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all Yo che;;dwua.ﬂuc.*l



i
6 - G’OSQGUU‘O-JGO'JO’x
o1
O'a = i 0';03 ‘-%o-u
A A A A A
= 101.03 T = O 00 @6, = ~ Oq CI:GE-MO.LJ.& 0{—04 - -
' A A A
J’ &aeuualue, earua..kow.‘i ‘}Or“ 6: JO‘-I '03
{ m'|L ma mc = 4
x 3 N -
A ] <
1k MO m, m, =1
A ] «_ 9
3L My My A,
Prod.u.ojr 4 ectua.h‘mns
a Al B 8t ¢ c* (
m, m;1 M, m'l Py wy =
A2 B2 ct
= = = =
My = Wy =y = A
A (]

coutndicts eqw:({ms for 6‘|é" ‘83
Conuok arkume A

wM&l’SLo bave A‘ew‘p, a)u{-
wnde benniund Mz.apes &{m e mam;cuuuu‘x_



Fes4110 Midleauw Exam 2007
Soluhons

Peroblem 1|'Densi.{y opc.ra.-l-or-s
4—

o) 'Dmsi,l-.a OPU'A."'D", mw!-rix .}orm

1+2 x-i Pas Pz
_ 1 2 =\ . 4 3 - 4
P - ;(1'& -c') a (“iz I-z) 2 ( P:-l P’-’-)
Pu = <tlpler = 4 (1+2)

qu = {+ lP"’)

= i(x-iz)
Pu = <-IPI+>= i,;(x-tia)
Pz =

<-lpl-> = £(1-2)

b) Reckuced clmsé% matrices

P" = Tf'oP = ﬁ(ﬂ-T’;ﬂ-ﬁ-Ia;O‘;Treﬂ *);bjﬂTr‘.o]*'Zchd}T;ed:i)
J J]

we: [rl 2 (2x 2 watnix )

Trcrl- = 0

¢ =1,2 3

» pt-4f(1+3a5)

ln L&L Aa me u)oﬂ

8

P = "_{('ﬂi-g;)

Coup‘d'c’la uuwrmlﬂ+cc( Means P 1§ a onco.ud'
P - P‘QPB

1 (1e1+Lacel +Lbleg+Labgeq)
) ] LI

The oo wb.sashms ase uncorrdated i{ C;; = b,




¢) De,nsi,la oPU‘a.‘I‘or.s j.or Ha Beld 6{’&'('15
Pes = lcedcet] = 3 (|++><++l 445 2 -0t ] 4 l--)(—-l)

Po.t = |laty<azr) = ii,(|+-><+-| BEEDICTNIE MERSIC IR - |—+><-+l)
Exprcs.secl wn teoms o)[ Pauli mabices

1+><+ 1 = 2 (1+0,) [-4><-1

i (1"0_1)

]}

l+><-1 = ';':(c;ncd) [-><+ | é(c,‘-fo:’)

For‘ Composi."e 5215+em
l++D<++ | = 142+l @ 1+0<41 = T (Mo, )@ (140;,)
= t(1elto,elT+lea +c,80;,)

4
[--><--1 = %

"

(lef-oc,et1-1@0, + g,© 0;)

F 44Kt 4 |-l = 2 (T0f 4 0z@0; )
[+42< =1 = l+><-1 © [+><K-1] = ‘-'4'(0';&"‘!0:5)0(0#*“03)
= {,—(a,‘ed;,-&ia;‘ada +10,80x -~ Oyady )
[--><t+ | = .‘%(o-x@a,-[o-,‘aaj—io:jed, -gy®dy)
= [++>¢--] +1--><t+ | = 3 (0,80~ a, @0y )
® pes = 3 (101 ia-,‘ao;:obmoj t o, @0, )
J4+-9<t=] = 1+7<+ 1@ |-2<-1 = { (M1+0;)@ (M-~a3)
= (1lef+gel1-Tao, ~0;00;)
|-+><~-+| = % (101 -o,al +T1e@6, ~0,00,)

= (+-3<t=-] + 1-><~¢| = L{(M@l -0, ®0,)



[4-5<=-¢] = le-d>@<-+1 = :%(cr,ricj)a(ca-io'd)
- f)(ﬁ,-.“cx“dx@d:j*f%@o? tos)aa:.,)

-+><+dl = (oo + i@ oy -igyady +qaay)
D +->Ct 14 [=4><-1 = 3 (oo, toyay )

= Pay = L (1ol t o006, t Oyaly 5 0,00, )

-

Noke : wo Jeaws o] Hu {—nm o8N o 1@, (d=b=0)

M 8

'-¢P=i]l)P='7':‘ﬂ ﬂeu{mpaSA=S&=Q«,2
for ok M four Bl skates
Tﬂw BM otales ae pue sletes © Comelahows ae
due 4o ea.}a»al-ew.ad‘,' S =0 (&»onraﬁ o,}, J«ﬂ?jsla.‘)
S*. 5% ae waxiwal }er mltndoLw = saudial m%tﬂuﬂdl

) Check of wdihous:
1) F’F+ , 1) pz 0 (mmaaﬁus )’3)-;-,_},;4
Sakisfied for po and po
() FJ': x"Pfr(l—x'f)Ff =XF1r(l—x)Pl=-P (x rea /
2) o¢<x<{ = x>0 a I-x>o
postkoe. e biuahon o!, ?os—i{iue eperml&'.s
= amm.q shede (¢IPI¢> = xChlp, 14> «(1-x) <dlp (¢> 20
= p20
3) Tep ~ xTep, ¢ (1= Tep, = Xe(l-x) = 4

I)l x<o ar l-xyo: 1) o 3) Jku&‘bd- PaSC"‘fh'\‘a
rw\l‘ eSaJ\.sJ'Le_cl



e) u.oo-Se, },éx. Pc" a.,.J PC' '
P = -ZL(PC{-T Pc- )

=4 (1e1 + 0, e0,)

= -SL((ﬂi-O'z)G('ltdz) + (1-q,) 0("“’1))

Tis s of Ha Jorus SZZQ?;WHS Jor otlar

pP= Lppeepe

&Pfu‘wuﬂ. , P Muﬂx& Mo~ emlmafw(

) The Bl states bave duusi.‘-a OF-U'Q}ors ot ore

aJ.l wmb(.m.:(\'m o][ @0, 0y 8y ,a, ®0;

(and idﬂul'i\"a 1) _U'W'L O-U c.owu-wu‘}e:

0',‘0‘3 = 1.0’2 = _adax =2
(c.® ox)(gjwcd) = GXGJQGJGS = - 0,80,
(cbed‘:))(c,mc)‘,) * %O @Sy O, = -0,00,

= [0',‘30'&) O'JQO'J] = 0O SLleIDa.Caum{’ {'or o-LL.n_r
OP»Qr‘Q. 3

’Jo«t WG.Q ax‘auM :
Or" 01*41 pust 6I~a.fe5 P«= l¢‘><t[»‘| ; Pe= lt[»zx-\b?_:
2 PP = IR = 0 = p.p,
Au "e'ux B states ;jt o'f‘&.oamﬂ = me{-j P Duutle



Problem 2, Jo.anes— Cummma.s modal
al &awajca}e_s &? H,

Holm,n> = Ai(fmaw enw)imn> m=%i, 5 n=0/12,.

