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EXAM in FYS 4110/9110 Modern Quantum Mechanics 2015
Solutions

PROBLEM 1
a) Hamiltonian

~ 1
H:§hw(02®]1— I1®o,)+h o, ®o_+0_R0y)

Action on the basis states
H++) = H--)=0
Hl+-) = hwl+=)+h\—+)
H|—+) —hw| — +) + R + )

Matrix form of H

H:h(w /\>:ha<cosﬁ sin 6 )

A —w sinf@ —cosf

b) Eigenvalue equation
(cos@ sin 0 )(&)_ <a>
sinf —cosf)\B) " \3

2 —cos?’f—sin’=0 = e=+l=e€,

Secular equation

Energy eigenvalues

EL = +ha = £hvw? + A2

Eigenvectors
cosfaq +sinffpy = “+ay
0
=  ay/fr =(1+cosf)/sinf = cot 2
0
a_/p- =(—1+cosh)/sinf = —tan§

0 i
= |y) = COS§| +-) +Sln§| —+)
0 0
) =sin 5| + =) = cos 5| = +)
The states | + +) and | — —) are energy eigenstates with eigenvalues £ = 0.

1

ey

2)

3)

“)

(&)

(6)

(7

®)



¢) Product states
p=1+H++l =]~
have no entanglement. Reduced density operators
pl=pf =19+, o = 0f = 1)

Non-product states

pi = W) bsl = cos? 2|+ )4 — |+ sin® O] — )+ — |

7

20 . 50
+ cos 5 sin §(|+—)<—+|+|—+><+—|)

Reduced density operators
. . 0 .50
pr=p2 = cos’ Sl4) (] +sin’ =) (|
~A _ AB -2€ 29__
pr=pi = sin” o H) (] + cos” o =) (]|

Entanglement entropies

0 0 0 0
S4(0) = cos? 3 log(cos? 5) + sin? 3 log (sin? 5)

€))

(10)

(1)

(12)

(13)

Minimum entanglement for § = 0 (A\/w = 0), with S;(0) = 0, maximum entanglement
for 6 = £7/2 (w/A = 0), with S.(0) = log2. This is identical to the maximum possible

entanglement entropy in the two-spin system.

PROBLEM 2
a) Hamiltonian

~

1 . ,
H = hwo(a'a + 5) +hX(ate ™t 4+ ae™t)

In the Heisenberg picture

R 2 Ay —iwt
ag = - [H,a}H = —lwpay — tAe "1
gives
g = L[] + 22 = iy — Ao+ w)e 1
Rl ot 0 0

which gives C' = —A\(wp + w).
b) Assume

(14)

15)

(16)

7)



Differentiation gives

ap = _wgdefzwot . D(w2671wt o wgefzwot)

= —widg — (W? — wi)De ™" (18)

which is of the form (16) with

D= (19)
¢) Time evolution
[$(0)) = 10), al0)=0
[B(@) = Ut)|¥(0)) (20)
gives
alp(t)) = Z;f(t)f;lT(t)db?(t)|¢(0)>

= U(t) an(®) [4(0))
= U(H) (a7 + D(e™! — 0t) [1(0))
T an

This shows that [¢)(¢)) is a coherent state with time dependent complex parameter z(t), and
with real part (), given by
A

. , A
2(t) = . (e7™h — 7oty | g(t) = W (cos wt — cos wyt) (22)

The time evolution of the coordinate z(t) is the same as for the classical driven harmonic
oscillator,

i+ wir = —Mwg + w) coswt (23)
PROBLEM 3
a) Hamiltonian
2 1 A.i. ~ 1 A.i. ~
H= §hwaz + hwa'a + ih)\(a o_+ao,) (24)
Action on the states |—, 1) and |+, 0),

A= 1) = Sh(wl=,1) +Al+,0)
A+0) = Sh(wl,0)+ - 1) 25)

Matrix form

~ 1 1
H = §hwﬂ + 571)\% (26)

3



Eigenvalues for o, are +1, gives energy eigenvalues

1
E: = Sh(w+)) 27)
Energy eigenstates
1 N
ey = (=D £ [+,00) . Hlths) = Exlys) (28)
Time dependent state
(1)) = cpe™ 7 ) + c_e FE ) (29)
Initial condition [¢)(0)) = |—, 1) implies ¢, = ¢ = —,
it )\ . )\
|(t)) = e 2 (cos(§t)\—, 1) — z(sm(§t)]+, 0)) (30)

which gives e = —w/2 and Q = \/2.
b) The Lindblad equation gives for the occupation probability of the ground state
dp 1 ~ . an .
0= = (=00 [H 0] [=,0) + (=, 0lapal|—, 0) = 7{~, 1]p| - 1) 31
When a photon is present in the cavity, (—, 1|p|—, 1) # 0, this gives p, > 0, which implies
that the occupation probability of the ground state increases until there is no photon in the
cavity, (—, 1|p|—, 1) = 0.
¢) Evaluation of the matrix elements of the Lindblad equation in the subspace spanned by
|—, 1) and |+, 0) gives

. 1 . .
P = —§>\(<+, 0lp|—, 1) — (=, 1[p|+,0)) — vp1
. 1 . .
Po = —§>\(<—, 1p|+,0) — (+,0[p|—, 1))
. 7 . R 1
b = —5)\(<+, 0lp|+,0) — (=, 1]p[—, 1)) — 575 (32)

which simplifies to

pro= =y = Ab
].?0 - )\b
. 1 1
b = —57[7 + 5)\(]91 — Po) (33)
Expected time evolution: Exponentially damped oscillations between the states |—, 1) and

|+, 0), with the system ending in the photon less ground state |—, 0).



