FYS 4110/9110 Modern Quantum Mechanics
Midterm Exam, Fall Semester 2022. Solution

Problem 1: Supersymmetric quantum mechanics

a) We have
ATA = (-\}% 4 W(m)) (\/Zim 4 W(x)) _ 21); _ \/;;m[p, W ()] + W2,

Using (remember that the derivative should act on all functions to the right)

0 ow 0
22" = ox " War

we get
0 oW
Thus we have 1 dw
W? - —— =
V2m dx

b) This is just multiplying matrices.

¢) For a system of two particles, the total Hilbert space would be the tensor product of the individual
Hilbert spaces. In this case, the Hamiltonian is the direct sum of the individual Hamiltonians, and
corresponds to a single particle that is confined in one of the two potentials with no amplitude for
tunneling between them.

d) The ground state energy is

Bo = (ol H|Wo) = (o] {Q, Q" } 1W0) = (W0|QQT|¥0)+(Wo|Q1QIWo) = QF [0} P+ Q[Wo)[* > 0

€)

AH_ = AATA=H,A,
ATH, = ATAAT = H_AT.

HiAlY, ) = AH_[¢,) = E; Al¢y,).
g) For unbroken SUSY we have
H|Wo) = H_[¢g) = 0.
This implies that
(o [H-[95) = (g |ATAlyg) = |Alyg)* =0
which means that Al ) = 0.



h) We order the eigenstates |¢6—L> according to increasing energy, and we know that the ground state
|1y ) of H_ does not have a corresponding eigenstate of H while all the other states do. So
Ef  =FE, and

) = NAJ, )

with some normalization /N. To determine this we calculate

1= (g lon) = N2, | ATAlg, ) = N?E,
which gives N* = 1/E, ,; = 1/E;} and we get
A

\/ﬁ’¢;+l>

i) We know that A|v; ) = 0, which in the position basis takes the form

i) = (1

L2 w]use -0

Solving this differential equation gives

Ui (x) = Ne- VI IF Waas'

i)

1 oW cos®x b 1 1 1
Ve=W?+ = b2 + =V +b(bt —
* V2m Ox sin?z = \2msin®x V2m /) sin?

_ 1
If we choose b = o We get

x

1
V.o=——

2m

1 1
Vi=—r—+———

2m  msin“zx

on the interval 0 < x < 7 with both potentials being oo outside this interval.

k) Normally the potential is O at the bottom of the well and the eigenstates are written as /2 /7 sin nz
with n = 1,2, ... with the eigenvalues n? /2m. Since we start numbering from n = 0 we write

oo (2) = \/Z sin(n + 1)z

(n+1)2-1
2m '

with
E, =

where we have subtracted the 1/2m energy at the bottom of the potential.



1) To simplify the expresions, we define n’ = n + 1. We have

1 0 1 1 sinn/x
A _/ = _, = / / —
V(@) V2m [8x tanx] V(@) VTm [n ST ]
With X o
By =By ="
we get
2 1 sinn'z
PH(z) = ) = ——/— [n/cosn'a:— ]
ﬂ,/(n/+1)2_1 tanx
m) Since

H. (ao,z) — H-(a1,z) = g(a1) — g(ao)

is a number, the two Hamiltonians will have the same eigenfuntions and the difference between
the eigenvalues is the same number so that

B, (ag) = E;, (a1) + g(a1) — g(ao).
n) If SUSY is unbroken for all n we have E; (a,,) = 0. From shape invariance(SI) we have
Ey (ag) = Eq (a1) + g(a1) — g(ag) = g(a1) — g(ao)-
From SUSY we know that
Eq (ag) = Eq (ag) = g(a1) — g(ao).
We can repeat the same process

_ . susy
Ey (a0) " =" Ey(

SU:SYE (

The same continues for higher levels so that

)SI

=+

Ey (a1) + g(a1) — g(ao)

ao
SI
ai

o+

E, (ao) = g(an) — g(ao).
o) From Eq. (1) we get

AtA H_
Allyty = E!dmﬁ = —

o
N ¢EJM;0=”“h%@>=v@%WLD

VE

which means

T(a
i (a0)) = — )yt (ag)).

E:—l(ao)

‘We then have

) +g(a1) — glao) = Ey (a2) + g(az) — g(a1) + g(a1) — g(ao) = g(az) — g(ao)-



p)

q)

Al (ap)

|7 (ag)) = [ (a0)) " [¢g (a1))
Eg (ao) Eg (ao)
At
165 (a0)) = —m20)_ it (gg)) & WD)
\/ F(ao) Ef (ao)
i i i i
o (TR U ) )]
\/E+ ao \/EO a1 \/Ef_(ao) \/Ea“(al)

Repeating this procedure we get

At i t

i (ao)) = — el Tna) Ao g,
VB B ) B @)

With v/2m = 1 we have

Vi(b,z) = —b> +b(b+ 1)— 12

s~ x
This means that
Vi(b,z) = —b*+b(b+1) ,12 = b+ (b+1)* = (b+1)*+(b+1) (b+1-1) ,12 = Vib+1,2)+(b+1)*—b*.
SN~ x s~ x
If we choose the funtions
fO)=b+1  g(b)="b

we satisfy the conditions for shape invariance.

Choosing the value b = 1 corresponds to the infinite square well for V_(1,
and get a, = a,_1 + 1 = n + 1. This means that g(a,) = (n + 1)?

x). We choose ag = 1
. Using (2?) this gives

E;(1)=(n+1)?-1
which are the energy eigenvalues if v/2m = 1. The wavefunctions can b edetermined since we
know that
U5 (an, ) = Ne~ i Wianatyie!
We need the integral

—/W(an,a,‘/)dx/ :an/ dz
tan x

where C' is the integration constant. This gives that up to normalization we have

¢6(17 l‘) =

= apIn|sinz|+ C

N sin .

‘We can also find

1/}1_(17 .%') =

N A¥(ap)e” Jo Wiarahda' _ y ot (e~ [Ew(2

s (O 1
Or tanzx

e2Inlsinz] _ nrain 9g



