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Recap/Summary
Module lI: Non-interacting particles, multiplicity function, partition function
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Module II: Non-interacting particles, multiplicity function, partition function

on. 6. feb. Classical free particles, Maxwell-Boltzmann distribution
fr. 8. feb. Quantum ideal gases, Bose-Einstein distribution

on. 13. feb. Fermi-Dirac distribution

fr. 15. feb. Summary and questions

Compendium—Chapter 2
Pathria’s book- Chapter 6 (6.1-6.4)
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Free particles

* Mutual interactions between particles is negligible:

» ideal spin systems (paramagnetism) -- distinguishable particles

» ideal classical gases
— »indistinguishable particles

» ideal quantum gases
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Maxwell-Boltzmann: free particles

e Equilibrium distribution of particles in an energy state

ni — Zﬂle_ﬁei — e_ﬁ(ei_”) , Z1 = Zi e_ﬂei , N = Zleﬁﬂ

* Probability of a specific microstate at fixed T and u in the equilibrium

11
PO =gamn,® o Nss Qe Es=)em
l l

e Grand-canonical pa rtition function (sum over global particle numbers and sum over all the energy states for

each individual particle)

£(T, 1) = _z o= BE—1Ny) _ Zi HZ o~ Bler—1)
N, N
Ns Es NS k=1 €k
1 N
E(T,pu) = N (lz e Bfi) = et A= efH, Z,= Z e Pei
Ng o i i
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Maxwell-Boltzmann: free particles

Probability of having N particles in a macroscopic state at T and u

11 1
— —B(Es—uNg) — _— Ng ,—Z1A
PINs) = 27 1 ngze N ad)e

S

1
P(NSJN» — mNNse_N ) (NS> — N(T, ,U) — Zl(T)/l(Tr ,ll)

Total number of particles in a macrostate is a fluctuating (random )quantity drawn
from a Poisson distribution with (N;) = N as the average number

* (AN$) = (Ng) — (Ns)? = (Ns)

: : ons AN _1_ 1
Relative number fluctuations N N Za <1
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Maxwell-Boltzmann: free particles

* Probability for an occupation number n in €; energy state

1 _RenT
P( ) m(ﬂ.e BEL) 1 (Ae‘ﬁei)n =
A B €3 % “n
l (an'(/‘{e—ﬁEi)n) n' eXp(/‘le_'BEi) E— g3 N3
i —_—
£2 % Go; Ny
Pilnny) = ymie™, = (n); = Ae~Fei 2 ; 9,

Occupation number of an energy state is also a random number following Poisson
distribution withn; = le P¢i

¢ (An?); = (n?); — (n);* = n;

* Relative number fluctuations ( 7t = —= <1



System of free spins —

Maxwell-Boltzmann distribution (MBD): probability that a spin occupies a
microstate//fraction of spins in a (single-particle) microstate

N 1
N~ Zy,(T)
1-particle partition function Z;(T) = Yig—4+1 e~ Bés = 2 cosh(BuB)
e N-partition function Zy(T) = ZY = 2% cosh™ (BuB)
- Average spin energy (€) = %zs e, e~ Be = —uB tanh(BuB)

e Pés, €, = —SuB, s = +1

 Average total energy U = N(¢) = —NuB tanh(SuB)

1
1-1Z4

* Grand-canonical partition E(T, ) = Yy (AZ1)Ns =



|deal gas

* Energy levels for each particle
h? 2

€y = (L) (nx+ny+nz)

2m
* Quantum numbers
n = (nyny,n,)n; =012,

h? 21 h? 2m 3 %
_ —B5— (nz+n3+nZ) _ -B 2) _
Zl—zzz Zm( ) ng+nj+n (j dne Zm(L)n) _A(T)3

2mh?
thermal wavelength A(T) = mkT
Zl = de D(E)e he
0 3
_ 1/2 _ 2
D(e) —4—n2(ﬁ> €'/ = dmn _|

D (e)de number of microstates with energy between € and € + de (for 1 particle)
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Thermodynamics of the ideal gas

_Zf’_ yN
~ N!  NIA3N

ZN
* Helmholtz free energy Z
F=—-kTInZy = —NKT (ln (Wl) T 1)

OF _ NKT

* Pressure P = — (—)
av T N %4

oF PA3

. : : _ _(9F _ 2 _ _ V__ A
Chemical potential u = (aN)T,V = —kTIn—= —kTIn—== kT In—
* Internal energy U = —ilogZN = 3 NkT
B 2
* Grand-canonical partitii)n
E(T,u) = Y — (AZ)Ns = e#1 = ¢ B2 - 0 = —NKT, N=21Z,

N.!
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Bose-Einstein statistics:

e Equilibrium (average) occupation number for an energy state

©
B 1 B 1
<nl> B eﬁ(ei_”) —_ 1 - eﬁeil_l — 1 © 0 O
€i gi N
* Probability of a specific microstate at fixed T and p in the —
equilibrium
4
1 —B(Es—uNy)
P(S)ZE(T,u)e sTHYs), Ns=ZTli; ES=ZEini ;
l l
* Grand-canonical partition function
(¢'e) | 1
o =[] 369") Tl
Tw=| (2ePei) |G
l n;=0 L
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Bose-Einstein statistics:

* Probability for having n bosons in a given energy state

—[e€; —pPE; n 1 ( i> "
Pi(BE)(n) — (1 _/13 ﬁ L)(Ae 18 l) = (nl>-|— 1(<nl;l+ 1)

geometric distribution: probability that a particle occupies an energy state is
independent of the number of particles already in that states --- tendency of
«bunching» together

Relative number fluctuations ( R o |

Increased number fluctuations relative to be MB statistics

(n?); =

(n?); =

(n?); =

(n?); =

©
© 0 O

9gi 1
© ©
S 1 () \"
an(ni)+1<(ni;l+ 1)

n=0
2 (ee]

(ni)1+ 1 (x j_x> Z x"

n=0

2
(ni)1+ 1 (x dd_x> (1 i x>'

(n;) + 2(n;)?

