FYS 4110 Modern Quantum Mechanics, Fall Semester 2018 1

Problem set 3

3.1 Spin operators and Pauli matrices

a) We set n = (nj,na,n3), then

n ny —in
n-o=mnio1 + ngoz +nszos3 = 3. ! 2 (1)
n1 + 1no —n3

The eigenvalue equation is:

- ny—A mnp—ing\)
det (o —1)=0 = det(nl—i—ing —ng—)\>_0

—(n3—A\) (n3+A) — |ng +ing> = 0
:>—n§+)\2—(n%+n§) = 0

=X\ = ni4nd+nd

=)\ = +nf*==+1

The corresponding eigenstate equation for A = 1 is:
on¥n =¥y

By switching to spherical coordinates, we get n = (n1,n2,n3) = (cos ¢ sin 6, sin ¢sin 6, cos ).
Inserting this into the matrix (1), the equation gets the form:

cosf (cosg —ising)sin®\ (1\ [ cos® e sind\ (1) (U1
(cos ¢ +ising)sinf —cosf o) \e®sinf —cosh o) \a
Which corresponds to these equations:

11 cos B + ¢26_i¢ sinf = n
1 sinf — g cosh = 1y

We need to solve one of them, I'm choosing the second, where I get the relation:

€' sin 6 " "
——Y1 = P2
1+ cost
Then: ' ‘ ‘
€' sin 6 €92 sin g cos g €% sin g
1+cosf  cos2 g + sin? g + cos? g —sian N cosg

This gives us the relation:

, 0 0
' sin 51/)1 = 1)y COS 2
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This is true for ¥, = cos g and 1o = €'? sin %, which defines the eigenvectors for A = 1:

9
W [ 255,
e smi

For \IILJ\I/n = n, we get:

o, = (@Lalwn,qJLUQ\Ifn,quagqfn)
T 2] —ip 3a 0 01 COS%
\Ianl\Ijn = (COS bE e sin 5) 1 0 €i¢ sin [}
2
, idgin &
= (cos, e sinf) <ecoSsH;2>
2

= ¢%gin B cos 3 + e gin 2 cos B

1 . .
= 5 sin 6 <€2cf> + e_“z’)

= cos¢sinf =ny

- 0 —1 cos 2
_ 0 —igp i 0
WlooUn = (cosg, ¢ sing) (l 0) <ei¢si§g>

: i i O
_ S0 midgin ) (¢ Sy
— (cos?, e 81n2)< ;

z'cos§
. 0 6 : 0 0
= 3 <—el¢ sin§cos 3 + e sin§ cos 2>
L —ip _ o
= %sm@(e —e )
2
= —iQSiHQSiH¢:n2
) 1 0 cos &
_ 0 o—it gip 0
\Ililog\lfn = (COS 5, € "bsmg) <0 _1> <ei¢si§ g)
0
0 b e B cos
= (cosf, e ¢s1n§) <—ei¢si2ng>
0 o 0
— (;0527 —eizd)em sin2§
= cosf =n3

Thus:
Uiow, = (@Lalmn, Ul ooy, qfilagqfn> = (n1,m2,13) = n

b)

i i
e~ QaazaxGQaaz
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From problem set 2, we have:

. N R R )\2 R A
AMBe M Z B4 [A, B] +5 [A, [A, BH Foe )
We choose A = —%az, we get our expression on the same form as in (2):
i o i [ i i B[ i i i
e 277F0e27F = 0yt _50270'90 +7 _5027 _5027O’z +E _§O'Z7 _io'zw _§UZ7U$ + -
o (=D ol + 2 (1) Tonlomoal + S (<2 o oms ol +
_ al =2 bl NG - (= .
O 2 02,0z 9 9 02,(02,0x 6 9 02y(02,|02,0z
Then we know that the commutators are such that [0, 0,] = 2i€;, .0, Where €;,, = 1 and any
odd number of permutations returns —1, and any even number of permutations return 1. Thus:
[0,04] = 2ioy, [0,,0,] = —2i0,, and
i - i o [0\’
€T30 g 0300 — o 4 g <—2> 2ioy + - (—2) (2i) o2, 0y
a’ i\®
5 (73) @Dl ®
1 a? i\? 9 o’ i\*
= oy +al|—= |20, — 5 | 73 (20)° 0y — e\ 73 (20)° [0, 04] +
2 ol
= O'm—I—OéO'y—?UI—FO'y‘F (4)

a2 063

The series continues in the familiar pattern of cos « and sin o due to the pattern in (3), which leaves
us: _ ,

e 2%%0,e2%%* = cos o, + sinaoy %)
The unitary matrix U = e 2%", when transforming an operator/matrix, causes the transforma-
tions: _ .

o= UclUT = e 295 2%n

As we saw in (5), if n = (0,0,1) = z, we got a rotation about the z axis. If we now imagine a
different orthonormal coordinate system with unit vectors n = n_, n,, n,, then the transformation
Uon, UT would look like:

i

i .
2000 7673%00 — 6g QO + SIN A0y,

On, — €
and rotates the spin basis around the axis n.

c)

; k
e—%aan — i(_%aan)
k!

k=0
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Then we need to know what the different powers of oy, are:

o2 — cos e ®sinf\’ _ cos? 0 + ee'® sin? 0 cos e sin § — cos le~™? sin 6
n e?sinf  —cosf ~ \e®sinfcosf — cosfei® sin 6 €' sin fe @ sin @ + cos? @
_ cos? 6 + sin® 0 0 1
o 0 cos? +sin%60)

Thus, we see that oy, follows the standard Pauli matrix identites: ¢2* = 1 and o2+ = o, for
k =0,1,... This let’s us rewrite our series as:

Using that (—i)** = (=1)*, (=)
Pauli matrices, we get:

oo
Cige
CQUZ]IE

(%)% (—1)k 00 (%)2k+1 (_1)k+1

(2h)! ”"“kzo 2k + 1)

_ a i &
=COs B) =sin 2

_i (e} ..«
e300 _ cos—]l—}—lSlnEUn