45> = |1,n-l> y lz):l-i,n> =

Hoi1> = hi(d wor (0-Nw) 11> = (dhaee) 0>

Hol2> = k(-4 w.tnw)la> = (-zhare) 12>

> B:w,mw g (n-d)ho

H, 11> = ihdol1>e atin-1>
r.'-“(.h 2>
. el g
= Tn 12>
'Lt} N } N arl)ﬁ
Hota>=-hkadn 11> 3

2.&2 Mwl“i.:( {—orvu\
TR i—k(A 1) e
H“ l'"n {a, - A
b) &a(’A&UaLAQ. P"Ot)lem

N pa_m.mezl‘ers A= Q wsd a.- Qang = Q- JA&{a?_
ws@ -15in0
> H=ito ( ) cetl

;sin8 - wsbd

eiaw.oa.nue, Pmbku {o aloe

cosh -Lsi.ne)(a) —/\(G)
- o
(C&ine ~ s b

w@s8 -A -isind )
= = (0
TN - om0 -A



(m&Q—A\(—m&G—A)—er;‘G =0

Al- 0570 -8int0 = O

A= = A, =*A Jw-oej,dwnlue_s
Emrg\k,b

E.’. = ‘:‘.’.LT.QA-!_ + €

= (n- 8w * Th (o) edna®

E&duu&ctwovs

CDSG G4 — ‘81-’\6 bt = % 0._!

7(13 wsb)as = isinb by

Use

: Y
sinB = 2aing cps%

[-wsf = 25%1%

[+ w036 = 2oos'2

. . =2
= 2.6\-'\13 Q+ = "123"0% (-Qs-i b{r
si,n%_ Q. = -‘LCOS% b+

i _ 4) (a; ) ( icosﬂ,‘_)
X + % |, i -5in &
& . &
feos 2 a_ = L L8ng wST b
ms% a. = tSm‘%_ b_

e (3 - ()




Genmﬂ 6"0-[‘@.—
"p = d+ 1“"1. d-"l/_
- i (dy wsZ 4 d-&r\%) - (c1 )
-d4 S(n%*d-waﬂi €2
qu.l'\.ol C.O"«Ail‘ion

¢,(0) = 0 c,(0)=1

P

= d+(0)ws% «d_(0)sin3 =0

—d, (o) sn & td (o) ws d -1

> de(0)=-sin® | d_(0) = ws?

2 )
_,;,me, mlp:l'io'\

(k) = REE g (0) - -sind g gaet

: & L
d-(t) = 35 d (0= wsd etnt o Ret

¥ () = i (detb)ws T+ d($)sing)

et . @ & -hat _ Lt
=1e’ (‘ sind sz e YT+ cpa%,&n%_ et )

56 sinZ +

Calt) = —di(Bsin & +d (4) ws %

et . - L 28
: e % (st 10, o' e 1Y)

e TEH (e ® L 4 imsO mnt)

lc.(5)] > b sn Tk




d) The abon is stially in Heo Lowest
state . Tle wiu-i!\?m wnth J'&L Jua{:ﬁa whc *J‘u-u
inhodeos aswllahons Lt s & acd
U exci,tua( adsianc, Aut, witl sseulladion ]rvecfu.u.cﬂ Q.
The mibaakioe as suwsilar do Hak of Seck1.3.2 of
' Lc}uc, woids, ‘LJLM, He esclabious ase 4‘«&@
H a quz,— A.(,Pé«..::gn.:l' w-ﬂG\‘J\L W .

Conne chiow Mww.. Wo oo expradadus

a=‘-‘34 =
== o B = cud I

e) [ (£)S = ¢, (1) [+4>, ® In-17, + C, (4) l~4>‘,‘&ol-ﬂ>6

= p) = Y
= [ () |2 P+4>, <+l @ ln-a>6<n.—115
2
1+ lc (&) |—1>‘<~4[Ae Ind>,<ng |
+ ¢ L¥) e (+Y* (+4>,4~1 @ tn-i>.<nl,

< ¢ -4, <l 8 [nd  dn-i ],



£) Reduced o[w.sd—z wabrix
Pa = Trgp = (n-|5| pin-15, + ("é p |n>5
= |c, IQIM)A(HIA + ICzltf-4>A<-1 \‘
matx Jorm
i) (lc,(t)l" o )
Pr — o It

Eﬂ}Y'UPla
Satt) = = (teds)l ,Qoalcml ¢ 1C ()l balc (&1%)

2
< - (et dagl ¢ (4 S (16 0 g (1- 1o, L ))

e, (8) 1" = sin®0 sin™2 ¢

Plot of Sy(£) for dubfercet walues of cing -

sin@=1.0
sin@=0.8
sin@=0.6
sin@=0.4
sin®=0.2

Qt
- g A A

Tor o puse stade ( o Hu conspost AZ]A{’GJM) Hu_eu\(ro of{.
ﬂw, Aulosaé ﬁwbﬁ o ALobUsT °£ J&L a‘.t.aren, IQM_

Tfaz, wure SLU.':LQS f,mtamalamu\l' LNCreadtd {—rom O WAL UL UAMLLA.

alr Qt-0 C‘Z-m“\lTG"- ). A woaciunaw is re_o.c,LAA ad— Qt ==

{orsw-aﬂ@ (5"’\@‘ 4’0(‘04)’82:‘9 Qb =% 4s ML&J&
AL AL AALUA, aAc{-lr&mew wvtt'l'cu)arsl.b Qb - 2__‘35‘




5S40 Midbean Exam 2008
So‘.ukoms

Poblem 1 Spin spl}cq‘ma in Pos.h[rom»uu

a) <4l fe-f,,lk2>

L <ijl§c31,lmn><mnl ’L&G",l k2>
mn

]

L ((Hg}_lm> 5(1") ( JMK(HI&P‘2>

mn

ila, 1> KjlId, 10>

b) makix elements

- - - .

