
Exam FYS3120, spring semester 2016
Solutions

PROBLEM 1
a) Coordinates of the tube

xt = s cosα ⇒ ẋt = ṡ cosα

yt = −s sinα ⇒ ẏt = −ṡ sinα (1)

coordinates of the ball

xb = xt + b sin θ ⇒ ẋt = ṡ cosα+ bθ̇ cos θ

yb = yt − b cos θ ⇒ ẏt = −ṡ sinα+ bθ̇ sin θ (2)

Kinetic energy

T =
1

2
m(ẋ2t + ẏ2t ) +

1

2
m(ẋ2b + ẏ2b )

=
1

2
ṡ2 +

1

2
m(ṡ2 + b2θ̇2 + 2bṡθ̇(cosα cos θ − sinα sin θ))

= ṡ2 +
1

2
mb2θ̇2 +mbṡθ̇ cos(θ + α) (3)

Potential energy

V = mg(yt + yb) = −2mgs sinα−mgb cos θ (4)

Lagrangian

L = T − V = mṡ2 +
1

2
mb2θ̇2 +mbṡθ̇ cos(θ + α) + 2mgs sinα+mgb cos θ (5)

b) Lagrange’s equations,

∂L

∂ṡ
= 2mṡ+mbθ̇ cos(θ + α) ,

∂L

∂s
= 2mg sinα

⇒ s̈+
1

2
bθ̈ cos(θ + α)− 1

2
bθ̇2 sin(θ + α)− g sinα = 0 (6)

∂L

∂θ̇
= mb2θ̇ + 2mbṡ cos(θ + α) ,

∂L

∂θ
= −mbṡθ̇ sin(θ + α)−mgb sin θ

⇒ bθ̈ + s̈ cos(θ + α)− ṡθ̇ sin(θ + α) + ṡθ̇ sin(θ + α) + g sin θ = 0

⇒ bθ̈ + s̈ cos(θ + α) + g sin θ = 0 (7)

c) Eliminate s by subtracting equations, (7) - (6) cos(θ + α):

bθ̈(1− 1

2
cos2(θ + α)) +

1

2
bθ̇2 sin(θ + α) cos(θ + α) + g(sin θ + cos(θ + α) sinα) = 0

⇒ bθ̈(1− 1

2
cos2(θ + α)) +

1

2
bθ̇2 sin(θ + α) cos(θ + α) + g sin(θ + α) cosα = 0 (8)
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Assume constant value θ = θ0 ⇒ θ̈ = θ̇ = 0. Inserted in Eq.(8), the terms involving time
derivatives vanish, and the last term also vanishes provided

sin(θ + α) = 0 ⇒ θ = −α (9)

d) Small deviations from θ = −α,

θ = −α+ η, θ̇ = η̇, θ̈ = η̈ (10)

Eq.(8) expanded to first order in η and its time derivatives,

1

2
bη̈ + g cosα η = 0 (11)

This is a harmonic oscillator equation with solution

η(t) = η0 cos(ωt+ φ) (12)

and angular frequency ω =
√

2g
b cosα.

PROBLEM 2
a) The velocity v of the electron in the lab frame S,

γ =
1√

1− v2

c2

⇒ v =

√
1− 1

γ2
c = 0.99995c (13)

Angular frequency,

ω =
v

R
≈ c

R
= 3.0 · 107s−1 (14)

Acceleration

a =
v2

R
= ω2R = 9.0 · 1015m/s2 (15)

Particle coordinates

x0 = ct , x1 = x = R sinωt , x2 = y = −R cosωt (16)

Proper time (time dilatation formula): τ = t/γ ⇒

x0(τ) = γcτ , x1(τ) = x = R sin(γωτ) , x2 = y = −R cos(γωτ) (17)

b) Four-velocity,

Uµ =
dxµ

dτ
⇒ U0 = γc , U1 = Rγω cos(γωτ) , U2 = Rγω sin(γωτ) (18)

