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EXAM in FYS 4110/9110 Modern Quantum Mechanics 2015
Solutions

PROBLEM 1
a) Hamiltonian

~ 1
H:§hw(02®]1— I1®o,)+h o, ®o_+0_R0y)

Action on the basis states
H++) = H--)=0
Hl+-) = hwl+=)+h\—+)
H|—+) —hw| — +) + R + )

Matrix form of H

H:h(w /\>:ha<cosﬁ sin 6 )

A —w sinf@ —cosf

b) Eigenvalue equation
(cos@ sin 0 )(&)_ <a>
sinf —cosf)\B) " \3

2 —cos?’f—sin’=0 = e=+l=e€,

Secular equation

Energy eigenvalues

EL = +ha = £hvw? + A2

Eigenvectors
cosfaq +sinffpy = “+ay
0
=  ay/fr =(1+cosf)/sinf = cot 2
0
a_/p- =(—1+cosh)/sinf = —tan§

0 i
= |y) = COS§| +-) +Sln§| —+)
0 0
) =sin 5| + =) = cos 5| = +)
The states | + +) and | — —) are energy eigenstates with eigenvalues £ = 0.

1

ey

2)

3)

“)

(&)

(6)

(7

®)



¢) Product states
p=1+H++l =]~
have no entanglement. Reduced density operators
pl=pf =19+, o = 0f = 1)

Non-product states

pi = W) bsl = cos? 2|+ )4 — |+ sin® O] — )+ — |

7

20 . 50
+ cos 5 sin §(|+—)<—+|+|—+><+—|)

Reduced density operators
. . 0 .50
pr=p2 = cos’ Sl4) (] +sin’ =) (|
~A _ AB -2€ 29__
pr=pi = sin” o H) (] + cos” o =) (]|

Entanglement entropies

0 0 0 0
S4(0) = cos? 3 log(cos? 5) + sin? 3 log (sin? 5)

€))

(10)

(1)

(12)

(13)

Minimum entanglement for § = 0 (A\/w = 0), with S;(0) = 0, maximum entanglement
for 6 = £7/2 (w/A = 0), with S.(0) = log2. This is identical to the maximum possible

entanglement entropy in the two-spin system.

PROBLEM 2
a) Hamiltonian

~

1 . ,
H = hwo(a'a + 5) +hX(ate ™t 4+ ae™t)

In the Heisenberg picture

R 2 Ay —iwt
ag = - [H,a}H = —lwpay — tAe "1
gives
g = L[] + 22 = iy — Ao+ w)e 1
Rl ot 0 0

which gives C' = —A\(wp + w).
b) Assume

(14)

15)

(16)

7)



Differentiation gives

ap = _wgdefzwot . D(w2671wt o wgefzwot)

= —widg — (W? — wi)De ™" (18)

which is of the form (16) with

D= (19)
¢) Time evolution
[$(0)) = 10), al0)=0
[B(@) = Ut)|¥(0)) (20)
gives
alp(t)) = Z;f(t)f;lT(t)db?(t)|¢(0)>

= U(t) an(®) [4(0))
= U(H) (a7 + D(e™! — 0t) [1(0))
T an

This shows that [¢)(¢)) is a coherent state with time dependent complex parameter z(t), and
with real part (), given by
A

. , A
2(t) = . (e7™h — 7oty | g(t) = W (cos wt — cos wyt) (22)

The time evolution of the coordinate z(t) is the same as for the classical driven harmonic
oscillator,

i+ wir = —Mwg + w) coswt (23)
PROBLEM 3
a) Hamiltonian
2 1 A.i. ~ 1 A.i. ~
H= §hwaz + hwa'a + ih)\(a o_+ao,) (24)
Action on the states |—, 1) and |+, 0),

A= 1) = Sh(wl=,1) +Al+,0)
A+0) = Sh(wl,0)+ - 1) 25)

Matrix form

~ 1 1
H = §hwﬂ + 571)\% (26)

