FYS 4110 Modern Quantum Mechanics, Fall Semester 2021

Solutions to problem set 1

1.1 Commutators and anti-commutators

‘We have

[A,BC] = ABC — BAC + BAC — BCA =[A, B|C + B[A, (]
[A,BC] = ABC + BAC — BAC — BCA = {A,B}C — B{A,C}

1.2 Trace and determinant

a) We have
Apn = (m[Aln) AL, = (m/|A]n’)

and

- Z Unn|n) Unrn = (n|n/)

with U a unitary matrix. Then we get
Al = Y _(mli)(i|Alj)(jln) = (U AU)pun
ij

From this we find
TrA' = Te(U'AU) = e (UU 'A) =Tr A

where we use that Tr AB = Tr BA and that UU ! = 1 (U is unitary).
det A’ = det(U'AU) = det U ' det Adet U = det A

since det(AB) = det Adet B and det U~! = (det U)~!
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b) We write A in the basis of eigenstates, where it is diagonal with the eigenvalues a,,n = 1,2, ...
on the diagonal. Then the trace is just the sum of the diagonal elements, and the determinant the

product.

Trfl:Zan detA:Han
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d) We decompose the states in a basis:

Then we get

Wlo) =Y (nltndmlm) =D Wrdmnlm) = vio,

m,n m,n

Tr(|¢) (]) = (mem n|> Z@z)m— (¥]9).

1.3 Dirac’s delta function

a) We start from the definition of the delta function

fo) = [t o) 1)

—00

and Fourier transform both sides:

f(k) = \/127 /dxeikx/d:clé(a: — ') f(2))

_ jﬂ / du / da' e~ 5 () £ ()
= /due_ik"é(u)f(k‘)

where © = = — z’. Thus we must have that

/ due™ 5 (u)

which means that the Fourier transform of the delta function is a constant

1
W=

Using the expression for the inverse Fourier transform we get that

5

1 [ ,
é(xz) = - dk e’k®
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b) Consider first the case where g(z) has a single zero, g(xg) = 0 and that ¢’(x¢) > 0. Change

integration variable to u = g(x) so that dz = gfl(zi):

| dsstg@nste) = [ SEss)

—00 oo J'()
1 > dx
= oy fa0) = /_Oo s LN (17

If instead ¢’(xo) < 0 we have
[ astgans@ = [ gfﬁ)au)f(x) -/ g,d(i)é(u)f(x) (1s)

Both cases can then be written in the form

1

d(z — ) (19)

If the function g(x) has several zeros, at the points = = x; we get one contribution from each zero,
which gives the general formula

Sofa)) = 3 ordla =) @0)

1.4 Position and momentum eigenstates

Consider the momentum eigenstate |p). In the coordinate representation it is given by the wave-
function v, (z) = (x|p) which is exactly the scalar product we have to find. The eigenvalue equation
p|p) = p|p) is in the coordinate representation

(z[plp) = p(z|p) = pYp() 1)

The left hand side of this equation is the position basis representation of state that results from the ac-
tion of the momentum operator on the state |p). This we know from introductory quantum mechanics
to be (remember that ¢, (x) = (x|p) is the position space representation of the momentum eigenstate)

TR  dp(z)
(z[plp) = —ih I

(22)

In fact, this equation is the proper meaning of the prescription p — —ih% that is used in the position
representation. Thus we get the differential equation

d
i) o) 23)

with the solution
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p(z) = Aeh® (24)

where A is an integration constant which we have to determine from the normalization condition

i) = [ dalple)aly) = [ dolAPer o) —2nnjaPs(p - p). es)
So we have to choose A = 1/+/27h and get

1

e%xp 26
\V2mh (26)

(zlp) =

1.5 Some operator expansions

We’re given the following generally noncommuting operators:

F (\) = e’\AEe_)‘A, G (N = e’\Ae)‘B

a)
@ _ deM e e,\Aﬁe—,\A L MB de M
dA dA dA dA
-0

= AeMBe M — MPBAeM

Remembering that e can be written as the Taylor expansion evaluated for small A, we know that

[ekﬁ, fl} = 0 since every operator commutes with itself.
—_— = Ae’\ABe_’\A — eAABe_)‘Afl = AF - FA= {fl, F} 27

