FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2011
Problem set 12

12.1 Electric dipole transition in hydrogen (Exam 2008)

We consider the transition in hydrogen from the excited 2p level to the ground state 1s, where a single
photon is emitted. The initial atomic state (A) we assume to have m = 0 for the z-component of the
orbital angular momentum, so that the quantum numbers of this state are (n,l, m) = (2,1,0), with n
as the principle quantum number and [ as the orbital angular momentum quantum number. Similarly
the ground state (B) has quantum numbers (n, 1, m) = (1,0,0). When expressed in polar coordinates
the wave functions of the two states (with intrinsic spin of the electron not included) are given by
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where a is the Bohr radius.
We remind you about the form of the interaction matrix element in the dipole approximation,

hw

<B, 1ka’ﬁemis|A»O> = m

€ko ' TBA (2)

where e is the electron charge, k is the wave vector of the photon, «a is the polarization quantum
number, w is the photon frequency and €y, is a polarization vector. V is a normalization volume for
the electromagnetic wave functions, ¢ is the permittivity of vacuum and rp 4 is the matrix element of
the electron position operator between the initial and final atomic states.

a) Explain why the x- and y-components of rp4 vanish while the z-component has the form
zZpA = vayg, with v as a numerical factor. Determine the value of v. (A useful integration formula is
Joodrame ™" =nl)

b) To first order in perturbation theory the interaction matrix element (2) determines the direction
of the emitted photon, in the form of a probability distribution p(¢, @), where (¢, ) are the polar
angles of the wave vector k. Determine p(¢, ) from the above expressions.

¢) The life time of the 2p state is 79, = 1.6 - 10~?s while the excited 2s state (with angular mo-
mentum [ = 0) has a much longer life time, 725 = 0.12s. Du you have a (qualitative) explanation for
the large difference?

12.2 Spin flip radiation (Exam 2010)

We examine here the transition between two spin states for an electron in an external magnetic
field directed along the z-axis, B = Be,. (Note: e, e, and e here denote the unit vectors along the
x, y and z axes, while k is the wave vector of the emitted photon.) The Hamiltonian is H= H(] +H,
with Hy, corresponding to the magnetic dipole energy in the external magnetic field, and H, giving
the coupling between the spin and and the radiation field. We have
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with e as the electron charge and m as the electron mass. The frequency wp is regarded as positive.
The matrix element of the interaction Hamiltonian H; corresponding to the emission of a single
photon is in the dipole approximation
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where |A) is the excited spin state (spin up) and |B) is the ground state (spin down). Furthermore
€kq 18 a polarization vector and w = ck is the circular frequency of the emitted photon, V' is the
normalization volume of the electromagnetic field and o 45 is the matrix element of the Pauli matrix
o = o0,€; +0yey, + 0, e, taken between the two spin states. As a reminder, the standard form of
the Pauli matrices are
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a) To first order in the perturbation the angular dependence of the matrix element | (B, 1iq| H1| A, 0)|2
will determine the probability distribution for the direction of the emitted photon, p(¢, #), with (¢, )
as the polar angles of the wave vector k. Determine p(¢, #) from the above expression. We remind
you about the summation rule for the polarization vectors, 3" |ex, - b|? = |b|?> — |b - %|2 with b as an
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arbirary vector. The normalization of the probability distribution is [ d¢ [ df sin 0 p(¢,0) = 1.

b) The absolute square of the matrix element also determines, for a given k, the probability
distribution for the direction of polarization of the photon. Assume that a photon detector regis-
ters the photon emitted in the direction of the z-axis (k = ke;) with polarization along the vector
€(o) = cosae, + sinae,. What is the probability distribution p(«) of detecting the photon, ex-
pressed as a function of the angle a? (Assume also here that the distribution is normalized to 1, which
means that it gives the probabilities for different polarization states, provided the photon is emitted
along the z-aksen.)

¢) To a good approximation the occupation probability of the excited spin state will decay expo-
nentially with time

Py(t) = e7t/ma (6)

where the life time 74 to first order in the interaction is determined by the (constant) transition rate
V N
wpA = W/d?’kz (B, Tia | H1| A, 0)28(w — wi) %)
a

Use this to find an expression for the life time 74.