Exam FYS4110, fall semester 2016

Solutions

PROBLEM 1 )

a) Matrix elements of H in the two-dimensional subspace
[0, +1) = %h(wo +w01)|0, 1) + AR[T, —1)
H[1,-1) = %h(i’)wo —w1)]0,+1) + AR|0, +1)

In matrix form

Hzlh(w0+w1 2\ ):1hA<COSQ sin 0 >—|—eh]1

2 2 3wy — wy 2 sinf —cosf
which gives
Acosf =w; —wy, Asinf =2\, e€=uwy

and from this

A= /(@ —wo)? +4x2

and

w1 — wo 2

cosf = sinf =

\/(wl — w0)2 +4)?2 ’ \/(wl — UJQ)Z + 4\?

b) Eigenvalue problem for the matrix

(S5m0 “eoss) (5) = 2(5)

cosf — 9§ sin 6 0
sin 0 —cosf — ¢
= 6% —cos’f—sin? = 0 = H=+1

Energy eigenvalues

1 1
Ei = h(E + §A) =h (WO + 5\/(&)1 — w0)2 + 4A2>

Eigenvectors

1
(cosOF1l)a+sindf=0 = ézilose
a

ot +sin 60
(ﬁi)<_ph<1$ﬂm89>

N2 =sin? 6 + (1 F cos0)? = 2(1 F cosb)

sin 6

This gives

with normalization factor

)]

2

3)

“

®)

(6)

(7

®)

€)

(10)



Finally

(ai>_ 1 ( +sinf )_1<:|:\/1:|:cos9) (11
B+)  2(1Fcosh) \1Fcosl) /2 \ V1Fcosh
and in bra-ket form
e) = \2 (£vTEcos00,+1) + VI F cosO |1, 1)) (12)
c¢) Density operator
1 1
pr = S(Eeos)(0)0@ |+ 1(+1]) + 11 F cosB)(1)(1]©| - (1)
2 sin (10} (1] @ |+ 1)(~1] + [1)(0] @ | ~ 1)(+1]) (13)

Reduced density operators
o R . 1 1
position :  pi = Trsps = 5(1 + cos0)|0)(0] + 5(1 Fcosh)|1)(1]
1 1
spin : ﬁft:Trp,éi:5(110050”+1><+1|+§(1:F0059)]—1><—1| (14)

Entanglement entropy

1 1 1 1
St =81 = —[5(1 —cosf) log(i(l —cosf)) + 5(1 + cosf) log(i(l + cos )]
0 0 0 0
27 2V .2V 2V
= —[cos 5 log(cos 2) + sin 5 log(sin 2)] =S (15)
Maximum entanglement
LN LA L _
9—2. cos2—sm2—2 = S=log2 (16)
Minimum entanglement
0 0
0=0: (30525:1,sin2§:0 = S=0
0 0
6=m: cos2§:0,sin2§=1 = S=0 (17)

PROBLEM 2

a) Change of variables

de = plata+ 02T+ pv(alb + bla)
dtd = v?ata+ p®b'b — uw(atb + bta)
=  weele+wydd = (p2we + I/de)de + (VPwe + ,u2wd)i)Tl;
+pv(we — wa)(ald + bla) (18)



To get the correct form for the Hamiltonian, define w,, wg, ¢ and v so that the following equations are
satisfied

> & & =

I /,62 + 1/2
11 /fwc + 12wy =
I 2w+ plwg =

IV wv(we —wg) = (19)

From I, II and III follows

ITb (Wetwg) = w

1
2

2 2 —
b (p° — v°)(we —wq) =

(20)

Since w, # wg from IV, we have 2 = 2 =1 /2, and therefore (by convenient choice of sign factors)
@ = v = 1/4/2. Inserted in IV this gives

IVb %(wc —wy) = A (21
which together with IIb gives
We=wW=+A, wg=w-—A (22)
Commutation relations
[é, éq = u? {d, dq + 12 [l;, I;T} =+ =1
[é, CZT} - —W([a, &T} - [6, BT}) =0 (23)

Similar evaluations of other commutators show that the two sets of ladder operators satify the standard
commutation rules for two independent harmonic oscillators.

b) Time evolution of a coherent state
(1)) = UBIW0)), Ut) = exp[—i(wee'e + wyd'd +wl)]
= ey(t) = UBU®D) T eU)b(0)
(t) eiwctéTé ée—iwctéTé ‘w(o»

TRU(t) ¢ [ (0)
ez [4(0)) (24)

U
U
e
= e

|4)(t)) is thus a coherent state of the c-oscillator with eigenvalue 2.(t) = etz Simlar result is
valid for the d- oscillator with z4(t) = =l z4.