636.&@*0-6({1'0}_}:‘ $

<+l3'+>‘=.':¢, <’l6’|-—>=-—l
1

GIF 1> =754, 131+> = Tedj
> et 1T Tolee> = kok =1

il ~u= l4=% = k-(%- J)’O

(44| === =-t>= —~— =0

n

{e+] == |--7 (:‘LZ)'(I‘LE) =0

(=] =w=1+-> = Lk.(-k)=-

{t-| = nw=|=-+> = (%- iZ) (3.'+i.2.) =

(-1 = w—=]--> = (HA) (-k) =

-+ L ===ty = (-R)-k = -1

tl =m=1--> = k) (T-i)) =0

(==l —a=l==> = (-} (-%) -
dements

atuc mabax debemuined Qua hmhu%

’@ L. Zr’



Malﬁx vtPrtAU\Jfo:"iOn

{ o 0o o
35 . B o -t 2 0O
< P- ‘z‘_
o 2 -1 0
o o 0
c) S:romb) ﬁounws
L 2 4 4 5 4
. Sp 10,0> K‘,Jl: (805147 - 58, 1-+>)

-3 0o O ©
> & | o 1 0o ©
Se'Sp = 4 o o 1 o

0 o o

3t R & el s3¥ 1o, - 381 - 3.2

> 5% 3171 +25.°5,

5 $%1005 =0, 3'4,m>= 281, m> m=otr
$,10,05=0 , S, 14,m> =mh I1,m>

= 5(5”)1\1 2 S=0 [—or lo,o>) S=1 {-or ,m>



d) Meed bo ‘Smal Ha mabix elewcends e{ (Se)o - (8,),

DI4,1> = Dif)-1> = O

Dlo,o> = § B (21+-> - (-2)1=+>) = K14,0>
Dlf,0> = B 7 (21+->+ (-2) [-+>) = # (0,0

wixes or\l-:a lo,0> and I{,0>

'—‘a.mi,uomn an H«e spin /Qrabi«s

E;-3kc © Akt o
H = o E.+4kc O &
ARt o Eothhic ©

o) o o E,,*j«it\tvc

e): 14,4> and 1 -1y are ti.awuec}ors wdh
cigouvalues € = Ee dhle  Cindep. of 2

&cawualue, pm'ole_m Jﬁor Ho »ew.m@ Jum sbates

Eo- 3hi« ARt « x )
ARt Eedbie (,6) ) E(p

A

(

-1 1'
wake Hus as (E,-&’r\"‘c)ﬂ+tt".<( x) X =

-1 2x o .
= ( )( )“f*( ) with E= E.- 4"
ax 1 It [

i



\\ triplet

1 k L
Ey —t—Ih% + By

ST ~ singlet
jjjjj e X
16 05 , 05 Lo

By = IAYCAL = a1 je-s<es] 4 Tol1P-4><+]

ok’ J4=-S<-+1 + a*b|-¢> ¥l

-+

11

Po = 185<BI = Ib1%[+-><e-1+ lalt~¢><-+l
- abfl+-><¢~t1 - a*b|-+><+-1

(Rwlucec{ dw.lsi.l\d OPU‘o.'l'm‘S

~ I 1 l 3 ‘
Pae = T, P = lalflez&el 2 1bITIm><-
ngp = Tre ,’;A = Jalti-><=1 ¢ lol®1+><t]
A A 2 ,z

Pac = o Pa = Ihi T4+>ctl +1al 1-><

M

fgmp Tr,. 1/':’5 = Ih|?1-5¢| + lal®t+>¢41

EhJYDP
&. 3 7.20 2 ZLO 1_)
Spe = Sap = Sac = Sep -1l glal®+ 161" Log lbl

”(WQLO@ lal®+ (1-1al®) Qoa (1-121))




8) aaws{al-e,s
IA> = «lo0>+ pl,0> =al+->¢bl-t>
SRR Y.

FN
L olc‘mu.c{ L(ao,c.«.)aiue eq. An e )

-04+2.xp=,uoc = B = Ez,ii“

po=t [ 4t 1 ;  choose p I (+ af(ue.s [B>)

?uas p—-o0 {gr X = 0O

’JO‘C (X.IP ,.ea_g\
orualigabon = o4 = 1+ (1" e
2 4x?
= & =
4)(4(/4”)
2
ar = i(4+f;_\:.(')“a2 _ oL (@xeptd)

4:("4(/Ml)1
(7“)“‘“ ) - dx% 1 +4x +/A2+ 20241 ) pm

= Z(PQ“ZK (),(-(-()-l—/.g ) = 2,(/41" )(,M"Q’()

4)(21'(}414)2: 4Xz+ l+,u.1+ 2/.4 = 4 (’414/*) = Q.,u(/uil)
3 I

o oals 1 TR pen (1, 2

L (ptt) z Fie )
’).‘_ -'L_ + _ 3.
b'= 1-a = 3 (I m)

En{"t‘opa o} re duncad C{.Q»As\,‘z] matrices
S(x) =-E1(x)1f.oaac><)" + b(x)tf‘oa b(x)z}




Emta—ma‘mw.}( c’& J‘a{-cb FA> end 18> ar %w«c_‘iaus c{ x = M



Problem 2 Daven "\a_rvwovwc oseLUaJ‘or

o) Ue U= U (1ehAt At U

A A A AN A2 3 -
=n+uAu“+-,‘_(uAbL)+ = €

A A A A

speeial cade s U(t) Doy U, () U6 = U, 0

- & (t) eza.{.-z_ au (b) - eu({)lza» 1“@)11

Qo) a d,(tyt = gled @ g daf@arty
= a'ico;(: [&’é+ ' 1 + *iz m){-‘) [3:2-'7_ 4“ aﬂ+-.

A . A 1 A
= a-‘&wja +‘{(£wj) a + -

tewol A
e Q

» W) AUy - et st

fi]

H

= A, (t) Dz a, ) D(ze™¥)

A

1b(ey> = W (B) 12.> = U_(4) Dz o5

A A A A
U () D U Uk, o>

A

- ~tut
D(z ™) e lo>

Aot
=- e °IZCWJJ

ML LS & w'&uc,} skede d,ur\

Iy

se o
&
s
P

) Fun il - A L] -k p (61AA1-[5415)
_ P
rvm
S ELAG] - A meli W) <malE - 2 i
= mQ-fmw?;;: -g—;( :-Aeo—sw‘tl

Diven bacuonic ascllator, force () =A&Rwt



¢) Time wolukion wn Hu Sc.kxéo(iv\a(r Pic‘ure. (s)
GUAC( /LV\LU'&C}\OF\ chJ‘wt (1)

A I3
P> = U 4) 1d,(4)>  def of traws[. ST
o (£)> = U) 195(0)> L [ (01> = ¥s(0)>
= (Y (5)> = U (&) Ut U (or>

b = U () = U

Schrs a(m.au- . =

A

. d A A
.,k;; WY = Ht)u)

A A

b4 Ay - d U =ak U - -uwt

= kg U = kA amt de) + A ok U@

- &omu(t)we) ) o U

il

U, (YW () U 4D

A A
= Hi(e) U ()

W AR sinot = ALE (443%) sinwt

= H () = A “"f“(aﬁ ) € 44 giaut
= A‘/ “‘“‘«*a+ae,"“°‘&‘) sunw b

= 84)* 2 e(t)é* with 6t) = AJE e“snut




d J ASSume,

e = e e e&q?-%_g"g
- ﬁ . A kA Aok
>(:H:—I‘ §3Legae§°’e@ =58

- e5% g¥a & PSS

§9f "§"’C’L\ I G L CCP‘f§*§)
« e e (rth (gks+g*c )) e

A4 Ad

A -
use es’qae,ga = a-g

0%: - (8% 4%a) « (ig et (e¥-g% )] d,(p)

Of Ho forne

Ldle A
kS = (U ()

-

Cmy
-
o
]

. +
ihE - §ct)=-—;;few:cw

o
..e.
]

2(575-575)

) Noke : IJIH) S A ﬁ(g(u)