3



Eigenvalues for o, are +1, gives energy eigenvalues

1
E: = Sh(w+)) 27)
Energy eigenstates
1 N
ey = (=D £ [+,00) . Hlths) = Exlys) (28)
Time dependent state
(1)) = cpe™ 7 ) + c_e FE ) (29)
Initial condition [¢)(0)) = |—, 1) implies ¢, = ¢ = —,
it )\ . )\
|(t)) = e 2 (cos(§t)\—, 1) — z(sm(§t)]+, 0)) (30)

which gives e = —w/2 and Q = \/2.
b) The Lindblad equation gives for the occupation probability of the ground state
dp 1 ~ . an .
0= = (=00 [H 0] [=,0) + (=, 0lapal|—, 0) = 7{~, 1]p| - 1) 31
When a photon is present in the cavity, (—, 1|p|—, 1) # 0, this gives p, > 0, which implies
that the occupation probability of the ground state increases until there is no photon in the
cavity, (—, 1|p|—, 1) = 0.
¢) Evaluation of the matrix elements of the Lindblad equation in the subspace spanned by
|—, 1) and |+, 0) gives

. 1 . .
P = —§>\(<+, 0lp|—, 1) — (=, 1[p|+,0)) — vp1
. 1 . .
Po = —§>\(<—, 1p|+,0) — (+,0[p|—, 1))
. 7 . R 1
b = —5)\(<+, 0lp|+,0) — (=, 1]p[—, 1)) — 575 (32)

which simplifies to

pro= =y = Ab
].?0 - )\b
. 1 1
b = —57[7 + 5)\(]91 — Po) (33)
Expected time evolution: Exponentially damped oscillations between the states |—, 1) and

|+, 0), with the system ending in the photon less ground state |—, 0).



Exam FYS4110, fall semester 2016

Solutions

PROBLEM 1 )

a) Matrix elements of H in the two-dimensional subspace
[0, +1) = %h(wo +w01)|0, 1) + AR[T, —1)
H[1,-1) = %h(i’)wo —w1)]0,+1) + AR|0, +1)

In matrix form

Hzlh(w0+w1 2\ ):1hA<COSQ sin 0 >—|—eh]1

2 2 3wy — wy 2 sinf —cosf
which gives
Acosf =w; —wy, Asinf =2\, e€=uwy

and from this

A= /(@ —wo)? +4x2

and

w1 — wo 2

cosf = sinf =

\/(wl — w0)2 +4)?2 ’ \/(wl — UJQ)Z + 4\?

b) Eigenvalue problem for the matrix

(S5m0 “eoss) (5) = 2(5)

cosf — 9§ sin 6 0
sin 0 —cosf — ¢
= 6% —cos’f—sin? = 0 = H=+1

Energy eigenvalues

1 1
Ei = h(E + §A) =h (WO + 5\/(&)1 — w0)2 + 4A2>

Eigenvectors

1
(cosOF1l)a+sindf=0 = ézilose
a

ot +sin 60
(ﬁi)<_ph<1$ﬂm89>

N2 =sin? 6 + (1 F cos0)? = 2(1 F cosb)

sin 6

This gives

with normalization factor

)]

2

3)

“

®)

(6)

(7

®)

€)

(10)



Finally

(ai>_ 1 ( +sinf )_1<:|:\/1:|:cos9) (11
B+)  2(1Fcosh) \1Fcosl) /2 \ V1Fcosh
and in bra-ket form
e) = \2 (£vTEcos00,+1) + VI F cosO |1, 1)) (12)
c¢) Density operator
1 1
pr = S(Eeos)(0)0@ |+ 1(+1]) + 11 F cosB)(1)(1]©| - (1)
2 sin (10} (1] @ |+ 1)(~1] + [1)(0] @ | ~ 1)(+1]) (13)

Reduced density operators
o R . 1 1
position :  pi = Trsps = 5(1 + cos0)|0)(0] + 5(1 Fcosh)|1)(1]
1 1
spin : ﬁft:Trp,éi:5(110050”+1><+1|+§(1:F0059)]—1><—1| (14)

Entanglement entropy

1 1 1 1
St =81 = —[5(1 —cosf) log(i(l —cosf)) + 5(1 + cosf) log(i(l + cos )]
0 0 0 0
27 2V .2V 2V
= —[cos 5 log(cos 2) + sin 5 log(sin 2)] =S (15)
Maximum entanglement
LN LA L _
9—2. cos2—sm2—2 = S=log2 (16)
Minimum entanglement
0 0
0=0: (30525:1,sin2§:0 = S=0
0 0
6=m: cos2§:0,sin2§=1 = S=0 (17)

PROBLEM 2

a) Change of variables

de = plata+ 02T+ pv(alb + bla)
dtd = v?ata+ p®b'b — uw(atb + bta)
=  weele+wydd = (p2we + I/de)de + (VPwe + ,u2wd)i)Tl;
+pv(we — wa)(ald + bla) (18)