(n;)
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Fermi-Dirac statistics

Equilibrium occupation number for an energy state

B 1 B 1
CeBle-w 1+ 1 ePeig-141

n;

* Probability of a specific microstate at fixed T and u in the equilibrium

1
PO) =g e BN, Ne=Ym, E=)em

i i

 Grand-canonical partition function

2(T,u) = l 1<Z e—ﬁni(el—u)) — 1_[(1 + e—ﬁ(ei—ﬂ))

i

<n>
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Free fermions: Fermi-Dirac statistics

* Probability for having n free fermions in a given energy state ¢; at fixed T and
p is the same as the average occupation number 1;

(Ae_'gei)n . 1— n;, n=20
14+ Ae Be  |n, n=1

(FD) ;. ~\ _
P* " (n) =

« (n®); = %:onzpi(n) = P(1) = ny

* Relative mean square fluctuations: as the occupation probability increases,
fluctuations are suppressed

(An2>i 1
s—=——1-0,asn; -1

* Negative statistical correlation— statistical repelling force

€

©O

gi > n;




Classical limit: €; < kT, u(T) < 0

(high-T limit)

® Fermi Dirac/Bose-Einstein distribution:

—BE;
1 oB e N

TR 1

 Maxwell Boltzmann distribution:

MB _ N _pe L pu,-pe;

l Z]_

%4
NA3(T)

hZ
p?
2nmk> ’

K 0-

 Classical ideal gas limit: u = —kT In

p:

<|l=

T
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Fermi Dirac distribution at T=0 K

. 1 1, e<u
n(€) = eBle—iy T-0 {O, E>U

er = U Fermi energy level below which all states
are occupied

Fermi energy is determined by the density of the
Fermi gas € = €x(p)

n(e)




Fermi-Dirac statistics at T=0 K in 3D

hZ [(2m\?
Ideal gas: €,, = ?n(?) |n|?

Density of states D(e)de = (4nmn?)dn —
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Fermi-Dirac statistics at T=0 Kin 3D n,
\deal gas: €, = 2 (22" [nf2 \ ny

1
3
Density of states D(e)de = (4nn?)dn — D(e) = #(E—T)Z el/2,  y=1I3 4

Number of particles

€F

N = Z(n)(ei) =2 joode D(e)H(e —€p) = 2] de D(e)

3

LV o2myz (eF _Voemr2 4,
V=) | et == () 39 & O @
hZ E @ g

* Fermi energy €F = E(anp}"
2 2 2 © &
. €EF h 2 3 * h 2
* Fermi temperature TF:T: m(Sn p) <T"= 2mk | P

* Electron gas in metals Tr ~ 10* — 105 K >» 3x102K (degenerate gas--- behaves as if it was 0K for a wide range of T < T_F )



Fermi-Dirac statistics at T=0 K in 2D

_m? 2m\? | 5
Ideal gas: €,, = %(T) In|
. L? 2m
Density of states D(€)de = (2mn)dn — D(e) = pr

0 0.5 1 1.5 2
ele
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Fermi-Dirac statistics at T=0 K in 2D

2 2 ]
Ideal gas: €,, = % (ZTE) In|? %
n

2
Density of states D(e)de = (2mn)dn - D(e€) = 4L_7T2h_21

Number of particles

N = Z(n)(ei) = Zfooode D(e)H(e — €p) = ZJOEFde D(e)

L*m (€F L’m °F
N=Tw) %€ =gmer
: h?
* Fermi energy €p = TP
€ h2
. F
* Fermi temperature Tp=—=—mp




Fermi-Dirac statistics at T=0 K in 1D

K2 (2m)2
Ideal gas: €,, = ﬂ(?) In|?

1

Density of states D(e)de = dn — D(e) = i (Zh—?)E e~1/2

—~~
W
~—
o B
o N
~
C max
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Fermi-Dirac statistics at T=0 K in 1D

A2 [2m\?
Ideal gas: €,, = %(T) In|?

1

Density of states D(e)de = dn — D(€) = — (Z—m)E e~1/2

41 \ h2
€ L /2 1 1 hZ
F m\2 =
N=2| deD =—(—) : = —(mp)*
| dep@ = (57) ek = er = 5, 0)
Number of particles N = },;(n)(€;) = 2Npax
2 2
* Fermi energy €r = thn(ZTn) Nfax =
hZ
€EF = _(T[p)zi P =
2m L
hZ
Fermi temperature Tg = —(7T,D)2

2mk

Nmax




Fermi Dirac distribution at T>0 K N

0.61

1 S N
n(e) = u(ep, T) 6w )

eBle-uw) 1’
Energy states above the Fermi level are occupied by excited fermions

<n>

3D
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e/eF

N(e)D(e)
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