Tn;me, wo&*.’l‘\'.ota e J’L,(_ Sclgrééinau‘ F\,c“u.r(,
(63> = UL(E) U, (4) 19015
U b)) P (s01) 12,5

1]

M

e** U (+) D) Dezoy lo>
‘beduc,mt c’fi OLLSP(LLCQMQV\(’S G’p&ra,‘"ori

N 2 Al A AL %A
D(g)D(zc) - ela-5a p %2 - 24

e(§+2.,)a‘-(§+2,)*a +4(g2f-g%2)

. LsuE-g) ﬁ(z“g)



Uae, reéu_u‘s l—fom o)
2.“"’4{: ‘ e—icu.'t 2>

ae(tB lz> = & :

1Y ()5 = explip+ilgz;-5%2,)) &o(t)lz°+§(t)>

= exp (i(p-ta.t)+}(52-5"2.)) | ez 51D

= i) = @ty -at < L (3 2X-s¥z,)

z(4) = euuo"‘h(z.of%(f))

J[) _n\é’, jfu.mc(’\;on §H:\
4
g(t) = ~% [oHrdt

. ( ei(wo+w\t {(momw)fz)

with alk) = - £ A

:  (wg-wo)t
g [ ( gl | e‘(”"w)")
2 " Vimw,h Wyt Wy ~ W

s

il

> §(t)

it ~lw,t  -lot -iw,t
- e e - &

- tw,t N 1 e
2{t) = z.e ks 2mwﬁ(

W, + O W, ~w

= (z 4+ ¢ A W ) -twot
° Vimwh W -w*

. A | L
Lm oot (L.,)cosw‘t - 1w, Stnwt)

T:Of' u'\e Cc:L\.c.n'.mL 51'0,&?, X (1) = (‘#(t)l;(\ LY(E)>

wh x(4) = ik /mo, Re 2(£). X(t) sakishes Ha suue e.

Of» mokor\ as Hap_, Hwanhu e‘} o} mal’ion {or-)? This is
idenheel 4o He class. eq. o mokion .
Can olso e ue.ri{m‘u( Aa eoq:)l,lcd’ Cthu.IcL’s‘iof\.

lo



?‘(54”0 U@“mui_nehmman , E\qﬁ&‘itﬂ 2009

L?-‘vsninq ¥
u

01: pﬂtu.}e. i
U A

o) C%E.HUU'J-;U' J'\L Ha=ﬂm[a‘g_+é\]+%ﬁmnﬂ;

nin,m»

&nﬁuu‘ ata. In, m%

G, [n, m>

I+
=

2mlnm?y =

=> Er.aE.ﬂUEfaULf'- [-_:m = % [(ne 4)w + mw, ]

ad

OP.Lra.lart.r\e. oo, 9 ao. koblee ( har ma}n,suhmq,n‘md wellom
Llstander med anﬁﬂijorshnﬂ AE = % h(w-we), meng
-::Pt.ra,l'c::rme ao. o9 :3"0} kobler hlstander med am—axfo;:s!cj&u
AE = *h(w+w,). H, blandsr 2ammen e enhilsfandene U4, me
eHakHqu nNas ene Lci;“,mnun e Liten enn var dew & shor

(Se }e,tcsi W l(_t(. v Pu-lwlms'ﬂus-lwﬁ ). Nor |w+m, ) >»lw-w,]
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Midttermineksamen, FYS 4110, hgsten 2010
Lgsninger

OPPGAVE 1

a) Hamiltonoperatoren i {|¢1), [¢'r) } basis er

(Ey A
=% 5)

Egenverdiene E er bestemt av ligningen,

Ey—F A

_ N2 2
\ EO_E‘—O = (E—E)?—-X=0

Lg@sninger
Ef =Ep+ )\
Egenvektorer pa matriseform
+ agy +2 +2
= (52) . lagP+ 1P =1

Koeffisientene er bestemt av egenverdiligningen

(% &) () = = ()
A Ey )\ By 0\ g5

=
(Bo— EX)ag = =My
=
of =447 = 1
0 0 \/5
I braket-formulering
1
+
= — +
967 ﬁu«m ¥R))

ey

2

3)

)

)

(6)

Egenvektorene er den symmetriske og antisymmetriske superposisjon av |i1) og |¢r). Den anti-
symmetriske superposisjon har lavest energi. Kan forstas ved at den har lavere sannsynlighet for at

N-atomet befinner seg i potensialbarrieren hvor den potensielle energien er hgyere.

b) Ny egenverdiligning
Ey+A—-F A _ 2 _ 12 2
\ Fo—A—E =0 = (E—Ey)"=X+A

(N



(E-E,)/A

A/N

Lg@sninger

Eir=FEy+ VA2 + A2

¢) Egenvektorer, matriseelementer

(BEo+A—FEpar+M\6 = 0 =
(AF VI +A)ar+ M0+ = 0

|<‘}’L|‘I‘>|2

Normerte lgsninger

1
oy = ——— VI +AZLA
. \/2\/>\2+A2\/
1
Be = +——e\[V/ A+ AZT A
. V2V A2 + A?

®)

©)

10)



Tilstander pa braket-form

) = (VAT AT A ) £ VAR AZF A ) an

2V A% + A?
Overlapp
=14 —— 12
[zl = 5( )\2+A2) 12)

Avoided crossing: Nar A gker og passererA = 0 vil energinivdene nerme seg hverandre men
unngar en direkte krysning ved en effektiv frastgtning mellom nivdene. Den minste avstanden er
bestemt av A. Tilstandsvektorene til de to nivaene byttes om ner dette punktet slik at grunntilstanden
|1_) svarer til |11,) for stor negativ A og til |¢g) for stor positiv A.

d) Hamiltonoperator og tilstander i {|11), [¢¥'r) } basis,

A Eo—l-A A + 1 1
A= (00 ha) () @

Matriseelementer til H i |1/T) basis

- 1 Eo+ A A 1
o+ 1 0 _

ttgoF L Ey+ A A 1Y\
vilHYF = 501 il)( v oAl )=a (14)
Det gir fglgende matriseform for H i |4+ ) basis,
~  (Eo+ A A .
H_< N EO_/\>—E011+)\OZ+AO';C (15)

og i det oscillerende elektriske felt, hvor A = Ag cos wt, blir Hamiltonoperatoren
H= Eol + Ao, + Agcoswto, (16)

e) I den roterende bglge-tilneermelsen far H fglgende form

~

1 . .
H = Eyl+\o,+ 5Ao(e“‘%_ +e “ay)
1
= Eyl+ Mo, + §A0(COS wto, + sinwtoy) (17)

Den har samme form som Hamiltonoperatoren for et spinn-1/2-system i et konstant magnetfelt langs
z-aksen superponert med et roterende magnetfelt i xy-planet. I forelesningsnotatene er Hamiltonop-
eratoren

A1 1
H = §w0haz + Jw1 h(coswto, + sinwtoy) (18)
hvor wy er proporsjonal med styrken pa det konstante feltet og w; er proporsjonal med styrken pa det

roterende feltet. Sammenligningen av uttrykkene gir relasjonene

1
A= 5(4}07:&, AO == wlh (19)



I det fglgende benyttes disse identitetene. Hamiltonoperatoren (17) har ogsa et konstantledd Fy1,
men dette er ikke av betydning for tidsutviklingen av systemet, siden den bare bidrar med en felles

fasefaktor for alle tilstandene. I det fglgende settes Fjy = 0.