Then expanding F for small \, we get:

n!
nA=0 ) )\2
= F(0)+AF(0) + S E"(0) +
= FO)+A[AF©0)]+ A; 4, F(0)] +
— F(0)+A [ A,F(o)} X [/1, A,F(O)H +

2
— BeA[AB]+ 2 [A[AB]] 4 FO) =B 29
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b)

dG deAA eAB e)\A de)\B
d\ dA d\
AeAAeAB + 6,\AB6AB

Ae)\AeAB + e/\ABef)\Ae)\Aez\B

= AG+FG
<A n F) G (29)
Then, we need to show the relation

We're told to compute the exponential to second order in \. If we then treat AA + AB + 2~ [A B]
as a single variable, we can easily see that we can expand in the following way for small )\

%0 (AA+)\B+ A, B]) 2

AATAB+ 2 1AB] _

n!
n=0

Neglecting terms that are of O ()\3), we get:

JAPAAABEY [AB] 1+)\A+/\B+)‘;[A7B}+;()\A+)\B>2+...

1+AA+AB+);([A,B}+(A+B)2>+-~ 31)

If we now go on to expand the left hand side of (30) to second order in A for small A, we get:

G\ = G(0)+>\G’(0)+)\;C¥”(O)+

Calculating the second order term:

CG_ (G F)G- éi#jf: G (A+F) S _[4F] G (d+F) G
=0
Inserting this back yields:
GO = 60)+A(A+F0)60) + A; <[A,F(0)} G0+ (A+ @) é(o>> .
= 1+)\<A+l§)+/\;<[A,B}+<A+B)2>+--~ (32)

Comparing (31) and (32), we see they are the same. Q.E.D

1+)\A+)\B+)\ [A B} (AA LB+ AQ

2

BD2+...
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c) If {/l, {A, BH = [B, [fl, 3” — 0, then from (28), we get F’ AN =1+X [A, B} Using this and
(29), we get

flf — (A+B+a[4B))c
ézf - (A+B+A{A,B}

Integrating over A yields (assuming A > 0):

/édé - /<A+B+/\{A,3Dd)\

QED

1.6 Spin operators and Pauli matrices

a) We set n = (nj,n2,n3), then

n ny —1in
n-o0=mni01 + Ngo0y + N30z = 3. ! 2 (33)
n1 + 19 —n3

The eigenvalue equation is:

det (op —1)=0 = det(n?’_/\ nl_mQ)zO

ny+ing —ng — A

—(n3—A) (ng+ ) — |ng +ing)> = 0
:>—n§+)\2—(n%+n§) = 0

=X = ni4+nd+nd

=\ = +n?=+1

The corresponding eigenstate equation for A = 1 is:

on¥n =Yy



FYS 4110 Modern Quantum Mechanics, Fall Semester 2021 7

By switching to spherical coordinates, we get n = (n1,n2,n3) = (cos ¢ sin 6, sin ¢sin 6, cos ).
Inserting this into the matrix (33), the equation gets the form:

cos 6 (cosp —ising)sin®\ (1| [ cos® e @sin®\ (1 (U1
(cos ¢ +ising)siné —cosf o) \e®sinf —cosh Yo ) \)o
Which corresponds to these equations:

Y1 cosh + e @sing = iy
V19 sinf — g cosh = o

We need to solve one of them, I’'m choosing the second, where I get the relation:

€' sin @
— 1 =
1+ cost
Then: , , .
€' sin 0 €92 sin g cos g €' sin g
1+cosf  cos2 g + sin? g + cos? % — sin? g cos g

This gives us the relation:
; 0
' sin §¢1 = 19 coS B

This is true for ¥ = cos g and 1o = €'? sin g, which defines the eigenvectors for A = 1:

(4
w, = (58,
e’ s 5

For \I/LU\IIH = n, we get:

Uiow, = (WLalllfn,\PLagllln,\IlLag,\Dn)
t 0 —iv 0y (01 cosg
Ui, = (cosi, e 81115) 10 ¢i% gin €
2
. i gip ¢
= (cosf, e**sind) (ecosslr;2>
2

