fermi-energien for den ultrarelativistiske Fermigassen er gitt ved:

ǫF = hc
(

3N

8πV

)1/3

, (5)

og at totalenergien U for gassen ved T = 0 kan uttrykkes:

U =
3

4
NǫF . (6)

Under ekstreme astrofysiske betingelser kan materien eksistere som protoner og elektroner
(normal materie) eller nøytroner (nøytronstjernematerie). Reaksjonsligningen for produk-
sjon og henfall av nøytroner er:

p+ + e− ↔ n . (7)

N̊a betrakter vi protonet som et lite system som kan være “uokkupert” (protonet, i nærvær
av frie elektroner) eller “okkupert” av ett elektron (slik at det dannes et nøytron). Energi-
differansen mellom “okkupert” og “uokkupert” tilstand er lik differansen i hvileenergi mellom
nøytronet og det frie partikkelparet (proton + elektron), ∆E = (mn −mp −me)c

2 = ∆mc2.
For enkelhets skyld setter vi E = Eproton = 0 for den “uokkuperte” tilstanden, E = Enøytron =
∆E for den “okkuperte” tilstanden. Elektronene betraktes som en ultrarelativistisk Fermi-
gass med temperatur T = 0 og med konstant kjemisk potensiale µe lik Fermi-energien ǫF .
Vi neglisjerer elektronenes hvilemasse overalt unntatt i energidifferansen ∆E.

c) Skriv ned Gibbs-summen (den storkanoniske partisjonsfunksjonen) ZG for dette sys-
temet, og benytt de assosierte sannsynlighetene (for at protonet skal være “okkupert”
eller “uokkupert”) til å finne et uttrykk for forholdet Nn

Np
mellom antall nøytroner og

protoner. Vis at dette forholdet blir 1 (like mange nøytroner og protoner) ved en kritisk
elektrontetthet N

V
gitt ved:

(

N

V

)

kritisk
=

8π

3

(

∆mc

h

)3

. (8)
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d) Vi ser n̊a p̊a en ultrarelativistisk Fermigass ved endelig temperatur T . Det kan vises
(utledningen er ikke en del av denne oppgaven) at energien U kan uttrykkes:

U =
3

4
NǫF +

π2

2
N

(kT )2

ǫF
. (9)

Finn et uttrykk for varmekapasiteten CV . Forklar med utgangspunkt i den termody-
namiske identiteten for U hvordan entropien S kan bestemmes for fast V og N n̊ar CV

er kjent. Finn entropien S og vis at Helmholtz fri energi F kan uttrykkes:

F =
3

4
NǫF −

π2

2
N

(kT )2

ǫF
. (10)

e) Skriv ned den termodynamiske identiteten for F . Bestem det kjemiske potensialet µ,
uttrykt ved ǫF og T (hint: start med å uttrykke F eksplisitt som funksjon av alle
relevante variable). Verifiser resultatet i grensen T = 0.

f) Bruk den termodynamiske identiteten for F til å utlede følgende relasjon:

(

∂µ

∂T

)

V,N

= −

(

∂S

∂N

)

T,V

. (11)

Hva kalles denne typen relasjoner? Verifiser relasjonen for den ultrarelativistiske Fer-
migassen.

Det var alt. Lykke til!
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