Hamiltonoperatoren transformeres til tidsuavhengig form med den unitere, tidsavhengige trans-

formasjonen

Den transformerte H blir

OHT ()" + m‘%ﬁ(t)

hQ(cos o, + sinfoy,)

N — 'ﬂ>

hvor

1
Q:y/(w—w0)2—|—w%:ﬁ\/(wh—Q)\V—l—A%

er Rabifrekvensen og hvor 6 er bestemt ved ligningene

cosf — u}o*w_ ZA*AQ
Q VI(wh —2X)2 + A2
A
sinf = “r_ 0

Q  (wh—2)\)2+ A2
Resonansfrekvensen er
Wy = 2\ / h

Tidsutviklingsoperatoren i det transformerte bildet er

Q Q
Ur(t) = cos(;t)ll - isin(gt)(cos Oo, + sinfo,)

I Schrodingerbildet

med matriseelementer

A = (cos(%t) — icosHsin(%t))e*é“’t
D = (cos(gt) + icos@sin(at))e%“’t
B = —i sin9sin(§t))e*%“’t

o i

= —isinf sin(gt))ei“’t
(For detaljerte mellomregninger refereres til forelesningsnotatene.)

4

(20)

2D

(22)

(23)

(24)

(25)

(26)

27



f) Tilstander i [ basis,

1

[vL) = 5

Sl

P4 matriseform

(I%g) + 1)), |vR) =

§§w®—wa>

w0 ()

Overlapp
(Vr|e(t))

Innsatt for A, B, C, D,

(Yr|(t)) = —[siné sin(%t) sin(gt) + i{cos(%t) sin(gt) + cos 6 sin(%t) cos(gt)}]

[<¥ P (0)>]

1.0F n
0.87”
0.6

S (A= D)+ (B-C))

fe—"=—
e

<Y ¥ (>

e
[
e 3

®=w/10

(28)

(29)

(30)

€2y



g) Kvadrert uttrykk

|(Yr|w()]? = [sin@sin(%t) sin(gt)]2 + [COS(%t) sin(gt) + cos@sin(%t) cos(%t)}]2

1
= 3 [1 — coswt 4 cos? (1 — cos Qt) cos wt + cos O sin Ot sin wt] (32)

Plot av funksjonen |{¢)g|1())|? med T = 27\t som tidskoordinat: De to figurene svarer til
w=wo = 2A/hogw = wy/10 = \/5h. I begge tilfeller er w; = Ag/h = 2)\/h = wy.
Kommentar:
Ved resonans er oscillasjonene rene sinus-oscillasjonere med sirkelfrekvens wg. Det er det samme
som nar det periodiske feltet er slatt av. Det er lett a sjekke av uttrykkene ovenfor at det oscillerende
feltet ved resonans bare pavirker fasen til (¢)r[1(t)). Ved w = wp/10 er svingningene modulert av
en langsommere oscillasjon som svarer omtrent til frekvensen w. Den raskere frekvensen er ogsa noe
pévirket av oscillasjonene til det elektriske feltet. Uttrykket ovenfor viser at funksjonen | (g |1)(t))|?
er en linezr kombinasjon av tre periodiske funsjoner med frekvenser w, 2 — w og ) + w.

OPPGAVE 2

a) Hamiltonoperator

~ ~ ~ Q. A N

H = w(Slz + 52,2) + E[(Sl + 52)2 - (S% + Sg)]
_ LG4 g2 32
= w8, + 28— ont (33)

Egenverdier og egenvektorer
Hls,m) = ((s(s—i— 1) — ;)a—i—mw) h|s,m) (34)
for de aktuelle tilstandene
H|1,1) = (%a+w)h|1,1>
H|1,0) = %ah\l,m
H]1,-1) = (%a—w)h\l,l)
H[1,1) = —gahu,n
(35)

b) Initialtilstand

p0) = [B(O)((0)]
(R e [ o (O [ N O [ P (O |



Tilstanden er ren siden kan uttrykkes ved en enkelt tilstandsvektor. Den er ukorrelert siden den kan
skrives som en produktvektor,
1
0) =—
$(0)) =
Det er derfor ingen klassisk korrelasjon eller kvantemekanisk sammenfiltring mellom delsystemene.
Redusert tetthetsoperator for spinn 1

+) @ (+) +1-)) 37)

R . 1
p(0) = Tr2p(0) = [+){+] = 5(1 +02)
= r=k (38)
Redusert tetthetsoperator for spinn 2
p2(0) = Tryp(0)
1
= SURE+ [+ (=] + =)+
1
= 5(1 +02)
=~ =i (39)
¢) Initialtilstand
1 1 1
[(0)) = ﬁ(|++>+§(|+—>+!—+>)+§(|+—>—|—+>))
1 1 1
= E(|171>+§|170>+§|O,0>) (40)
Tidsutvikling
() = (e L) el g ) 4 0, 0))
\/i b 2 2 b
1 ) 1 ) ) 1 ) )
— ﬁ(efl(%aer)t ‘ + +> + 5(671%(:% + ez%at) ’ + _> + 5(efzécut o ez%at) ’ _ +>)
1 , . 4
= ﬁ(eﬂ(%a“’)t |++) + €'2°% cos at|+—) — ie'2 gin at| —+))
= Al++H)+B|+-)+C|-+)) (41)
Tetthetsoperator
pt) = JAP|+ )+ + [+ B+ =)+ = | +[CP | = +)(= +]
+AB* |+ +)(+ = |+ A*B |+ =) (++ |
FACH |+ +)(— + |+ AC| = +)(+ + |
+BC* [+ =) (= + [+ B*C| - +)(+ —| (42)
Koeffisienter
1 1 1
AP = 2 |B|? = §COS2 at, |C|?= §sin2 at
1 _. 1 .
AB* = 56_’(°‘+w)t cosat, A*B= §el(a+“’)t cos at
AC* = %e‘i(a+‘“)t sinat, A*C = —%ei(o”r“’)t sin art

BC* = isin 2at, B*C = —% sin 20t (43)



d) Redusert tetthetsoperator for spinn 1
pr(t) = (AP +BP) )+ +CP =) (=] + AC™ [4)(~| + A*C |- )(+]
1 1
= 5(1 + cos? at) |+) (+| + isin2 at |—)(—|

+%e—i<a+w>t sinat [+)(—| — %ei(aﬂ’)t sina |—) (4] (44)
Benytter
1 1 .
| ) (£ :i(liaz)a =) (F :§(Umi“7y) (45)
Det gir
1
p1(t) = 5(]1 + cos® at o, + sin[(a + w)t] sin at o, — cos[(a + w)t] sin at oy, (46)
og
r1(t) = sin at{sin[(a 4+ w)t]i — cos[(a + w)t]j} + cos® atk (47)

Nar w >> « presseserer vektoren raskt rundt z-aksen, mens vinkelen mellom vektoren og z-aksen
gjennomfgrer en mer langsom periodisk variasjon.