¢) Since all the operators a, 13, ¢, and d commute, they have a common set of eigenvalues. This
implies that a state which is a coherent state of ¢, and d will also be a coherent state of & and b. As
follows from a) we have

(é+d) (25)



The corresponding relations between the eigenvalues are

1

za(t) = ?}?i(ZC(t)__ z(t))
= \}ﬁ(eiwctzco — e" Wity )
= S e (a0 + 20) + € (200 — 20)
_ %e*iwt(cosw)zao — isin(A\t)z0) 26)
and similarly
alt) = e =M (200 + 200) + ¥ (220 — 20))
= %e_i“’t(i sin(At)zq0 + cos(At)zpo) (27)
PROBLEM 3
a) Time derivatives of matrix elements
I pe = (e!% e) = —pe + 7Py
I p, = (9!%!@ = =Py + ¥Pe
n b = <e!% 9) = [%AE - %(v +)b (28)

From I and II follows % (pe + pg = 0), the sum of occupation probabilities is constant.
b) Conditions satisfied by the density operator

o po= 4
2) p > 0
3) Trp = 1 29)

1) implies that p. and p, are real, which is consistent with the interpretation of these as probabilities.
3) gives the normalization p. + p, = 1. 2) means that the eigenvalues of p are non-negative. To see
the implication of this we find the eigenvalues from the secular equation

pe_>\ b
b* Pg — A

o0

= AN = A+pepy—[p*=0

1
= =gl V1442 — pepy) (30)

Positivity of A_ then requires [b|*> < pep,.
¢) At thermal equilibrium we have p. = p, = b =0. I then implies

p ’Y' AE/kKT

[ —

We=7p, = =L =" 31
Dg Y

4



Using py = 1 — p,. we find

_ A 1
STl )y L4 eAEAT
1 1
Po= 1%y = 1+4eBERT

From III follows b = 0 = b = 0.
d) From the initial values p(0) = 1, py(0) = 0, and the constraint on |b|? follows

[b(0)* < pe(0)pg(0) =0 = b(0) =0
We apply in the following the general formula
t=ar = z(t)=e"z(0)
For b this means
b(t) = e $2F 20T (0) = 0
With p. = 1 — p, eq. II gives for p,

1

oz

Pg=—(v+)pg+7=—(v+7)(pg

or

d 1 - /! _ / 1
a(pg—m)— (v +)pg +7=—(v+7)(pg 114/~

Integrating the equation gives

)

1 1

- —— — — ()t 0) — ——
which with pg(0) = 1 is solved to
po(t) = T 1+ (' [y)e” )

and for p. = 1 — p, gives

v/ — (At
e(t) = ———(1+e 7
pelt) = o (14 e

(32)

(33)

(34)

(35)

(36)

(37

(38)

(39)

(40)

We note that the above expressions reproduce correctly, in the limit ¢ — oo, the values for p. and p,

at thermal equilibrium.

The limit 7" — 0 gives 7'/ — 0. This gives py(t) — 1 and p.(t) — 0 consistent with the fact
that the system remains in the ground state when 7" = 0. In the limit 7" — oo we have 7/ /vy — 1,

which gives
1

py(t) — 5(1+e_27t)
pelt) — %(1—6—%

In this case the time evolution gives lim;_,o pe = limy_yo0 pg = %

(41)



‘]:\3.4 L“]D X Gan 2013 ge(wl-tws.

“wawi ;W S 6o\
! A e - oo |
Q | .
) H=%j@§@%&“&§%awm}
i Cn @ & Elj
\ £ ‘ , .
"?{’H‘_’ [ 27 eo v i .;:
U""ﬁ - (5 2 © B -%
o o© }i L""L-“f‘ 2=C
L v o avfj iglaf

?_A Hecwotoy 4 (Bucke frce)

Fagcy
= () (5) - (3]
Y
b bﬁ
d{ 2 eac
INWY > UMD = | 2ad
K 2 be
27 bok
/2 ac 1@’
% Rhe A\ ) ) )
L g bd
Areis 2% \a)fed 2tk el aktcd
& & z
= 2tlale’a ladl}® alk Te* 4 2 ab ldf
2% a%ble®  athed™ | kel ? a‘iu‘c:a*
stbed  ptgpaf MY 1R/
[ 1a)\? @éﬁ(gxaéalz 1‘2?“56“3) E’%

2
(2%t &'&;A;‘?) [ b

: Cck*(‘@“%aget%ﬁ!gf} \

aéﬁ&% a@wfa @GH?




43@-&‘@&»& 2 (Hore Suf!@sﬁmé«é; but wet mﬁ):’ Geim?(w. W) @

Wi, 3 -y “j use fud
A B g
Y=x{wf- Hj@g@%
W AN >eny = Y NGy Do) |UT
0lo) = $71e) wg ey

Lot =L (£+.3) %y -Lrgenad)

S{ﬂ = (Kﬁ ’%ﬁ "‘(”fj@ &0 >§A€é)@{§’£@){7& &fﬁ ﬁﬁgﬁ )