To get the correct form for the Hamiltonian, define w,, wg, ¢ and v so that the following equations are
satisfied

> & & =

I /,62 + 1/2
11 /fwc + 12wy =
I 2w+ plwg =

IV wv(we —wg) = (19)

From I, II and III follows

ITb (Wetwg) = w

1
2

2 2 —
b (p° — v°)(we —wq) =

(20)

Since w, # wg from IV, we have 2 = 2 =1 /2, and therefore (by convenient choice of sign factors)
@ = v = 1/4/2. Inserted in IV this gives

IVb %(wc —wy) = A (21
which together with IIb gives
We=wW=+A, wg=w-—A (22)
Commutation relations
[é, éq = u? {d, dq + 12 [l;, I;T} =+ =1
[é, CZT} - —W([a, &T} - [6, BT}) =0 (23)

Similar evaluations of other commutators show that the two sets of ladder operators satify the standard
commutation rules for two independent harmonic oscillators.

b) Time evolution of a coherent state
(1)) = UBIW0)), Ut) = exp[—i(wee'e + wyd'd +wl)]
= ey(t) = UBU®D) T eU)b(0)
(t) eiwctéTé ée—iwctéTé ‘w(o»

TRU(t) ¢ [ (0)
ez [4(0)) (24)

U
U
e
= e

|4)(t)) is thus a coherent state of the c-oscillator with eigenvalue 2.(t) = etz Simlar result is
valid for the d- oscillator with z4(t) = =l z4.

¢) Since all the operators a, 13, ¢, and d commute, they have a common set of eigenvalues. This
implies that a state which is a coherent state of ¢, and d will also be a coherent state of & and b. As
follows from a) we have

(é+d) (25)



The corresponding relations between the eigenvalues are

1

za(t) = ?}?i(ZC(t)__ z(t))
= \}ﬁ(eiwctzco — e" Wity )
= S e (a0 + 20) + € (200 — 20)
_ %e*iwt(cosw)zao — isin(A\t)z0) 26)
and similarly
alt) = e =M (200 + 200) + ¥ (220 — 20))
= %e_i“’t(i sin(At)zq0 + cos(At)zpo) (27)
PROBLEM 3
a) Time derivatives of matrix elements
I pe = (e!% e) = —pe + 7Py
I p, = (9!%!@ = =Py + ¥Pe
n b = <e!% 9) = [%AE - %(v +)b (28)

From I and II follows % (pe + pg = 0), the sum of occupation probabilities is constant.
b) Conditions satisfied by the density operator

o po= 4
2) p > 0
3) Trp = 1 29)

1) implies that p. and p, are real, which is consistent with the interpretation of these as probabilities.
3) gives the normalization p. + p, = 1. 2) means that the eigenvalues of p are non-negative. To see
the implication of this we find the eigenvalues from the secular equation

pe_>\ b
b* Pg — A

o0

= AN = A+pepy—[p*=0

1
= =gl V1442 — pepy) (30)

Positivity of A_ then requires [b|*> < pep,.
¢) At thermal equilibrium we have p. = p, = b =0. I then implies

p ’Y' AE/kKT

[ —

We=7p, = =L =" 31
Dg Y

4



Using py = 1 — p,. we find

_ A 1
STl )y L4 eAEAT
1 1
Po= 1%y = 1+4eBERT

From III follows b = 0 = b = 0.
d) From the initial values p(0) = 1, py(0) = 0, and the constraint on |b|? follows

[b(0)* < pe(0)pg(0) =0 = b(0) =0
We apply in the following the general formula
t=ar = z(t)=e"z(0)
For b this means
b(t) = e $2F 20T (0) = 0
With p. = 1 — p, eq. II gives for p,

1

oz

Pg=—(v+)pg+7=—(v+7)(pg

or

d 1 - /! _ / 1
a(pg—m)— (v +)pg +7=—(v+7)(pg 114/~

Integrating the equation gives

)

1 1

- —— — — ()t 0) — ——
which with pg(0) = 1 is solved to
po(t) = T 1+ (' [y)e” )

and for p. = 1 — p, gives

v/ — (At
e(t) = ———(1+e 7
pelt) = o (14 e

(32)

(33)

(34)

(35)

(36)

(37

(38)

(39)

(40)

We note that the above expressions reproduce correctly, in the limit ¢ — oo, the values for p. and p,

at thermal equilibrium.

