
Lecture 9

Canonical ensemble
Average values, equipartition, speed 

distribution, free energy



Recap+ plan
Models    Counting states
     @constant (𝑁𝑉𝑈)

• Two-state:   Ω 𝑁, 𝑛 = !!
!#$ !$!

• Einstein crystal  Ω 𝑁, 𝑞 = (!#&'()!
!#& !(!

• Ideal gas   Ω 𝑈, 𝑉 = 𝑓(𝑁)𝑉!𝑈*!/,
• MD    measure & average
Interacting systems  --------------------------> Equilibrium
     irreversible  
     Ω ⟶ maxΩ  
𝑆 = 𝑘 lnΩ

     ∆𝑆-.- ≥ 0   𝑇& = 𝑇,
          𝑃& = 𝑃,
Implications:        𝜇& = 𝜇,
• Thermodynamic identity 𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉
• 1st law     𝑑𝑈 = 𝑄 + 𝑊
• Ideal gas: 𝑃𝑉 = 𝑁𝑘𝑇, equipartition, heat capacity, 

entropy of mixing, heat, work, state variables, path 
independence

Experiments: measure and model
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Counting states
@constant (𝑁𝑉𝑇)

Partition function
 𝑍 = ∑/ 𝑒#01!

Maxwell-
Boltzmann
speed distribution

𝐹 = −𝑘𝑇 ln 𝑍
∆𝐹 ≤ 0

𝐹 ≡ 𝑈 − 𝑇𝑆
𝑑𝐹 = −𝑃𝑑𝑉 − 𝑆𝑑𝑇 

Counting states
@constant (𝜇𝑉𝑇)

Gibbs sum
 𝑍2 =

∑/ 𝑒#0(1!#3!!)

𝑈 − 𝑇𝑆 =−𝑘𝑇 ln 𝑍2
∆𝐺 ≤ 0

𝐺 ≡ 𝐹 + 𝑃𝑉
𝑑𝐺 = 𝑉𝑑𝑃 − 𝑆𝑑𝑇



Probability of jumping people
To states: 1) On the floor, 2) on red box

MB velocity 
distr.

Mean kinetic energy
m<v2>/2 = kT

Mean potential energy
mg<h> = m<v2>/2

Dh

Relative probability                   
P(2)/P(1) = exp(-E2/kT)/exp(-E1/kT)

= exp(-(E2-E1)/kT)
= exp(-DE/kT)
= exp(-mgDh/kT)

v

P(v)



Microcanonical & canonical ensemble

Microcanonical, (NVU) kept constant

Number of microstates in a macrostate: Multiplicity  Ω
Probability of a macrostate: P = Ω/∑Ω
Entropy: S = k lnΩ

Us, Ns, Vs

Q

UR, NR, VR

Canonical, (NVT) kept constant
Exchanges Q with (NVU) reservoir to keep T constant
Boltzmann factor:   𝑒#01! , 𝛽 = &

45
Partition function: sum over 
all possible microstates:  𝑍 = ∑/ 𝑒#01!

Probability of a microstate: 𝑃/ =
6"#$!
7

Relative probability:  8%
8&
= 𝑒#0(1%#1&)



Example: Hydrogen in the stars

Probability of excited vs. ground state:  8(9%)
8(9&)

= 𝑒#0(:%#:&)on sun (𝑇 = 5800K)
(:%#:&)
45

= &*.<#*.=
>.<?&@"'?A>@@

= 20.4 ⇒ 8(9%)
8(9&)

= 1.4 R 10#B

Excited atoms absorbs visible photons when 𝑛 = 2 → 𝑖, 𝑖 > 2

5800 K, P(s2)/P(s1)= 10-9

9500 K, P(s2)/P(s1)= 10-6

Absorption lines



Average values, Energy
Probability of a microstate: P(𝑠) = !!"#(%)

"
Partition function 𝑍 = ∑# 𝑒$%&(#)

The average value of a fluctuating quantity is the first moment of its 
distribution:
     )𝑋 = < 𝑋 > = ∑# 𝑋 𝑠 𝑃(𝑠)
For the Boltzmann distribution

     )𝑋 = )
"(*)

∑# 𝑋 𝑠 𝑒$%&(#)

Average energy  U = )𝐸 = )
"(*)

∑# 𝐸 𝑠 𝑒$%&(#)

    +"
+%
= ∑#

+
+%
𝑒$%&(#) = ∑#−𝐸(𝑠)𝑒$%&(#)

=>      U = )𝐸 = − )
"
+"
+%



Thermodynamics:Helmholtz free energy

Natural variables: N, V, T, like the Canonical ensemble!