= X &fj‘%}@gﬁ%} + 3& @: @v@ 5%)@ ggm (j“A" & gg

-\-an[‘g a\’,@f{ {}@ @5:%“0‘2@@3 &(a)&gz&)]
= <*uye ey ¢ t‘f o 5h 5 8oy $°0s) 5%&

x| P o) &0t G’f’; -ot S eet g%j

We Ao,

Trgt ey =t
Te oo =Tr o (£ + -8 g™ = ¢
G S MG (L ) 2 ‘

= - e A" A
T‘r g%u‘; Eizigr(ﬁ + g o g?és“ )“’"‘ “‘ﬁe‘@ug

Ournl %\Bw»;/{w {i« 33&1‘&«%




\ j A
b XA(Q'*T% g = x¥g%e ¢ 34“ 02 0y + Lxg [ 8y ey, &M

' . A"“ »
o= fé [ 1+ M,(cosgt—wﬁw%w%t) 5
| Al (W\imsat tw,{\/\%%\\«at\ f)*“f’-& Wy 65
, ot \ B
g&({-) = t Eﬁ + ( V&K(cs.af »vxﬂu%maﬂ S,
: ; ’g
¥ (M&MZ&C&% %M&u%ﬁ\ugfx Kﬁ + M% 6\?— ]
C
JAM%W\V(A;U& 1 . /
UQCMB 21=etyg “'Cc&gﬁr ¢ soas-@: a‘»d a=p = T

L cosgt (lel®147)~ts t(lef~tar?) |
-, é’( SR g

Ci.c, ' 4

——

=5 (4+ @5t o4 n, smjt-o:.;‘)

W) = cesgt g (6) =y S0 gt

WQCH =9
L2 b (_,H 2 _ \
) 1 (A7) - > ellopgc
S TER) < pec.
CA’M’QNA&%»E@\ 2.

o= (Dl ry3(Ven=3() =5 ({16 )




SWes5(frp,or) s L 9."“"’&)
g betarns ; ‘L“k N
%@’\ {\2. } LQWQ wﬁgé(stwax
= o l+us
Sm; % j”\ E'%% - f.:;% "_“;‘a
::;,;Q}«z-'- ‘%’ L(\*M%\/Qa(t-tuﬂ-\\(;_,%w (lwb\zﬂ:é 0 Wa=xy
7”‘&&2 M%:.»a
Peblon 2
v’»...La
% grxyee 208275 =462 -rar)
gt = -8
B -8
SPas = = qu (B +5 (8 [847)+--

5,61 == 2870 a] =5 (e fama] e [t o 3t
(8] = 2310 ] =3 7(aly @erash) < Ta

S MG S TR o O S

e$

=[ 1o gusleg, gl ) At [T 5T 3% T ot

i 3/ o \
4(1 ‘E%£ rl'ﬁéif Y.\‘i‘f-"']q -f.e \4'\-\(“%%!“ ‘tfg’) TS*'"'\j Q*‘

= Gl XN f-@ﬂ% ‘S’QRL‘F GC"

gt?;‘&ﬁ = C@‘S{AF Q,+' %‘@;“{,’ %{'LVL rQ




{2 <o) onhe 4 Mol ) ot o (cotbir ve'4sblp)a 10D =0

by
)<§@ %3’} (aibe lo> = & <o\§f(aw Sled

2ut

m»mm

<59 PlI5ge> =<0l §7p g1y = Ay I ol (haysl o>

= ¢ \{*&;m Lo (‘f@%hw -e‘"b%‘;%&a b \} ot (e -—«\e_‘:&%m fw)c{ b =10

Ax’-aég@g%x?'ﬁ 2 2 > <dolgt SxSlo >
N 4 A ‘ U
T 2o (cashr w“‘fm%w)(@e,u ‘e L*s‘mt«w)

i ?
Do T{’?ﬁﬁ v t%L\L?: =+ C‘u‘&’,(«\rs\\wLw (ue, 1-.&_%*)]
D (e

cosh 2¢ $ b2 2esg

= iﬁw ( sh2e + siuh2r Coa ¢ )

Ap* = L3891 p%s3> = LolsTpssTpslad

= ‘hgz_;w (el v —»atdﬁﬁiukﬂ( tsclor =€ sl v >

Z N 5
= JV_‘:;;:? (a@sk 4k v = coslpaihe (tuhen“*)]

‘ﬁwm (COQAE\" - %“«L\Z‘r "°M°‘?)




:
g‘} Ax ap = %df%kﬂ&w - siuhir cmacp

=

=3 [ cosle - sal?e (1= s 4)

2
ZV[ I+ stuh W$M¢(x

Mivtued 2an ee, ﬁ@"‘w\% tOAXAN = .'%i;

S =0 ~® & =T

a{ (9%{«’2!"“% (=) ‘.n\omL?r w‘/.ﬁ \@('D ¥

Jﬁmu ..(.,_0“;,-..
ap =2 et - e e

| ~
%W W euwtan AX A Cree kel a‘} e éﬁ« al é‘kr L
Ap oclprece, bﬁ a f;c fe &F

Fee o chef A¥  ducweates wnct Ap £hewares




9 e Frnts Hat for ol i W\\AM\ . L__)

%&g Lrect-e o e 8 ‘Q‘%@@Q}&&Q , \A;\ / 5,
Ao w ol Ve e Lt WMLH - /l{/\
o e S, T hug e Wt R Lo Db legt b
Spembs ¥yt py, Far Heog b b ety (o
Vol an ‘é*mt’ﬁ«\ek Oorotiuna fe s bl Sevann AN (o