The limit 7" — 0 gives 7'/ — 0. This gives py(t) — 1 and p.(t) — 0 consistent with the fact
that the system remains in the ground state when 7" = 0. In the limit 7" — oo we have 7/ /vy — 1,

which gives
1

py(t) — 5(1+e_27t)
pelt) — %(1—6—%

In this case the time evolution gives lim;_,o pe = limy_yo0 pg = %

(41)
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FYS 4110/9110 Modern Quantum Mechanics
Exam, Fall Semester 2020. Solution

Problem 1: Quantum circuit for controlled 7,

a) We define ¢ = 27 /2% and get

[¥1) ® |2) = (ao]0) + a1[1)) ® (bo|0) + b1|1))
T (a0]0) + a1€™/2[1)) ® (bo|0) + brei®/2|1))

% a0|0) ® (bo|0) + b1e™/?|1)) + a1e’/2(1) @ (bo|1) + bie?/?|0))

Fips a0)0) @ (bo|0) + b1[1)) + a1€®/2(1) ® (boe "/%|1) + b1e™*/2|0))
CTET 40]0) ® (Bo|0) + b1[1)) + ar[1) @ (bo0) + bre™®[1))

= a|0) ® [th2) + a1]1) ® Rgliz)
This is the controlled Ry, operation.

b) Let Ul|p) = €i?[1)). The situation is described by this circuit

(10 + 1)) L3I0 + €[1))
) )

The evolution of the state is

control v 1

%

- eid) )
_ﬂ(|0>+ ) ey

(|0> +1) ® |4) (10) @ [) + 1) @ Ul))

Sl -

¢) Since multiplying by a phase factor does not change a quantum state, U does not really change
the state of the target if the initial state is an eigenstate. However, the relative phase between two
states does make a physical difference. Therefore, when the control is in a superposition, there is a
phase difference between the two states after the control-U operation. Since the state of the target
is the same in both cases, it factors out, leaving a product state with the relative phase between the

two states of the control qubit.



Problem 2: Destruction of entanglement by noise

a) pis a pure state if one eigenvalue is 1 and the rest 0.

a— A 0 0 0
0 b— A z 0
O Y e @ VB M- X) — [ =0

0 0 0 d-2AX

which gives the eigenvalues

1 1
Ao = @, Ag =d, )\i:2(b—|—c):|:\/4(b—c)2+|z|2. (1)
Thus we have that p is pure if

l:a=1b=c=d=2=0.
22b=1la=b=c=2=0.
3: a =d = 0. Since Tr p = 1 we must then have b 4 ¢ = 1. This means that

1 1
== Z(b—c)? 2
At 2:&\/4(() c)? + |z]2.

For p to be pure we must have A, = 1 and A_ = 0, and therefore
1 1
Z(b — C)Q + |Z|2 = Z

which gives

o2 = 301~ (b~ = 311~ (b~ 17

where we used that ¢ = 1 — b. Since |z|? > 0, b is restricted to the interval 0 < b < 1.

b) We write p on the form

p = al11)(11] + b[10)(10] + ¢|01)(01| + d|00)(00| + 2|10)(01] + 2*|01)(10|

from which we read out

P =Trmp = (@Ol e+ 00 = (50T

pB:TrApZ(a+c)\1><1|—|—(b—|—d)|0><0]:<a+c 0 )

We check the three cases of pure p from question a)



d)

a4 (10 5_ (10
p‘(oo’ F~=\o o)

This is not entangled since p* and p? are pure.
2: d=1,a =b=c=z=0: By symmetry with case 1, this is not entangled.
3:a=d=0,0<b<le=1-b[z]>=1[1-(2b—1)?:

b 0 1-b 0
A _ B _

p‘(o 1—b>’ p‘(o b)'
This is entangled for all b # 0, 1.

The two Lindbladoperators are o and o. Both correspond to transitions |1 4 /B) = |04/p) that
reduce the energy (we assume w > (), emitting energy to the environment. This means that the
environment is at 7' = 0.

With the given initial conditions, the matrix elements are

a(t) = e ", b(t) = c(t) = e (1 — e ), d(t) = (1 — e )2, z(t) = 0.
The von Neumann entropy is given as

S=-Trplnp=->) MNlnx

)

where \; are the eigenvalues of p. Using (1) we get
Ao = e 27, A= (1—e 72 A =e (1 —e )

The entropy is then

S=—e e (1—e)2In(1—e 72277 (1—e ) In[e " (1—e7)] = 29t—2(1—e ") In(?*—1).

