Home exam FYS3140 V2011. Short solution

Problem 1
Differential equation: x(x-1)y"+(3x-1)y'+y=0.
a) Series solution: y=>a,x"", a,#0.
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y(x)= aOZx” = lao , convergent for |x|<1, but the solution y,(x) T isok forall x=1.
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b) »,(x)=C(x)y,(x). Inserted in the differential equation: C(x)=Inx=In|x|+constant

\ 1
n\ | . General solution: y(x)=c,y,(x)+¢,y,(x) = lcl +c, il |x|
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Regions of vaI|d|ty: x<0, 0<x<1 and x>1. Separate boundary conditions are required for these
three regions to obtain unique solutions, i.e. to determine a set of c; and c, that applies for the
relevant region.

Problem 2

Differential equation: y"(#)—a’y(t) = f(¢). Initial conditions: y(0)=y'(0)=0, t>0.

Note that the diff. equation and hence the solution is independent of the sign of a. Thus, in the
following a actually means |a|.

y(0) =[Gt f @) y(zzjdi [G(e,1)] f(t)dt' = jG(m)f(t)dz

»(0)=»'0)=0 ok if G(0,t")=G'(0,t")=0.
G(t,t")=G,(t,t") = A(tNe" + B(the ™, t<t',
G(t,t"\=G,(t,t")=C(tNe" + D(t"Ye ™, t>t".

The initial conditions yield A(¢')=B(t') =0, and G,(¢,¢") = 0.
Continuity at t=t’: C(t"e” + D(t")e ™ =0.

Derivative at t=t": aC(t"e” —aD(t"e ™ =1.

G,(t,t) = i(e*“f'e“f —e"e ) _Linh a(t—t).
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V() = jG,, () F ()t =~ [sinha(e—1) f(e)dr'
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b) f(t)=kS(t—1,), t,>0. p()=0 fort<to, y(£)=sinha(t—1,) for t>to.
a

c) y(t)=0 fort<ty, y(t)=£J'sinha(t—t')dt'=—ﬁz[cosha(t—tz)—cosha(t—tl)], t>t,
a a

(t)_—jsmha(t t)dt—Kcosha(t 1) —— K for & <1<t,.

Problem 3
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a) Fourier transform of e
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Fourier transform of the diff. equation:
2a
a) +a
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The complex integral is worked out by use of Jordans lemma. First t>0 (upper half circle):

Y(w)=-

© eiwt . . . T 1 o 1 )
'[;(0)2 NP +k2)da)=27zz[ReS(za)+Res(zk)]: P {;e e kti|'
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t)= —e " ——e“ t>0.
o kK> —a’ | k a
Then for t<0, lower half circle, negative direction of integration. Residues at —ia and —ik .
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t)= —_—— t<0.
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Now, we notice that the solution should be independent of the sign of k. k£ >0 has been
assumed so far. The complete solution for all t and k is then:
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As expected we see that y(#) > 0 for t —> too, in agreement with the requirement for a valid

Fourier transform of the diff.equation. The solution is seen to be continuous at t=0.




c) Inthecase k> =a” there are double poles at ia and —ia . The residues at the poles are:
—at at

Res(ia) = ——i(at +1) for >0, Res(—ia)=———i(at—1) fort<0.
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y(t)= —ﬁ[a |1] +1]e .

Problem 4

1 7 , sinh 1+in
a) ¢ =— | e'e™dx= (=D)" )
) < 272_'[ T ) 1+n’

b) x=0: S=f:(—1)"1 ! . =%[ 7z —1}.

+n sinh 7

0 &= 2smh7z{ Z( 1y cosnx_z( 1)

x=0 gives the same sum as in b).
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