T = x Vws .-,-,,\Fg (¢"+ta)

. _‘
T =G (e

Coordowales Gt b:) gl o

3, Tt — saw

— ‘ -~ Ly
,H:o( = 35)‘*0(? T oSy

Frow b i g [3%183, > i/;_L Lot + sivkzrcong ]
< S,%.g(w?} ge, > "’*% [ tesh2r- %e‘uk?rwwt—]

CSRlLIsK I =<SKmlsy> e

v

£ 8 12 % Ce 2 = IQo 2 ¢ ) G 4576 20 T2 >
£ ‘Sﬁ?.i,q 3. 1937 = < %ﬁ cog e § = Cos Slua (T 7§ )£ Mx TO( S, 2

RN IREIVE S S
{535l Sg > = <ol sF3SsTTSIe >
- i%(e:bg&we ke ) (@l ‘f-—wg“b“lld

= i-é- Cag\f\rv’%i\«)«?y“ + (M&r (kﬁi’d‘” ~€‘L¢)J

\, e st

s

fel2e 20shg
A

= 3( 4 —sivkzrsng) = Sy, 15155 D




| 2 3 / ) \ ; | g
s A3 = % Y@&ze((@%i\.zf‘ roal2n Cos € ) t S Eﬁs.?x((@gi\\lr - g\ (,Z‘g/«c%%; ) U

o

* CoeX Siw a Stu e s ¢ ]

= % fCos\«'Zr -+ %QU«Z\/* 603(204—«#} :{

AF(}Z - % EchquLf -~ %ﬁu;ﬁvt.fzv‘ CO’S(l“‘? \:]

W,Q ir@(JT?DoQ-u\c,e 'Q»LL e e L w\mﬁ&\ﬁj QK@WQUM{
Row o bt oo 2x-¢ =0 =+ &= 4

Ve ool cheele Mok A commititir 00 veq e,
Y%&‘! 7&? = Ecoéw T — S\ OLT) Quwps + o WJ

= e[~ 3] = g 7))




EYS YD exam Zolf gctu-‘(f‘msk @

Pollen. 4

DA pure skl Ve gt cceun ke clocnption
poceible ol « @fww@%\ S e, [t & represecfaf
h‘) s VS GV A RPN T ST/ Spce. A iireg
Stebe s kel tolen e o wet bow Mo ernct
Jreoo b sk, bt g“’*l‘j) Pm&td’t‘*ﬁeg pY b a

Sef ol  prseble efnles 1Y [ i pve sen Lol by
d Bongily mafax g = TP | Ficacs st fes

eliso oceu QC"“” o (%Si‘ét égsw’tm A pr gi/*xé¢;‘
Thl vecliacect s, Why b o sic wmpouent
Haw  w et sbele whan e tubng n d
hefioren Ho wmmuct aicr L et of Hhee QJgM\

Lﬁ\)()x, s eme L spih o ¥ - RdrecNon
5 = e uw%@&& ol o uwnil ‘a%a\ucv@u *1}
o weone Had e bl weniere Spen P O
f?’\‘ JU parbdey tw ongen bt A, Tor e bl R
Lo \m\( Wt et S “p Gond 3\39»\« des s mﬁowfg

iy i ' { x{ N
m&%\ %ﬂ( wead Pbals W ey,




&
: g
We cpusoder P :,QwthS wetae

?&; 3 1oty +4 (L]

0

Q = Li=demlabie e
¢ Z ‘ |

=L (1)) t5 (M=) -4 1)
= L Imara el LUt + 14|

4 I =1 - 1D + | D] )
_ %(¢><T1 + 51 2 ’:*‘j"@
Siuw en u—q Ry, |

‘U u.\_'»\,{r'\'ce& G \u»& Secrt e
W“;—‘\Sw%m(ﬁ) Corn ef Lo Ceptn i-'w‘ff; wu:”‘\‘wes ﬁv...'i‘;i«
@)

e etgerloleog .

b
A\

N = E (N -

)% S elear Hell C_@ VT SN U -N SSPR G o Py (\VQ}
Pur& cle @'QOWS »U%\.. ey LR «'{M.w-t g vee

> ‘: MAR G Sg,,v’\‘,mb u\,? o s LA : CL.,W@,Q LL.Q Seecaw QC

{

e Bcla WL c,o@icq?h w L e pps s e sgﬂ)
%w_uc\(\'\ub el B Ek%—wtaﬁ\ C s gﬁ%&/c&()
,03 s s e Lo pubecte cu e codppecpin,
To ser thoy v v bl 1D in

Stefier 1= S wud (&>

;]
. [ ¥ } ) X
Peobslo(meg

\L&r"‘%g V-g JP"Q-&.-&




3
We e 1T = B (1o>e1ed) O
WY = Fli=>-1e)

f Y,

| — — Y - o \.1 — »’ﬁm)
V‘k-> :2"'5\;;'%:<|“'3>(\-[Q"\1>®(1">>°[">) 20-:5 f > E.G_}/Q[ :’>'§f )

(-ﬂm-ﬂ;> - l“>*“’,>1’5[¢""’9> “‘34‘-‘»@}

e~

v 0 w'%
.Bamw:ﬁ*'lﬁ”“)) -t‘r& : )
\\..-:\-ﬂ)“E

L g,

- (1= 1)