Four-acceleration,

Aµ =
dUµ

dτ
⇒ A0 = 0, A1 = −Rγ2ω2 sin(γωτ) , A2 = Rγ2ω2 cos(γωτ) (19)
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Proper acceleration = acceleration in the instantaneous inertial rest frame:

(Aµ) = (0,a0) ⇒ a20 = −AµAµ = R2γ4ω4

⇒ a0 = γ2Rω2 = 104a = 9.0 · 1019m/s2 (20)

c) The instantaneous inertial rest frame is an inertial frame where the particle has velocity v = 0
at a given instant. S′ is the instantaneous inertial rest frame of the particle at the instant where the
particle is at point A. The coordinates (0, 0, 0) in S′ corresponds to the coordinates (0, 0,−R) in S.

Lorentz transformation from S to S′,

t′ = γ(t− v

c2
x)

x′ = γ(x− vt)

y′ = y +R (21)

If t′ = 0:

t =
v

c2
x ⇒ x′ = γ(1− v2

c2
)x =

1

γ
x (22)

The transformation of the circle in S, for t′ = 0

x2 + y2 = R2

⇒ γ2x′
2

+ (y′ −R)2 = R2

⇒ (x′ − x′0)2

a2
+

(y′ − y′0)2

b2
= 0 (23)

with x′0 = 0, y′0 = R, a = R/γ, b = R.
Eq.(23) shows that the ring takes the form of an ellipse in S′, with short axis a = R/γ and long

axis b = R. This is consistent with length contraction in the x-direction.

PROBLEM 3
a) Endpoint charges: ±Q(t), Q(0) = 0. Charge conservation,

dQ

dt
= I = I0 sinωt

⇒ Q(t) =

∫ t

0
I0 sinωt dt =

[
−I0
ω

cosωt

]t
0

=
I0
ω

(1− cosωt) (24)

Electric dipole moment

p(t) = 2Q(t)ak =
2aI0
ω

(1− cosωt)k

⇒ p̈ = 2I0ωa cosωtk (25)

b) Electic dipole radiation, magnetic field

B(r, t) =
µ0

4πrc
p̈ret × n

=
µ0I0ωa

2πrc
cosωtr k× er

=
µ0I0ωa

2πrc
sin θ cosωtr eφ tr = t− r

c
(26)
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Electric field

E(r, t) = cB(r, t)× er

=
µ0I0ωa

2πr
sin θ cosωtr eθ (27)

The radiation is linearly polarized. E oscillates with time in the fixed direction defined by eθ. Simi-
larly B oscillates in the orthogonal direction, given by eφ.

c) Write the fields as B = Beφ and E = cBeθ, Poynting’s vector

S =
1

µ0
E×B =

c

µ0
B2eθ × eφ =

c

µ0
B2er =

µ0ω
2a2

4π2r2c
I20 sin2 θ cosωtr er (28)

Radiated power per unit solid angle

dP

dΩ
= r2S =

c

µ0
r2B2 =

µ0ω
2a2

4π2c
I20 sin2 θ cosωtr (29)

Averaged over time

dP

dΩ
=
µ0ω

2a2

8π2c
I20 sin2 θ (30)

Integrated over angles ∫
dΩ sin2 θ = 2π

∫ π

0
sin3 θdθ =

8

3
π

⇒ P̄ =
µ0ω

2a2

3πc
I20 ≡

1

2
RI20

⇒ R =
2µ0ω

2a2

3πc
(31)

With R0 as regular resistance and R as radiation resistance, the total power consumed by the antenna
is

P̄ =
1

2
(R+R0)I

2
0 (32)

d) Specified values, 2a = 5 cm, frequency f = 150 MHz and current I0 = 30 A. The radiation
resistance and the time averaged radiation power in this case are

R =
8πµ0f

2a2

3c
= 0.49 Ω (33)

P̄ =
1

2
RI20 = 222W (34)

4