We plot S(t)




€)

g)

We see that the entropy is zero at ¢ = 0, corresponding to the initial state being pure. As time
increases, the system goes to a mixed state and the entropy increases. Since 1" = 0, the system
will approach the ground state, and the entropy decreases again, approaching zero at ¢ — co.

_L(1 0y 1/t o0
P=3%0 1)%32\0 1

S = In 2 which is maximal for two-level systems.

We need to find
0 0 0 -1
A 5 _| 0 01 0
%% =19 10 o0
-1 0 0 O
and calculate
ad 0 0 0
A Ba A B_ |0 bet|z? 2bz 0
M=poy @0 0oy @0y =10 g bet o 0
0 0 0 ad
Two of the eigenvalues of M are
Ha = ptd = ad.

The other two we find from

be + |22 — p 2bz

— 2 . 2 B 2 _
2cz* be + |2|? — H’ = (bc + |7| 0| 4be|z| 0

which gives

ns = (Voo £ |22

With the initial conditions dy = % —ag,bg =co= 20 = % we get

2
Ve = ltd = Vad = 6_7t\/%\/1 - ge*’” —ape (2 — e ),

2
Vit = 53_7'5 +age (1 — e, Vi— = age (1 —e ).

The largest eigenvalue is p4, so A\; = /u+. This gives

2 2
AM— A — A3 — Ny = ge—’ﬂ — 26_%\/&70\/1 — ge—Vt — aoe—w(2 — e—Vt).

C = 0 when

2 2
Ze vt — 26%\/%\/1 — 56_7t —ape (2 —e ) =0

3
1 1 i 2

Mo = 1+ fa2 - Zap 4 2.

© 300 T T gV 3% g

which we solve to get



For ag = % we get e "' = 2 4+ /2. Since e < 1 for positive ¢ and 7, we must choose

e~ 7t = 2 — /2, which means

1. 242

t=—In
¥ 2
At this time, the concurrence drops to exactly 0. It means that even if the state approaches the
ground state asymptotically, the entanglement (as measured by the concurrence) vanishes com-
pletely in a finite time.




FYS 4110/9110 Modern Quantum Mechanics
Exam, Fall Semester 2021. Solution

Problem 1: SWAP gate

a) We write |¢) = a|0) 4 b|1) and |¢) = ¢|0) + d|1) and get

) @ 1) = (al0) 4 b[1))(c|0) + d[1))

VO 410)(c[0Y + d|1)) + b|1) (c[1) + d|0))

NOT 16100 + ad|11) + be|01) + bd|10)

CNET 46|00 + ad|10) + be|01) + b|11)

= (¢[0) + d[1))(al0) + b[1)) = |§) ® |¢)).

b) In the basis {|00), |01),]10),|11)} the action of SWAP on the basis vectors is

SWAP SWAP SWAP SWAP

|00) == |00), |01) == |10), |10) == |01), [11) == |11),
which gives the matrix

1 000

0 010

SWAP = 0100

0 0 01

¢) We can SWAP multi-qubit registers one qubit at a time

[) , [
[ |¥)

We need 3n CNOT gates.



Problem 2: Sending information with entangled photons?

a) The reduced density matrix of system A is given by the partial trace of the full density matrix over
system B. The fyll density matrix is given by

p=1o)dl =Y didjIn)(n| @ [nf)(nf|.
ij

Calculating the partial trace in the basis |nf; ) we see that only terms with ¢ = j contribute, so the
reduced density matrix is

pa= Y ldiPni)(nf'].

The expectation value of an operator A ® 1 on A is

(A) =Tr(A®1p) =) (minf|A® Lplnin’) = Y (nin| Yy didj Alnit) (nf'| © [nf) (nf I ni?)
kl ij

kl
=D (1A 1diPIni) (ni'[Infl) = Tr(Apa).
k i

b) Applying the unitary transformation U to system B means appying U = 1 ® Up to the full system.
We have the reduced density matrix for A after the transformation

Py =Trp[l® Uppl @ UL = > did;|n) (n | (nf | U InP) (nP | UL )
ijk
= > did|n?) (03 | (nP[ULIng) (nf |Us[nF)
ijk

=D 1dil’[n) (| = pa.