C){c‘\a.‘u{&ﬁu ‘}r\’v\ T te.  Lolaape P’bf%rsv\ i e geve Sfﬂk Q/Qohj
\\-ML 2 T XS Gunel ‘Ha.e..«-g&-m-x peepaves Cucen bl R /QC

P-'-?—V(ﬂ—’"’\ 2 Q/C.Sa Vola, Qeope s QCO'«

j ”L{'\"\e» %*@\,4@2, “LL«:—\\ Qe l‘:E‘h%
Qg :aNl ‘Lm bkt Satiaen bo sl qim,‘si e P’&"LL"HU
da N eorrre e feed, i’@ g beeces Pev S 4

e S eey ¢ —s}:ta

o c R \DMPMS emten bl  C U.a»L_.LL\ Rey om 2 ‘Skt\{ e 66 g e o

Z*-SP\:W. ,76«& \rf‘—%evc{'& wrh (aL«&u«wwan..theG chr(‘_’\‘3
@[‘tt.uk&k«/& f;!‘— Pe;sow’i Wake Seweg LLL\r gw:m’Z,




Problewn 2

4 WLshwolata <) ¢+ 5 A(efb+ %)
H = )KQQ_C‘LQ « & ”&dw‘
= b wc(‘/«\ atavbt) (‘/uc\-f—v b ) ‘ttwd {ian“—\/a, U\(‘VA“*’/‘* é)
<k w, (nlats f/AV(%H:f lo*%\-w?‘o@
« Hwe {Vz&“ 74.«\/(4“;%*4\ *r/,«ﬁ LTk >

= B (Bt ata & (0 v B

4 (Weswg )y (afl 1 bha )

al . -
EC;CJ : [j‘a*vg)ﬁQ**VL+7 :/}-A‘?. QZQ*] *VEL&+]%?¢VQ <
O R 2
L2 AT] =vnpmb, et ) = 71 cpt ) =g
Lol = Tpeavt vagpui] ~o b

(e ] = Ppaens veto) s v T4 ) s v (b 47] =0




0

9 C_'—‘h(ewcfa> [ Q \%CC’G@J
L =
} \ L.

d = 5(-evh o = 75 (et

Hopeldan> = atlo> = o (CPoatllod = L (14,005 = Logd,> )

1]

s

SN N R td*A
Wy >se t o INe)) )

'ﬂll

( M‘c°¢9> - Log iQ)J

; - LWyt |
:F{(e thszOG{}“eL& {Oa,f 5)

e 3 —- W
- %{@ T (gt o) — ¢ (a0 ]

)
ot~

-~ - Q% 'PL‘. ) % ’C\«)t ‘\: b
[(€5 T 1aa > + (€720 - ™ty

Q\)!Q = (i) Q*M«L(,;\}

) *’qﬁ(e‘u& Uﬁ\.(e“%tfewﬁw&w
n ~L(o ~& )+ : .
- (g )t )

?Cas(u,_-wd)-}; = 22t
!
= ( 1+ 20t ) = Cos®yt

il

it

INg D = <)V b W)Y

i

L (g 1wet _ e«iw@‘}(ﬁj*\wct - “lf‘*%f:\

s

) S
= 5 (1-we?rp) =)t

=

E\«% (&N oS Ct)(l(cvf\bus Ld-w-% ‘U.u\ ‘(?L.:-a os(,\'L(c\,ﬁ‘,x




C L
7 8= Trg [t = T (A140S tRIo1Na% ), B'<h, 4, |
:%(lAlz\ia v><‘{°& 5!*(&{2,!@6 s>4Q‘* ,>

- CO&?WC iih )><1‘~ a' t Qﬁh?,Lth. ‘.J(ma‘ ']

C = = it bn et = sl At A el AL

Moctund valia wlon  coe?lt= solMt < 3
gw..;«= °I£"e“'\ %oéﬁ"‘é = A2
d =0 wohom oAt o LWt =0

= Ab=wnl Nze,) 2. ..

TL( gds{@w LS !L(-uua <k SVLV@&_ /16.000) o [Oq I(o >




@ e & [ 1> tQ g
) B, - shw o R~ F.Q* F3> te>=( s
I lg>= (%)
08 & TR -1
e e e L S e ““*ﬂ*ew(‘:)w
(7 2)
) le\ [Pk
==V 0 (L3 N _Ylrtey el T ofOhsonflO
2 L(/‘B) = Pj)] ai io}( :‘FS\)T PQQ ! M (OQYM ‘“(00)

o B e 9 Hpp }(‘;j’ _2}% /:t .
(LLQ$){%A)zQ (kb) ﬁfmxj (Jgéﬁdj

/
e \
ge) = \hwdeney) = $ L) 0y 3 %\l>
:PR(,);%(O3=E(0):§
¥t

Y .
) ey = g

P =1-p, )= |- Jie_‘ﬁ't




L({'); e be) = ’/'ie
. {+3 x=v
- ey = L 3
g-‘v%(ﬁ‘rf' L““ l(x*a u-})
f'(‘(x‘j,?) 3
» ‘fg-% = ﬁ‘b’t‘i
-j_t
x=2@b =€ ¢

y==2qmb = e:%tec», w,t

i)

A spral da i ey- plun skt on M s fac

a% M«& Rlocks S‘Pﬁ«x& Gl &\ca‘dcu@ b rf«ﬁw A o]

Gan® G ahca,j o e 2-comporant & o
a&mm& & bkl

C Swt
) Ty se 20 NS TERe>

g/ = TeTt

TINGYT =T HeTT -TgATT < THT e - ¢'THT?