= ¢%sin B cos 3 + e gin 2 cos B

1 . ,
=35 sin @ (e“ZS + e—uﬁ)
= cos¢sinf = ny

- 0 —1 cos 2
0 —ith i 0
hoaWUn = (cosg, e sing) (l O)<ei¢si§9>
2

i gin f
0 s B 1€'? sin
= (cosi, e Z‘75811&2)( z'cos% 2)
. 0 0 ~ 0 0
= 4 <—el¢ sin 5C085 + e ¥ gin 5 €08 2>

1 . .
= 5@ sin @ (e_“ZS - e’¢>

= —i’sinfsing = no

LG
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Zid s 1 0 cos &
Vot = (s eosmd) (1 0) (558)
9
B 0 b B < cos 5 >
= (cos3, e '¥sin 6 0
( 2 2) _ezQS sin ¢
0 y 0
_ 27  —idip ;.27
cos” 5 —e Yevsin” g
= cosf =n3
Thus:
UhoWn = (Who1Wn, WhooWn, WhosWn) = (n1,m2,5) = 1
b) | |
e—%aozaxeéaoz
We have: )
. N . o A R A
MBe M Z B4 A [A, B] +5 [A, [A, BH T (34)
We choose A = —%az, we get our expression on the same form as in (34):
X X . 2 . . 3 . . .
eI G000 = gt |0, 0n| e | —20s, |~ 20 00| |+ |~ 20, |~ 20, | —20ss0 + -
T xT 2 zZyYxT 2 2 z 2 zZyYxT 6 2 z 2 z 2 zZyYx
i a® [ i\’ a® (i\?
— O';E—i-Oé _5 [0—270—‘%]—’_? _5 [O'Z,[O'Z,O'IH—FF _5 [027[(72»[0za0wm+"'
Then we know that the commutators are such that [0, 0y] = 2i€,y .0, where €;,,, = 1 and any
odd number of permutations returns —1, and any even number of permutations return 1. Thus:
[02,04] = 2ioy, [0,,0,] = —2i0,, and
: : : 2 N
_i i 1 X o 7 .
e 2%%ge2%" = o.tal—= 2Zo'y+f —— (22) [O'Z,O'y]
2 2 2
3 3
o i ‘
+F (—2> (24) [0z, [0z, oy]] + (35)
) 2 ) 2 2 3 (3 3 2
= o, +ta (—2> 2ioy > (—2> (20)" oy 5 (—2> (20)° [0z, 04) + -
2 ol
= o0z +taoy — —0g oy + 36)

27 6
C¥2 a3
B PR P A

The series continues in the familiar pattern of cos «a and sin « due to the pattern in (35), which
leaves us: ‘ ,
e"2%%:5.e3%%% = cos o, + sin aoy 37
The unitary matrix U = e 2% when transforming an operator/matrix, causes the transforma-
tions:
o — UolUT = e 32990 5¢500n
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As we saw in (37), if n = (0,0,1) = z, we got a rotation about the z axis. If we now imagine a
different orthonormal coordinate system with unit vectors n = n_, n,, n,, then the transformation
Uon,UT would look like:

CMO’ 71.010‘ :
L, € 27"%ge 277" = cosaop, +smaany

and rotates the spin basis around the axis n.

c)

[eS) k
— 7cwn § : OéO'n

k=0

Then we need to know what the different powers of oy, are:

o2 cos e ®sinf\’ _ cos? 0 + e e’ sin% 9 cos B~ sin § — cos fe " sin 6

o7 \e?sing  —cosf ~ \ e sinf cosf — cosbet® sin § e'? sin fe~*? sin 6 + cos? 6

cos? § + sin’ 0
2 02 =1
0 cos” 6 + sin” 6

Thus, we see that o, follows the standard Pauli matrix identites: aﬁk = 1 and aﬁkﬂ = op for

=0, 1,... This let’s us rewrite our series as:

5Q0n 2 n _ 2 n 2 n
¢ > > (25))! > 2k + 1)!
k=0 k=0 k=0

Using that (—i)?* = (=1)*, (—i)%**! Zk+1 i2ki = (=1)*"14, and the identities for the

— (2k)! — (2k + 1)!
—c?);% =sin %
_i o
R — cosill—zsm On



