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Virial term 
Let’s	consider this averaged quantity – virial term	
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Use Hamiltonian particle dynamics
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The	ensemble	averaged quantity on the lhs vanishes for	ergotic systems	
(ensemble	averages =	time	averages)
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Kinetic energy
Use	the equilibrium Maxwell-Boltzmann distribution for	the averages in	canonical
ensemble
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Integration	by	parts	for	each 3X terms	in	the sum	(identical integral	for	each term	in	the sum)
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Virial theorem
Now	use the other definition
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3012 = 46CD + 4FGD , A⃗ = A⃗6CD + A⃗FGD = −∇IJ − KdL⃗

A⃗6CD = −∇IJ is	the internal force	acting on a	particle due	to	its interaction with the other particles in	the systems;	force	

generated by	the pairwise interaction potential

A⃗FGD = −KdL⃗ is	the force	acting on a	surface element	dL⃗ of the particle due	to	the pressure maintained by	the equilibrium

with the reservoir
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Virial theorem !"#$
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Virial theorem !"#$
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Virial theorem !"#$

The	virial related to	internal forces is
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Relative	coordinates :⃗ = :⃗8 − :⃗9,	Q⃗ = (:⃗8+:⃗9)/2 and	using isotropy d:⃗ → 4[:9E:
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General equation of state
Virial	theorem
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Low-density limit ! " ≈ $%&'())
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Virial expansion
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Van der Waals equation of state
!
"# = % + '((#)%(

'( =
1
2 -.

/0
12 442( + 12-/0

5
12 442( 1 − 789: /

'( =
1
2
442;<
3 + 1

"#
1
2-/0

5
12 442( > 2

'( # = ? − @
"# , @, ? > 0

11Fys4130, 2019



Van der Waals in the low density limit
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Boyle’s temperature T< =
=
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is	defined as	the finite temperature at	

which the Van	der	Waals	gas	behaves as	the ideal	ideal	gas	

!M = %"#M
#M is	the temperature at	which attraction and	repulsive	forces
balance each other out,	and	the gas	behaves effectively as	an	ideal	
gas	
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