Lot o )
- 2 % p N "
i‘ - e = (0% =5 *¢ Sew ‘:{E B‘%

& / TouT T
TM‘T“ e Efxi«)u 5}} + é'&h}t(&)S\)‘t IG‘,KI‘F +S"‘ku% | GUT+>




= W e .
!E\}(T%\ = (((.)g % ‘(“bs&\,;\h.é.} 5\2’\\\6-;(({@%‘:% “"-5\-\% @ @

= (oS h)f o, q.gg ht")tu&f L wﬁ‘l % “’52\ wj‘ Gh%@ @
‘Zxc‘i -
3 2y

= C@Shﬁ: 8,( - Siw Q\t 63

Ts—“'r’r (e s oy ) Sy (n% - 95, \
- W
= s ey iy m‘-%‘[}s;}%]rs»\“-‘% Sy 8 5
SRS, -
= mgd;% +talut 5,
e r _ L
THT = 3 ﬁwba& 'f"l'é“_ts.,)'<Cagamt &, - ot Bt oy
+ Coot sd it o, sonut 8, S
L. i
s T, 5 t5 hw, 6,
Tot-’arg;c?g:tg,{_*“\)* U'&‘ (4
X % 3 N T ) Kshm? "i‘s.i»,"wéﬁ c\”g, ¥ &
SR
.
= Gog\.ut - CSCKu{-x\ X = erﬁwt N
T T = 6’:\”& iy
== AQ'
e~ '+
at © LH §'] =4 [alug/+gltn -2y 7




ol

Lo, = (V) (5 5 - (k) (1) =

‘%“z (L*- b) = YPe =0

-ab -y (\E@‘"Pg) -ty =o

V=P
W -t N {r."j'
%% 5 _ .;(PQCY” (Q”,, \ ra l,.)
'-i A'f %
e o LW W,
Pe ™ = "5 (b*-L) kil -,
2 2
AT+ b 5
k__,_, L\_)_L A*L—&I .
Ttk e

e ——
W, €< W&l-fl%: PR << ) 7!.;,5@1 Dn‘m\t@ (s weal. awel

Shbe O eloce b geomet Sk

L N \
WSk Pext  bao Dnu»\s 0 Shewy

omd  Perpy. AU relabs plases hewt
ot gecmn podo dockly ewef b R0




F%_g o, 2614 Solectious

PWULL\M 4.

C
—-> = PRACP) O Al=) 2 |-
/EL%U«QL'«L,S{V 5, l (1> <l ) t=2)
<> =2 (D - 1) giere-led
21\\5:1‘?{.(\"‘)> fl"’)B | lk}‘;ﬁ;((—%)-l@-))
45 = B [l 1> 1 210 =le T -t

Mongome st D — \-+>V:§(m>+m>+ 41>

Meagare & ¢ 14> = |7 (1>~ 1 L)




BGA-0(-20-1 = A 90 =6 = >\+=i‘*’f&"’““: 3

} N %) Z'__ K
Z;;{\w‘; L\"i"w}\"i’|>*6(§% * d
— g

ul
o ”l&'&:‘g@l

= Q_s Q'L&, "*'(CDSo;U,\

= Gty -sluut &

g ' 5
IR r .
Y /L\ ‘15‘?3 - B MJE
e 2.

3 L&L \ \
h.a_ ﬁ C‘T*((og = i — g L:% O, )

( @.}] “"5\,\ “;: 6—% 64 5"2




: \ S

) Ny - W
< %83?_- ‘ = (Cas%tiﬂm‘%dﬂ (ws f~tel t& J
= (ot 53 st GY

H‘ = - f\)b‘}__ +tu3 T, + 3 [Caszb‘tcg casgtgwgﬁ{r

+ Geutsinet & + sulwl Oy ]

. Eonw)s, st T tuch panci}

&%Dwuu. L{)/Q,u,.,\ ")) =W, .

) H; _ j;‘_.i(gg..w> 5, 1 \%A | Cor?ut Sy~ Gsut gl 4t % }

[ Zvut
F(1+e2ut) Lswaut

% 1 A \
= ‘i((«)u*l«s\ Syt ‘;ﬁc 0y ¢ V‘%(@a@u% oy - gw?m‘:@s)

‘T‘u\.\ S t—U;JW\Q &;\‘A& Cex, wt o, Coun oo JCL“\S Lt
'3% as oy Cou:.-,lmm%-»ﬁ.'ﬁ @J&s

lovowt o, = ‘{5_ (Coswst oy € S wte \) % (G_sstd 5, - 3Uk‘u+C>:j )
Whcan M\Qﬁ‘fh\\kﬁ Lo Mo Tb"@«ﬁkj s(cn.w | NI
LJQ"J& ‘\—‘—\r\» PNV O-phear &D\QQ&W&Q- MLA e *Uwu\

Q"»LDM ﬁf -t LSy (v( C\W&,r oS WJE % ?\\Q\ CL:(V

‘l’bh(_a i/“\«.-\ Qﬂ‘k%os




\ DY
We comm MR}&,L{‘ I PRI %‘-;%’(Coglu‘cs; ww\?,wé%j O

o, & 5 Soflicad§y s hecaie e gt
\45?\.:,3 e e and B oelliet sn Wl gl dioes
vot dose b b lowlld wp hefe 0 clianyer uection
Du Gmseradn it does ot Lan /QME& e\{ﬁ@t&, cued Loy
broe olebe well bt cocanad the epprniiaad
Shobe Pk e B s ~ (e wieb

\-a W"—u—-\\_
&%» }) Ve \,«?:,M L (‘\T‘bv\,.