So the reduced density matrix does not change.

c) An observable on system B has the form 1 ® B. Let the eigenstates of B be given by

B|¢P) = \i|oP).

Similarly to the Schmidt decomposition we can write the full state as

y) = zm|¢f> ® |¢F).

The only difference is that when choosing the basis |¢P) for B we are not guarateed that the cor-
responding states \¢;4> are orthogonal. Here p; are the probabilities of the different meansurement
outcomes. We have that the reduced density matrix for A is



pa = Zpi|¢?><¢?|.

We measure the outcome gbfg with probability p;, collapsing the wavefunction for A to |¢f‘>. As
long as we do not get to know the outcome of the measurement, the state of A is the mixed state

Ayy A
Py = Zpi|¢z‘ o7 |-
i
The state changes from an entangled state to a mixed state, but the density matrix is unchanged.

d) If we get to know the outcome of the measurement on B, the state collapses and the density matrix
corresponds to that state. If the outcome is gﬁf the density matrix of A is

Problem 3: Charge transfer by adiabatic passage

We have three quantum dots in a row and one electron. Each dot has one state for an electron, so
that the electron has three possible states, |1), |2) and |3) (and it can of course also be in superpositions
of these). The three basis states are orthogonal and normalized. The motion of the electron can be
controlled by gates which change the tunneling amplitude between the dots. The system is described
by the Hamiltonian

0 @ 0
H=-h|2 0 Q
0 Q 0

Here () is the tunneling amplitude between dots 1 and 2 while {2 is the tunneling amplitude between
dots 2 and 3. Both amplitudes are controllable and can be time dependent. The initial state of the
electron is |1), which means that the electron is localized on the first dot.

a) When ; > 0 is constant and 3 = 0 the Hamiltonian is proportional to o, in the {|1), |2)}
subspace, and the corresponding eigenvectors are |[¢)T) = %(\D + |2)) with eigenvalues Fh{2;.

We have that the initial state |1) = %(Wﬂ + [17)), so

() = e 7T 1) = Jlie‘%muwww‘» = %(em”|w+>+e‘mlt|w—>> = cos Qt|1)+isin Q1¢[2).

This means that the electron is oscillating between quantum dots 1 and 2.

b) The eigenvalues £ = A\ are found from
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c)

d)

e)

which gives the energies

Ey=0, Ey = +£hQ), Q:\/Q%+Q%.

The corresponding eigenvectors are

|ng) = cosf|1) — sin 6|3),

1
ny) = —(sinf|1 2) + cos 6]3)).
n+) \@( 1) F 12) 13))
with 0 0
sin@zﬁl, 6089:62.
We have

d . d .
ih%hj/} = iRTT|ep) + TTz'h%W)) = (TYHT +ihTTT)|¢'),
which is the Schrodinger equation with the transformed Hamiltonian
H' =TVHT +ihT'T.

The condition

tan6(0) = g;gg; <1

implies that #(0) ~ 1. This means that the eigenvectors at ¢ = 0 are approximately

no(0) =1 I (0)) = —=(F12) +13))

From this we see that the transformation

cos@ 0 sinf
T(t) = 0 1 0
—sinf® 0 cosf

and we can calculate the Hamiltonian

0 00 a0 0 0 —1
H(t)=-hmQt) |0 0 1 +ih$ 0 0 O
010 1 0 0
Att = t,, we have
Ql(tm) tm /2
tan 0(0) = = etm/20 5
(0) ()

)]

which means that 6(t,,,) ~ 5. When neglecting the term proportional to fl—f in the Hamiltonian we
get that H'|1) = 0, so the state will not change in time, giving |¢)’(¢,,)) = |1). We then get
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[(tm)) = T(tm)|1) = —I3).

The electron is transferred from dot 1 to dot 3.

At intermediate times, the state will be

|(t)) = T(t)|1) = cos 1) — sin6]|3).

The probability of finding the electron in state |2) is zero during the process. This is a bit surprising,
as the Hamiltonian only has terms for tunneling from dot 1 to to and from dot 2 to 3. So there is
no term that allows the electron to tunnel directly from dot 1 to dot 3, it has to pass through dot 2
on the way. At a finite rate of change, %, we would not have the probability to be on dot 2 exactly
zero, but it goes to zero as % — 0. The tunneling rates are so adjusted in time, that as soon as the

electron comes to dot 2 it is immediately tunneling on to dot 3.



