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Neutrino-Mixing
❖ There is experimental evidence that the three neutrinos 𝜈e, 𝜈𝜇, 

and 𝜈𝜏 (flavor eigenstates) transition (slooooowly) into each 
other.

❖ This is interpreted as the flavor eigenstates not being 
synonymous with mass-eigenstates, but rather mixtures of 
mass eigenstates that propagate differently due to mass 
differences.

❖ The neutrinos propagate as mass eigenstates, however, they 
are produced and detected as flavor eigenstates of the weak 
interactions (via W± and Z0 bosons).
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Neutrino mixing
❖ If the neutrinos mix, why wasn’t this discovered in e.g. 

lepton flavor-changing decays of the 𝜏 lepton?

B(τ− → μ−γ) = O(B(τ− → μ−ν̄μντ) ⋅ αEM ⋅ P(ντ → νμ))
= O(17 % ⋅ ∼ 1 % ⋅ ≪ 1)

B = 1.4 ± 0.5 %
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3-generation mixing
νe
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ντ

= [Unitary3x3]
ν1
ν2
ν2

mν1
≠ mν2

≠ mν3
≠ 0and
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3-generation mixing

❖ We can understand many features of 3-generation mixing by 
studying the simpler case with only 2 generations.

❖ Imagine producing a beam of electron neutrinos with a specified 
momentum p and observing them a time later at some distance x.

❖ Since the neutrinos are produced with a mix of mass eigenstates, 
and since the mass eigenstates propagate (slightly) differently 
due  to their mass difference, some of the electron neutrinos will 
transform to muon neutrinos.

νe
νμ
ντ

= [Unitary3x3]
ν1
ν2
ν2

mν1
≠ mν2

≠ mν3
≠ 0and
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❖ Recall the wavefunction for propagation in free space.  

𝜈-Propagation in free space

Ψ( ⃗x , t, ⃗p , E) ∝ ei( ⃗p ⋅ ⃗x −Et)/ℏ
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❖ Recall the wavefunction for propagation in free space.  

❖ We only need to consider the effect of the mixing and 
propagation on the time-dependence since, given the beam 
momentum and the detector position,  
 

❖ To simplify the notation I will use  
to indicate the mixing between the two mass eigenstates. 

𝜈-Propagation in free space

Ψ( ⃗x , t, ⃗p , E) ∝ ei( ⃗p ⋅ ⃗x −Et)/ℏ

⃗p ⋅ ⃗x = constant .

θ = θ12
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The neutrino states

[
|νe >
|νμ > ] = [ cos θ sin θ

−sin θ cos θ] [ |ν1 >
|ν2 > ] [ |ν1 >

|ν2 > ] = [cos θ −sin θ
sin θ cos θ ] [

|νe >
|νμ > ]and

!6



FYS3500 Spring 2019 Alex Read, U. Oslo, Dept. Physics

The neutrino states

❖ If we start with a pure 𝜈e-beam at t=0, some time later the 
beam will be in state  
 
 
 

[
|νe >
|νμ > ] = [ cos θ sin θ

−sin θ cos θ] [ |ν1 >
|ν2 > ] [ |ν1 >

|ν2 > ] = [cos θ −sin θ
sin θ cos θ ] [

|νe >
|νμ > ]and

!6



FYS3500 Spring 2019 Alex Read, U. Oslo, Dept. Physics

The neutrino states

❖ If we start with a pure 𝜈e-beam at t=0, some time later the 
beam will be in state  
 
 
 

[
|νe >
|νμ > ] = [ cos θ sin θ

−sin θ cos θ] [ |ν1 >
|ν2 > ] [ |ν1 >

|ν2 > ] = [cos θ −sin θ
sin θ cos θ ] [

|νe >
|νμ > ]and

|ν(t) > = a(t)cos θ |ν1 > + b(t)sin θ |ν2 >

!6



FYS3500 Spring 2019 Alex Read, U. Oslo, Dept. Physics

The neutrino states

❖ If we start with a pure 𝜈e-beam at t=0, some time later the 
beam will be in state  
 
 
 

