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Solutions to problem set 10

10.1 SWAP gate

a) We write |ψ〉 = a|0〉+ b|1〉 and |φ〉 = c|0〉+ d|1〉 and get

|ψ〉 ⊗ |φ〉 = (a|0〉+ b|1〉)(c|0〉+ d|1〉)
CNOT→ a|0〉(c|0〉+ d|1〉) + b|1〉(c|1〉+ d|0〉)
CNOT→ ac|00〉+ ad|11〉+ bc|01〉+ bd|10〉
CNOT→ ac|00〉+ ad|10〉+ bc|01〉+ bd|11〉
= (c|0〉+ d|1〉)(a|0〉+ b|1〉) = |φ〉 ⊗ |ψ〉.

b) In the basis {|00〉, |01〉, |10〉, |11〉} the action of SWAP on the basis vectors is

|00〉 SWAP→ |00〉, |01〉 SWAP→ |10〉, |10〉 SWAP→ |01〉, |11〉 SWAP→ |11〉,

which gives the matrix

SWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


c) We can SWAP multi-qubit registers one qubit at a time
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We need 3n CNOT gates.

10.2 Quantum circuit for controlled Rk
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a) We define φ = 2π/2k and get

|ψ1〉 ⊗ |ψ2〉 = (a0|0〉+ a1|1〉)⊗ (b0|0〉+ b1|1〉)
Rk+1→ (a0|0〉+ a1e

iφ/2|1〉)⊗ (b0|0〉+ b1e
iφ/2|1〉)

CNOT→ a0|0〉 ⊗ (b0|0〉+ b1e
iφ/2|1〉) + a1e

iφ/2|1〉 ⊗ (b0|1〉+ b1e
iφ/2|0〉)

R†
k+1→ a0|0〉 ⊗ (b0|0〉+ b1|1〉) + a1e

iφ/2|1〉 ⊗ (b0e
−iφ/2|1〉+ b1e

iφ/2|0〉)
CNOT→ a0|0〉 ⊗ (b0|0〉+ b1|1〉) + a1|1〉 ⊗ (b0|0〉+ b1e

iφ|1〉)
= a0|0〉 ⊗ |ψ2〉+ a1|1〉 ⊗Rk|ψ2〉

This is the controlled Rk operation.

b) Let U |ψ〉 = eiφ|ψ〉. The situation is described by this circuit

|ψ〉 U |ψ〉

1√
2
(|0〉+ |1〉) 1√

2
(|0〉+ eiφ|1〉)

The evolution of the state is

1√
2
(|0〉+ |1〉 ⊗ |ψ〉 control−U→ 1√

2
(|0〉 ⊗ |ψ〉+ |1〉 ⊗ U |ψ〉)

=
1√
2
(|0〉+ eiφ|1〉)⊗ ψ.

c) Since multiplying by a phase factor does not change a quantum state, U does not really change
the state of the target if the initial state is an eigenstate. However, the relative phase between two
states does make a physical difference. Therefore, when the control is in a superposition, there is a
phase difference between the two states after the control-U operation. Since the state of the target
is the same in both cases, it factors out, leaving a product state with the relative phase between the
two states of the control qubit.

10.3 See solutions to Midterm exam 2017


