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Today
● Conservation of energy

― From the time invariance of the Lagrangian
― Introducing, for the very first time: the Hamiltonian!

(or maybe not)
● More general Lagrangians

― Adding a total time derivative (useful trick)
― Allowing for velocity dependence in potential
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Recap
● With the Lagrange function

we can find the equations of motion for the 
system from Lagrange’s equation

d
dt (

∂L
∂ q̇i )−

∂ L
∂qi

= 0 , i= 1,. .. , d

L(q , q̇ , t ) = K (q , q̇ , t) − V (q , t)
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Recap
● Cyclic coordinates are coordinates qi that do not 

appear in the Lagrangian
● The corresponding conjugate momentum pi is 

conserved

● If Q is the parameter of a transformation leaving 
the Lagrangian invariant the conserved quantity 
K is

pi ≡
∂ L
∂ q̇i

K =∑
i

∂ L
∂ q̇i
Qi
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Summary
● The Hamiltonian H for a Lagrangian with no 

explicit time dependence is a constant of 
motion

● When constraints are time-independent the 
Hamiltonian is given by H = K+V.

● Total time derivative terms in the Lagrangian 
can be ignored.

● For velocity dependent potentials (forces)

H =∑
i

∂ L
∂ q̇i

q̇i − L

Fj =
d
dt (

∂U
∂ q̇i )−

∂U
∂qi