[
|νe >
|νμ > ] = [ cos θ sin θ

−sin θ cos θ] [ |ν1 >
|ν2 > ] [ |ν1 >

|ν2 > ] = [cos θ −sin θ
sin θ cos θ ] [

|νe >
|νμ > ]and

|ν(t) > = a(t)cos θ |ν1 > + b(t)sin θ |ν2 >

a(t) = e−E1t

b(t) = e−E2t
where

!6



FYS3500 Spring 2019 Alex Read, U. Oslo, Dept. Physics

The neutrino states

❖ If we start with a pure 𝜈e-beam at t=0, some time later the 
beam will be in state  
 
 
 

❖ For t≠0 the mixture of mass eigenstates will have changed, 
leading to the disappearance of 𝜈e  and the appearance of 𝜈𝜇.

[
|νe >
|νμ > ] = [ cos θ sin θ

−sin θ cos θ] [ |ν1 >
|ν2 > ] [ |ν1 >

|ν2 > ] = [cos θ −sin θ
sin θ cos θ ] [
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Mixing
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❖ If a(t) = b(t) for all t then there is no mixing.
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Mixing

❖ Since we detect either 𝜈e or 𝜈𝜇 substitute them in the 
time-dependent wavefunction:  
 
 
 

❖ If a(t) = b(t) for all t then there is no mixing.

❖ Recall that  

|ν(t) > = a(t)cos θ [cos θ |νe > − sin θ |νμ > ] + b(t)sin θ [sin θ |νe > + cos θ |νμ > ]

| < νe |νe > |2 = | < νμ |νμ > |2 = 1
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|ν(t) > = [a(t)cos2 θ + b(t)sin2 θ] |νe > + [b(t)sin θ cos θ − a(t)sin θ cos θ] |νμ >
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Muon neutrino appearance

| < νμ |ν(t) > |2 =
b(t) − a(t)
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Muon neutrino appearance

| < νμ |ν(t) > |2 =
b(t) − a(t)

2

2

sin2 2θ

b(t) − a(t)
2

= b*b + a*a − (a * b + b * a)

= 2 − ei(E2−E1)t − e−i(E2−E1)t

= 2 − 2 cos(E2 − E1)t
= 4 sin2(E2 − E1)t
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Muon neutrino appearance

| < νμ |ν(t) > |2 =
b(t) − a(t)

2

2

sin2 2θ

b(t) − a(t)
2

= b*b + a*a − (a * b + b * a)

= 2 − ei(E2−E1)t − e−i(E2−E1)t

= 2 − 2 cos(E2 − E1)t
= 4 sin2(E2 − E1)t

| < νμ |ν(t) > |2 = sin2 2θ sin2 (E2 − E1)t
2
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(used ℏ=1)

(used sin 2θ = 2 sin θ cos θ)
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Muon neutrino appearance
❖ Approximation for small neutrino masses  
 
 
 

m1, m2 ≪ p

E2 − E1 = m2
2 + p2 − m2

1 + p2 ≃ p(1 +
m2

2

2p2
− 1 −

m2
1

2p2
)

=
m2

2 − m2
1

2p
≃

m2
2 − m2

1

2E
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Muon neutrino appearance
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❖ For small masses v≅c so at time t position L=ct

❖ Traditional to define (in natural units) 
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P(νe → νμ) = | < νμ |ν(t) > |2 = sin2 θ sin2 ( L
L0 )
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Neutrino mixing
❖ Typical L0’s turn out to be (in physical units) O(102)-

O(105) m

❖ Experiments must be at substantial distances from 
sources

❖ Negligible impact on weak interactions due to distance 
scale O(10-15) m
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Neutrino mixing in practice - I

!11

❖ There are (at least) 3 mass eigenstates

❖ Mixing between 1,2 is large

❖ Mixing to 3 is small

❖ Neutrino masses and differences below the eV 
scale, consistent with calculated impact on 
cosmology

❖ A few results somewhat easier to understand if 
there is a 4th “sterile” neutrino that mixes with the 
others but doesn’t interact with other SM particles
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Neutrino mixing in practice - II

❖ Assumed propagation in vacuum, but significant 
differences when propagating through matter.
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Neutrino mixing in practice - II

❖ Assumed propagation in vacuum, but significant 
differences when propagating through matter.
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