Average values: Helmholtz free energy

Microcanonical ensemble (NVU): 
  Fundamental variables:  Ω, 𝑆
  Micro to macro:    𝑆 = 𝑘 lnΩ
  Second law:     ∆𝑆 ≥ 0
  Derived definitions:   𝑇#& ≡ CD

CE !,G
, 𝑃 ≡ 𝑇 CD

CG !,E
, µ ≡ −𝑇 CD

C! E,G

Canonical ensemble (NVT):
  Fundamental variables:  𝑍, 𝐹 = 𝑈 − 𝑇𝑆
  Second law:     ∆𝐹 ≤ 0
  Derived definitions:   𝑃 = − +,

+- .,*
, 𝑆 = − +,

+* .,-
, µ = +,

+. *,-

  Micro to macro:    𝐹 = 𝑈 + 𝑇 CH
C5 !,G

         𝐹 = −𝑘𝑇 ln 𝑍
 CI$7

C5
= C0

C5
CI$7
C0

= #&
45%

&
7
C7
C0
= E

45%
 ⇒ +,

+*
= − ln 𝑍 +0*

+*
− 𝑘𝑇 +12"

+*
= ,

*
− 3

*





Paramagnetism
One fluctuating spin

– magnet. moment: 𝜇
– spin: 𝑠 = ± *

+
– energy:    𝜖, = −2𝑠𝜇𝐵

Probability up:    𝑃↑ =
*
.
𝑒/01J = *

.
𝑒023

Probability down:   𝑃↓ =
*
.
𝑒/01J = *

.
𝑒/023

Partition function:   𝑍 = 𝑒/023 + 𝑒023 = 2cosh(β𝜇𝐵)

Average energy:  ̅𝜖 = − *
.

5.
50
= − +23 6789 023

+ :;69 023  = −𝜇𝐵 tanh(𝛽𝜇𝐵)

Average mag. mom.: �̅� = +𝜇 𝑃↑ + −𝜇 𝑃↓ =
2
.
(𝑒023 − 𝑒/023)

          = 𝜇 tanh(𝛽𝜇𝐵)
N spins, magnetization: 𝑀 = 𝑁�̅�, energy: 𝑈 = −𝑁𝜇𝐵 tanh(𝛽𝜇𝐵)



Equipartition theorem
Systems with quadratic degrees of freedom
      𝐸 𝑞 = 𝑐𝑞4

Partition function  𝑍 = ∑5 𝑒$%65
' = )

∆5
∑5 ∆𝑞𝑒$%65

'

 ∆𝑞 ≪ 𝑘𝑇,        = )
∆5 ∫$8

8 𝑑𝑞𝑒$%65' = )
∆5

9
%6
= 𝐶𝛽$

(
' 

Mean energy    G𝐸 = 𝑈 = − *
.
5.
50
= − 0

K
L

<
− *
+
𝐶𝛽$

)
' = )

4
𝑘𝑇

Kinetic energy  𝐸0 =
)
4
𝑚𝑣4 = )

4
𝑚 𝑣:4 + 𝑣;4 + 𝑣<4 = =

4
𝑘𝑇

RMS speed    𝑣>?# = 𝑣4 = =0*
?



Partition function of many particles
Getting the counting right

1 particle, N states 𝑍) = ∑#. 𝑒$%@%
Identical particles
Noninteracting / independent particles
 no extra states are created due to having more particles

Distinguishable particles
2 particles, N states: total energy ∑A4 𝜖A,# = 𝜖),# + 𝜖4,#
    𝑍4 = ∑# 𝑒$%(@(,%B@',%)

    = ∑# 𝑒$%@(,%𝑒$%@',% , 𝑠 = (𝑠), 𝑠4)
    = ∑#(∑#' 𝑒

$%@(,%( 𝑒$%@',%'
    = 𝑍)𝑍) = 𝑍)4

   𝑍.  = 𝑍).

Indistinguishable particles

    𝑍4 = )
4
𝑍)4

    𝑍.  = )
.!
𝑍).