S(t)
037
027
0.1}
ot
1 2 3 4 5 6
e) Tetthetsoperatoren p; = %(Il + r; - o) har egenverdier
1
px = 5(1+m) (48)
Sammenfiltringsentropien
1+m 14m 1-mr 1—r
=— 1 1 4
S 5 log —5 + 5 18— (49)
Tidsavhengighet til 71,
1
r1 = [cos* at +sin® at]/? = [1 — 1 sin? 2at]'/? (50)



Lign. (49) og (50) benyttes til & plotte tidsavhengigheten til S(¢). Basis-2 logaritme brukes.

Spinn 1 har maksimal blanding nér 71 er minst. Det svarer til stgrst sammenfiltringsentropi. Den
stgrst mulige verdien for .S svarer til 71 = 0, som gir Stotmar = log2 = 1.0. Den maksimale verdi
under tidsutviklingen oppnas nr sin? 2at = 1, som gir 7; = 1/3/2. Den tilsvarende sammenfil-
tringsentropien er Sz = 2 — (v/3/2) log[2 + /3] = 0.35.

f) Heisenbergs ligning for det totale spinn er

d A X
%s =wk xS (51)
Forventningsverdien er
A A - h h
(8) = (81) +(82) = 1 +12) = 3r (52)
Det gir bevegelsesligning
% —wkxr (53)

Vektoren r presseserer om z-aksen med sirkelfrekvens w. Ved ¢ = 0 er vinkelen mellom r og z-aksen
45°. Denne vinkelen er konstant under bevegelsen.
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Solutions

Froblem 4

a) Totel spin S =% (Faltled) =
32= 1‘;(316;'1 -t--f.A*fg)

= ifla]ldé_tr.eoa)

c. 00, IV.> =~ 14, > k=1,2,3
C,8 0 [bsy = = 19>
0‘;66, Jds> = + 1dg>
5,00, s> = + 19>

The Heree cover
ﬁ 3
I - £ -s.:)‘ = (d’.,l 3 f31":):;'0‘.=00',]|¢"> =_C-)_
T: <3, = <¢6l¥(31+i'&06~]|¢5> = 2%
M - <3‘>.3 = -5-_[(33‘ +(§‘>1] - 42
P, is a spin O stabe, P, is @ apin 1 state
p; is a wixchue (incoheent ) o} spin 0 aud spin 1
This means : on f:“, is m*a—kom% inoanant .

) Reduced gpua,' dw&bla oPmaJors

ad
P = T"o [ L(1a4-5¢+-1 +1=40K-# 1 = 14D+ [~ 143K+ ’] 1)
LY r
= 4 (1+><+1 + 1->4-1), '—‘";:1,,, cross tenms
A A A A A A .
P =pPs = P1 = + 1, asince e ross beams in (1) do nol
condribute .

Sqlmdaurlad ?’f . E‘: - ﬁ: = 3 1 Mxima.ua wuxed

. a——



b, and p, are pusc stakes
= enl-ropif.s S, =5, =0

F’a= 'é(ﬁ *'F’-,,) is naxed | with Probaloik-kc.s P,:p.,;-}_

Sy =~ Pulog po- palogp: = Log2
En-l'ropi.e.s of Subadsl'cw

A_A A el il
S, =5, =S, 1032 =S, =5, =S,

lncc'ua.u-a : 5% max { 8a,5q}
Tand I : not Mksa}ie.d

0 = sd'is%iwl as u'«o.l»l-a

’D&ﬁf&@ 04’ e-u."'auﬂlem.d'

Tond T as pure s'l-a.-l'cs, dzaru. o{- eutauglewtnt
ooy s Sy
Cave T

By = 3 (Ptp) = T 1e04-1+ |=+>&-+1)
= L (e @ 1>y [-><- 1@ 1+5<+1 )
1} is o mixhet of product states
which weans +hat it s separable (nown- eu.{'makdl
’Deﬂm, o# L«J'o-hale.med =0
c) 18> =cosBl+>+ binB|-> =
5410> = (8 S, + 5in5.) 19>

= E [ (050 cos g, sindsind ) 14>+ (sinb ws - asBsind )l->]

Y [t»sg_l-l-)ts\.n 1->) = (+K)|e> ,spmup shate




Py = (Po), = Tr, (Prerps)
=<0l41,16> =1
This is valid for all e cares T, T, .

Means Hhat Hure is alual pm'oa.bi.ua }w Apin up —_—
spin dlown in 2y direchion 8 .

d) ' A A A
P(e,8') = T-(P(e)®P(6) p)
= <g,0'| p16,6'> 16,8'> = le>@i18'>
(+-18,8'> = <+165<-18'> = s sind
I
(-+10,08'>= <-105¢+18'> = sinT sk
'i,mpl.i.ts

A
care T: P (6,8') =2[66'1+-><+-1086'> « C80'I-+><-+ 00"

- (00 |+-> ¢-+108'> -<00'Ivi><+-100'5]
Ve
! ]
:"éps".g si,n't% + Sinzg Cﬂb‘-%‘ - 2 cos %&'.n % CQ.s«-e_-‘-t sin gi]
g 2
'-"-‘i(w&'%' sind - sin%m%)

1

code L and W :
similar evaluatious aiua-

] - | ¢
P(8,6') =4sin*t?  Rleg) = §(sin T +an' 92




e) Plots of Yo funchion ¥(6,81 for 8'-050 (b dl L),
3D plots Jor vasable 4 aud 8' also included (o dee qﬁu‘).
Carr T ard T Lo Beld &Waua broken (uﬁdwe_‘il
doed red in 3D plot ).
Case T s wo /Lc.a.[u.ua etf Rl ou%qﬂ%
Rorvulds concistedt wilk b)Y, T and T loivg educgled,
T htdog won- sapeaied '”G “G

Sy 2 3D plot

Case |
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Pup(6,6') = Ej.
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Jn
a) »
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A
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n

©l=

-

e

W-~We i AJ-"-'
|

)fﬁe(n"li,“
- %2In Wy,-w

W
» A=zw-8, 3 Ea = 'h"(n--%\ ;.;ﬁm.!?