C LS, =S - A =2 - 0
D R =-hiE e he S=f isuuts, =A G,
d¢ _ A
E’I}t -?:iﬁaS‘-\\tS’
S Y ¥ S “
e Ci‘%e,L =e 0y © fo= (C@&Af *L%Q\A &, \5 {&Sf‘l"%i t&ﬁhﬁ%@“ﬁ )

- Cé“‘-’:, A 5-2-\— Lo 4 S\.\E (0}}8{] £ Son J"‘E ﬁ 6’5"‘

L i PR

- A - ESA
Lc}j ’2

= G2 5, ¢ sl 5

H o= -3 et g ¢ -'éw%&;gfﬁwwﬂfm“ vfw shw| B iaw‘[]

+ %_ A Comst &y

.= \%*} el B %%wmﬂ Sy ¥ %\«\V‘*WW‘“] :& *A(F‘E)ﬁ;guﬁ‘ 5,




=
Y14 T Eyes 0A03) = 54 wekes O

»
2 Fu 3 E1)o, + B (eute sanuty)

it e close ol F ) Pl eompornts of Pl
feld an e - aeeys direchiont dase P Soue
Gamplibe Bl Lo Lo W{;Q}t\ gx\t@\ CUm ) e
L Pt ?uc(\fw 9y ot ot W, Hiealed
Laﬂ B Boyef Mg@\m TUl westban & coudty fan
0 M bee we 0, I (£ %)

e‘ p \
/ T (B3 wen 3% = faleT)
L s

* 3T e WDy 40

| _ 2
W = Wy jﬁ(%w%>$u°d°<':?:3\ zw‘(l‘ o J

Yoe0)

;w Ao we M L=w, Quek \W%umu@ Wt O AT

.

E 1) (f;u-b‘;& oy sk Cola M '\rx.phqw by te 2 AN 3
Lw S U PP S @-«&f‘e
AZ

©OERT




Probln 2 ©)

{"Jw N e SNV (ﬁqﬁ i,
ot v )
o e elafos eviaed o f ur",e,,, Y.

\11“' d (o o ‘
D, ey ey deyy )
( i) 1,0 >

/

- e

We M Lx’ t’h@, !‘Ch\\, ;’}( “ & . L ¢
2 ;“‘“’"l

&
v
T

I
erer
.-
g
i!
VoS

&
Y’
/‘*«.

2
s

: e"‘“ iy A Z,» D i
a?@. ( L - Y | N pe
= i “‘ o) “za .v (% POl m‘t(m;%&h‘ ~»(¢:“M.,f,g )
-5
7 N ooy A 4
1 w f\ Cen ébc‘,at*'wgﬁl G O ﬁf\‘k&s&\fé) f*i"?,\éf)
~y (: ~ &

2 N :
& . koo osinpett | &g 1" 2

Bt

& |

- pla k) ® N{( -8 8) =N+ cass)

‘T-.
w7 / o
|4 % Jdbend P8, &) = NI 27 (o0 80uB( 1+ cos’ ) i
ug‘l S {

Y
| I ! ] (éﬁ 7;. ) i,
e mnuif@ f"@“{ b > = ES ?,ML} = q wlp N e fos b

=1

. 2
24 Z_f:,b =

=t P(o4) =

rgﬁz
») L %{\\\@ ,t)) é"'!&im )f:/;} , Cpswd, Siwm )
Vi, e N o \2" T
Pl) = N L &y %w e N Bt
\____’/___’
(. Oy = Biwed, (wgm \,’ﬁ
ZE‘" vlﬁ._ . |
{;‘} {:M‘\)ﬂxw i N [\u‘i‘\h\‘&&"@i &;Qéw{: ﬁ! N : - i N r‘?ﬂ"
\eg o
° a

«% Nalx) = w;ﬁg AN &,

by

X o S $2a s ata ol lo revfact @& &

y e /
G, R B Gane? 8% it g& L m T Fncnch, rﬁ{;rm—w« a7 i 1 4m Ko r.Q (f‘l o,

Soandl ko e SRR Rcor 6B u 0 fix{ew &

=% ple) = %ﬂ‘ﬁfﬁx




&

-
232 r / ;

e L 13.5: L dé }a@%jkﬁl‘ STOE W ) kasn; = §a"
: & 3 3 )

3 F
1
_ 7 i omaarasitony
%QZT[ZW\.LQDC v
%2
et h uf
Bl € ¢ &

- Vi, o
o s

v = ~ 3
w&"”} e?. t\ u%