Maxwell-Boltzmann 
speed distribution

hist(vx(:),50)

• Average velocity 𝑣M = 0
• Velocity is a vector, speed is a scalar
• Velocity is in 3D
• Probability of speed 𝑣, 𝑃 𝑣 = 0
• Probability distribution: 𝑃 𝑣: 𝑣 + 𝑑𝑣 = 𝐷 𝑣 𝑑𝑣

hist(sqrt(vx(:).^2),50)

hist(sqrt(vx(:).^2+vy(:).^2+vz(:).^2),50)



$ lmp_serial < heatcapLJ.in

vsq=vx.^2+vy.^2+vz.^2;
speed=sqrt(vsq);
h = histogram(speed(:),50);
hv=h.Values;
s=sum(hv);
hbe=h.BinEdges;
dv=h.BinWidth;
hbc=hbe+dv/2;
v=hbc(1:end-1); 𝑣
Dofv=hv/s/dv; 𝐷(𝑣)
norm=sum(Dofv)*dv; ∑𝐷 𝑣 𝑑𝑣 = 1
meanv=sum(v.*Dofv*dv) �̅� = ∑𝑣𝐷 𝑣 𝑑𝑣 = 1.5966

vrms=sqrt(mean(vsq(:))) 𝑣NO9 = < 𝑣M, + 𝑣P, + 𝑣Q, >

= 1.7287
plot(v,Dofv,'.',v,2*v.^2.*exp(-v.^2./2)./sqrt(2*pi),'-’)

𝑘𝑇 = 1,𝑚 = 1 ⇒ D 𝑣 = ,
,R
𝑣,𝑒#

(%

%

area=1

Distribution function: 𝐷 𝑣 = 𝑣#&

𝑃 = `𝐷 𝑣 𝑑𝑣 = 1



Maxwell-Boltzmann speed distribution

Probability distribution:    𝑃 𝑣: 𝑣 + 𝑑𝑣 = 𝐷 𝑣 𝑑𝑣

Boltzmann probability:    𝐷 𝑣 𝑑𝑣 ∝ 𝑒/
ST U
TV 𝑑𝑛 = 𝑒/

WUL

LTV𝑑𝑛

Number of vectors of speed 𝑣:  𝑑𝑛 ∝ 4𝜋𝑣+𝑑𝑣

Normalization      ∫=
>𝐷 𝑣 𝑑𝑣 = 1

       C ∫=
> 𝑒/

WUL

LTV4𝜋𝑣+𝑑𝑣 = 1 ⟹ 𝐶 = ?
+@AB

⁄X L

M-B speed distribution  𝐷 𝑣 = ?
+@AB

⁄X L
4𝜋𝑣+𝑒/

WUL

LTV



Maxwell-Boltzmann speed distribution

Average speed:    �̅� = ∫=
> 𝑣𝐷 𝑣 𝑑𝑣 = DAB

@?
(= 1.5958)

       meanv=sum(v.*Dofv*dv)= 1.5966

RMS speed:     𝑣E?, = ∫=
> 𝑣+𝐷 𝑣 𝑑𝑣 = FAB

?
(= 1.7321)

       vrms=sqrt(mean(vsq(:)))=1.7287

Most probable speed 5G(I)
5I

= 0 ⟹ 𝑣?K =
+AB
?

(= 1.4142)



Ensembles, counting and probabilities
Microcanonical, (𝑁, 𝑉, 𝑈) kept constant
Number of microstates, 𝑠, in a macrostate: Multiplicity  Ω
Probability of macrostate: 𝑃 = bY ∑Y
Probability of a microstate for a given macrostate: P(s) = 1/Ω
Entropy: S = k lnΩ

Es, Ns, Vs

Q

ER, NR, VR

Canonical, (𝑁, 𝑉, 𝑇) kept constant
Exchanges Q with (𝑁, 𝑉, 𝑈) reservoir to keep 𝑇 constant
Boltzmann factor: 𝑒#01!
Partition function: sum over all possible microstates: 𝑍 = ∑/ 𝑒#01!
Probability of a microstate: 𝑃/ = b6"#$!

7
Free energy: Helmholtz, 𝐹 = −𝑘𝑇 ln 𝑍

Grand canonical, (𝜇, 𝑉, 𝑈) kept constant
Exchanges Q & particles with (𝑁, 𝑉, 𝑈) reservoir to keep 𝑇 & µ constant
Gibbs factor: 𝑒!"($!!%&!)
Gibbs sum: sum over all possible microstates: 𝑍( = ∑) 𝑒!"($!!%&!)

Probability of a microstate: 𝑃) = S*"#(%!"&'!)
+)

Free energy: Grand potential, Φ = −𝑘𝑇 ln𝑍( = 𝑈 − 𝑇𝑆 − 𝜇𝑁
Es, Ns, Vs

Q

ER, NR, VR

particles