:“30) = :l,lﬂ.0> = -'{;_‘ha}ola,os

i w,t
km. wolwkon 1b(e)> = la,O’) =2 (Y(H)>=¢e la.b>




b) wrw, = A=0

”’n' kwn *lO)*E‘“

e qu i étmnwﬂ

&aensl‘a}as and e&awuducs
¢ =1 = EX-g,t tho,
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s de B Dk = L (" )
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2 Cne = é (d:"'d;) o d:*’fgf(cm*icnz)
__i-_(d:-d;) al;' o Gaym € Cig)

Time evolution c:| (t)=e* -tdi(o)
T Calt)= £ (e Etd (6)+ e ket d. (o))
= 4 (e'J"‘E"H éﬁ" ) ¢, (0)
T { (EETE_ g5t ¢, (o) )
=D Cnu(t) = e.'és"t (t:‘:ﬁs“-"—"-t Cne (6) + sm--— cnz“‘-‘])

wid. deddation :
. Cny () = "&J (cosg"ic (o) —Sin-—-—-c.mfon




c) General state
1> = E Cni In1>
’D?-“-‘il'a °‘>ue.‘-or
p =<l =T :l;jcu:. Cl this>¢] !

matrix elewents

*
F“;:"'j = Cai CnYj

/Reclk.ccc{ deuiﬂl'a of)u*a..l-or' af‘. He w(-ow.
Paten = T;yko&n F’ = )':;4"”3'“:’\/?%4-0-& stakes

=L L L Ccw Cf"j {nin' >(H"d' In>
A n's n“J

{nintty = 19> Somt = 142 Snn!
<nin'2y = ley dana = 122 Sty
» {nln'a> = ({> Sqpi-n,n’
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N . *
Pl.-.l. = (el Pn.bm 'J » =L E'l Eu Cats c"uJ éln’i" ),n' 5‘""’.1.'"”1""

*
B L:, Cinai-4)¢ Ctmj-nj
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PH = Iﬂ, 'Cnilz P!'olD {-or' a.sl-ou "'D Btiﬂ‘l"*akdo&{‘nl-t

2 — & = excoted —=—

Pn. - );, lcml



A

kol state ($20)

Care T f.; = 1$(0)dX<d(o)| = 1edlel ® im-1><m-11

2, A
Pahm » Trp,‘_o(_mp = |e><el {m-1lm~1> = le><el

pij = 8;2 0,2

Case T [S - 1@Y<el @ lo><lad

-

= pij = & dj+

Cni (0) & 6nm 6;,1,

d] fom b): 7

Cose T: Corlt) = €5 sinel S0
Cralt) = €85 osdat 6.,
deuscl—a mahix
- . 2 Wml 1 +
P, (E) = sin 5F Py (t) = cos' 2
P‘.L ] ; e Q%-‘. £ (‘% aﬂm Sniljm =_..-
*
Par = Paa = 0O
—_— A=l
Cave IL Bos il = f.e,""z"'t gin 42 _[E___i e-ml'/z
n-1
G () = R cos i AT g
2 (n-1)"
T 10,4 1t Mk
= P“(‘I:)— E‘ eun ~ P e
o~ T wat j 1> e
P () 5 L Cos =8 =

o
P"z(t) w e‘w Z 8&0% Cos onﬂt a("'”“'n .

= 2.: 2. T S T L
e e




e) Plots o] pylt) for cares T and I,
Cose T with Ho plioton nunber inikially dufoued
oA n=Y Alu:ws ocduja:?mhi osc;uaslfomg ﬁ«.vl-ww. led aw(lab.

1.0

o8l

041

02}

= 3
At

At
Case T, wikh Hee emfield iui.-l{a.ua in @ cobeect
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* st beaks”.
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Seludions

Problem

l

Sp"m composLJn'ons
i 6PLH ‘/z X 6plh Vz 2 SPM 3+ SPLn 1
= spin 2 x (spin'y < spun'4 )
= Spin‘h ¢ spin O + gpin Y x spin !

- SFLh Vz + 6pln '/z + spm 3

b) Lowesxl Watd @i J/IM, éFim 1/1 Aulospauzﬁ,




Enﬁza Glz;“,e,rmce,
EXf-El < 2ak?-bh
Hus is Posﬂ-\lc)e_, when be 2ah
T'MLS AS “Hw, (’/OMCL‘:'AOH f'@r N/»L ar’obmcl AL&L& 40 ﬁkwe’, SP{M l/z,
“’ 18 M‘O% daaequLe Auw H«a ‘!"L&W-LL‘\LDUJM L *“u. \lu.)o

APW\ sz, %‘ubs'pacu ase &Mmﬁ

¢) Wb somine 19,>
[9,> = 1-> & [ 4>,

-~ 190, = F (14-5,7 1-42,)

Tlis is a spiu ALUGU‘ doke (4pin0)

(1s damonsholed by applying (32320 25,5+ 341

bo the atele 14.,,)
i e, wmposd’ion o@ oy 4pin o atate with a xpiv\O Llae

is a ppin ' sate .
21 2- wupmww} S, 1> = §(~1+f—t)l¢a> ’*M

= lhe shake f;u; i Hee Aukspauz, er’ﬁ Hu 8mw\a( A{a‘-c.

The tlales 19,5 and 19> -
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N Higer epine = 123 = 231> 302

The +otal ipin 1§=§‘+§z+_§3 as dudanant tudic
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d) 'Parkxtion {+

(23) for 19>

Po = 1ha>Cal =(1-2¢=1), ® (%, ><Hal),,

= P’* = Pa.q ® Pazs PFDOLuC{ bl‘a{"&

Tl«.a/:e., AS ND wmﬁx“\oh = no &V\“'auﬁ‘emL

meL respe.cjr B A'As pa.:#\'/(im
Pocbibion 2+ (31)

PM. = Tﬂa P" = TI‘; Pa: Tra Paz3

-
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.
-

Enkopy:

|
2 s

& ( [+5¢4 ]+ I=>¢ ‘)2
i1,

Saa = Log 2

Tr pa, =

s L Te (14->¢e- 1 lotrdon = la2datl = [=e2¢t1) o

TL»)S s Ha muw.fl WP@» AlntL lh APLM dpacy e]l

?(M»Rdc 2 s o} dineurion 2 .

14 is Ha ux{amﬁlemﬁ Mmpj of Hu wupasck Aﬂfs}em 1+ (23)

(Parkl‘mn 3+(42)
The Mi‘?a Opméﬂr‘ s &amw—dﬁc with %P&C“" i‘a Ho

pe,m”\Lwlien 12 = p,,=31,

= Say * »Q_ma 2 muwu.a waxed
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| ge>
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Midterm Exam FYS4110, 2016
Solutions

Problem 1

a) The expectation values P;, P, and P;» determine the probabilities of detecting photons with the

given polarization, respectively at detector 1, detector 2 and at both detectors. This implies the fol-

lowing correspondences, i+ ~ Py for large N, similarly 2 ~ P and "3? ~ Ps.

b) Density operator, two-photon system
p= )Yl = %(\HVMHVI +VH)(VH| + e™|[VH)(HV| + e ™|HV)(V H]|) e))
Reduced density operators
p1 = Trop = (HalplHy) + (ValolVa) = L (HYH| + V)V = 51,
pr=Trp= (HlplH) + (VilpIVi) = SOB)H| +V)(VD)e = 31 @)

Both reduced density operators have maximum von Neuman entropy Si/; = —17py/10gp1/2 =
log 2. Since the two-photon system is in a pure state, S /5 is equal to the entanglement entropy, which
gives the measure of the degree of entanglement between the two photons. Thus, the photon pairs
have maximum entanglement for all values of the phase angle .

¢) Since the reduced density operators are independent of y, the results for P; and P, are the same in
the three cases,

PO = Te(pPi(6) = Tra(pr Ba(0n) = 5 Te Pu(6r) = 3 (61]61) =

NN =

Py0s) = TH(pPa(6:)) = Tra(p2Pa(02) = 5 T Pal0s) = 3 (62]02) = ®
The probabilities P} and P» are independent of the polarization angles.
The joint probability is given by

Pr3(61,602) = Te(p[6162)(6162]) = [([6162)[% . |0162) = [61) © |02) 4)
casel: y =7

1
Y = E(IHW - |VH))
= (Yr6162) = \}g(cos(el) sin(fz) — sin(6;) cos(62))
= —\2 sin(6; — 62)
= Piy(b1,0,) = %sinQ(é?l —6) 6))



case II. Yy =0
1

i) = %(|HV>+|VH>)
S Wri]010y) = %(cos(@l)sinwg)+Sin(91)cos(92))
- —\}isin(¢91+92)
~ Pu(6i,6y) — %sin2(91+92) ©)
case III: x = 7/2
i) = s (HV) +ilVED)
S (Wiloi6s) = \}i(cos(el)sin(%)—|—isin(91)cos(02))
S Po(0y,0)) = %(COSQ(Gl)siHQ(Hg)—I—sin2(91)cosg(92))
= %(SinQ(el—92)+Sin2(01—|—92)) (7

d) The result (7) is the same as half the sum of the corresponding results for the cases I and II. This
means that the expression for P;s in case III is the same as for the density operator

iar = o+ prr) = g(en) or| + [ar) (arl) = 5 (1) (H| © [VIV]+ [V)V] | H) (H]) ®)

which is a separable (unentangled) state.
e) Define the function

F(0) = F(0,0,20) = Pi5(6,20) — | P12(0,0) — Pi2(0,26)] )

This function should be non-negative if Bell’s inequality is satisfied. Three plots are shown of this
function, corresponding to the three cases I, I, III. In case I and II the curves do not satisfy the inequal-
ity, in accordance with the expectation that when the two-photon state is entangled Bell’s inequality is
nor respected. In case III the function is non-negative, which means that the Bell inequality is unbro-
ken. This can be understood as due to the fact that the same expression for F'(§) can be found for a
separable (unentangled) two-photon state. Since also in case III the state is maximally entangled, the
Bell inequality studied here can not be sufficient general to register entanglement for all values of .
f) Results with detector 2 projecting on the new polarization states with ¢ = +m /4.
The two-photon polarization state corresponds to case III (x = 7/2).

Polarization state of the two projectors,

01045) = cos 67 sin Ore | HV) + sin 0y cos 02e'®|V H) + (terms |HH ,|[VV (10)
¢
The joint probability is now
Pia(61,02) = |(0111]61042)]?
2
= |— (e‘w’ cos 0y sin 0y — ie'® sin 0; cos 0)
V2
1
= 3 ((1 + sin2¢) sin®(61 + 62) + (1 — sin 2¢) sin®(61 — 62)) (11)



Problem1e)

Bell's inequality: Plots of F(0,6,26)
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Case A:
6= /A= sin2p =1 = Py = %sin2(91+92) (12)

Case B:
¢=—7/4=sin2¢0=—1= Pp = %sin2(91 — 02) (13)

We note that P12(61, 62) in case A is the the same function of #; and 65 as earlier found in case I
(Eq. (5)). Similarly Py2(61,62) in case B is the the same function as earlier found in case II (Eq. (6)).
In both cases Bell’s inequality is broken, and similarly this will be true in cases A and B. Consequently
breaking of Bell’s inequality is found also for the state |¢)777), but only if one of the detectors register
non-linear photon polarization.

2 Atom-photon interactions in a microcavity
a) Action of H on the basis states

Hlg,1) = ( —wﬁ)lg, 1) + Me 0)

. 1

H’€70> = 5 ’6 O>+ A‘ga >

Hlg,0) = —3hwlg,0) (14)

The ground state |g,0) is disconnected from the other states and can be disregarded. Extracting the
matrix elements of H from (14) we find that the Hamiltonian, restricted to the subspace spanned by
the vectors |g, 1) and |e, 0), takes the matrix form

1 . L[y A
H = §h(w iv)1 + 2h<)\ —i7> (15)

b) The time evolution operator is

U(t) — ef%lrlt _ ef%(w z’y)t —iQ-ot (16)

with 2 = %(/\i + ivk). The second term can be expanded in powers of the Pauli matrix o - /€2,

. 1 1
e ot — (1 59%2 + —Q4t4...)IL
W 343 4
‘Q :
= cos()1 — o sin(Qt) (17)
where we have exploited the property of Pauli matrices that even powers are proportional to the iden-
tity and odd order are proportional to the Pauli matrix. From this follows the result

. i Q

Ut)=e —5(w=in)t (cos(Q2t)1 — isin(Q2t) a o) (13)
Q= %(/\i + ivk) gives 2 = %()\2 — %) and Q) = %\/m, which is real and positive when
A>y



¢) In matrix form the time dependent wave function is

P(t) = U)p(0)

S Ot + 55 sin Q¢ —i%s sin Qt 1
—igs sin Qt cos Ot + o sin Q¢
L (cos Qt;\i— 2T}lsirth) (19
—i5g sin (2t
In bra-ket form this gives
[(t)) = e 2 ()t (cos Qt + 7 sin Qt)le, 0) — zi sin Qtlg, 1) (20)
2Q ’ 2Q ’
d) Assuming Tr peq, = 1 we find
f) = 1-Trj()
= 1= ((t)[(2))
—~t )\2 "}/2
= 1 — € 7 <4§22 — @ COS(2Qt) + @ Sln(29t)> (21)

When the photon escapes through the walls, the system inside the cavity ends up in the state |g, 0).
The term added to the density matrix p takes care of this in such a way that the sum of the probabilities
for the atom to be in one of the states |e) and |g) is constant, equal to 1.

e) Occupation probabilities for the atom; the excited state

pe(t) = (€,0[pror(t)]e; 0)

= (e, 0lp(t)le, 0)
[(¥()le, 0)?

= e M(cos Ot + %sinﬁt)2

A2 A2 942
_l’_

— ot
¢ 3 802

cos(20) + % sin(20¢) 22)
and the ground state

pg(t) =1 —pe(t) (23)

The probability for one photon being present in the cavity is

pph(t) = <g71|l6(t)|g71>
= [{¥(®)]g. )

2
_ ;Q 21— cos(2001)) (24)

f) Eigenvalues of peqy (1),

peanlt) = 1H@ONW(O)]+ £(2)]9,0)(9,0)
= WOROIGONDE] + F(D)lg,0)g,0
= (1= FO)O) O] + (09, 0){g,0) 25)



where |¢)()) is normalized to 1. Since this state is orthogonal to the normalized state |g,0), the
above expression gives the spectral decomposition of j.q,, With eigenvalues f(¢) and 1 — f(t). The
corresponding von Neuman entropy is

S=—flogf—(1-f)log(1l-f) (26)

with f given by (21). With the cavity system viewed as a part of a larger system in a pure state, which
includes also the photon states of the escaped photon, the above expression for .S can be identified as
the entanglement entropy of the larger, composite system.

Problem 2 e) og f)
Occupation probabilities and entanglement entropy

entanglement entropy
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