Lecture 16

08.03.2019

Thermal vibrations and Phonons



Quantum gas

Consider a system of N = Zj n; quantum particles with number n; of

particles in each quantum state ¢;
Bosons: nj = 0,1,2,---

Grand-canonical partition function:

Conditioned sum weighted by the Gibbs factor over all microstates with {n;} partition
of particles between the energy levels {¢;},

Eposons = 1 [Z e PlehIn = 1_[ (1 _ e—lﬁ(erﬂ)>

J nj J




Quantum gas: Themodynamic properties

Landau free energy:
Q(T,V,u) = —PV = —kT log =

QO = kT [ deD(e) ln[l — e‘ﬁ(e_“)] N
D (e)de = number of quantum states with energy between € and € + de

Pressure: Sl RS n [,

.............

PV = —kT [ deD(e)log(1 —e™# (€ _“)) T

e

Average number of particles: Ve s

1
(N) = [ de D(e)(n) = [ deD(€) =5

—1
Average energy:

(EY = [ de D(e){n).e = [ deD(e) oBle—) _ 1



Photon gas in a box: Blackbody radiation

Energy of a photon at a give frequency/wavenumber: € = hw = hkc = %n, k = |I_c)|

n = |n|
Density of states:

D(n)dn = 2x4nn?dn number of modes (quantum states) with state number between n
and n+dn

D.(e)de = e’ de = D(n)dn

m?h3c3

D,(w)dw = w?dw = D(n)dn

2 c3
Landau free energy:
Q =kT[ dwD,(w)In|1 —e P, u=0



Photon gas in a box: Blackbody radiation

Average energy of an EM mode with frequency w is the energy of a photon occupying that mode X the average number of photons
hw
(eNw,T) = ho (n)(w,T) = o 1

Average energy:

£ _ Jdw &(w,T) = %f dwD,(w) {e)(w)

v
(Ey h f°° w3 mlk* -
Vv o m%c3 ), “eho —1 " 15033
Plancks distribution: spectral energy density
w3
&, T) = m2c3 efhw — 1
Average number of particles:
W) = J de D@ = ey [ e = (KLY L2
n2c3 ),  efro—1 \hc/ m?
Radiation Pressure
kTV Vm?

PV = —

J do w?log(1 — e Ph@) = —F(T,V) = (kT)*

m2c3 45h3¢3



Solid state material: crystal

Harmonic solids: atoms in a crystal held at lattice sites by elastic
forces

Lattice vibrations: sum of harmonic oscillators 5 § é g g
;

1 3N
H=1Y 0 +ofa)
=1

PP P09 Pg0,04° &
PP P 0o P Poe° P
@ PPPP 0 o @ Ppg°e°
@ @ P%PP 0 9 Pg0,°
P O 0)0‘3090003009090

Virial theorem: U = 6Nk7T = 3NkT PO OPPPP o0 0

P o QO’OJO)@QOJ’

& Normal lattice positions for atoms
@ Positions displaced because of vibrations
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Heat capacity of solids fomiem

Lattice vibrations: sum of harmonic oscillators

Fit of silver specitic heat
data to the Debye curve
with T, = 215 K.

ZZ(pl +w; q;)

Virial theorem: U = 6Nk2—T = 3NkT - Cy, = 3Nk st

(’\,,(J:'mul K)

Dulong-Petit’s law e
Heat capacity: Cy = gg = 3Nk independent of T!

Puzzle of Cy(T) at low temperature
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Phonon gas: Einstein model

* Phonon: quanta of lattice vibrations (elastic waves) analogous to
quanta of EM waves (photons)

* Let us assume that all atoms vibrate with the same frequency,
hence all phonons occupy the same mode and have the energy
€, = hw

* By anology with photons, the average number of phonons for a
given frequency mode w follows the Bose-Einstein distribution

1
(le> — oBhw _ 1




Einstein model: thermodynamic propertieds

T

* Average energy of phonons with fre%uency W wgmgw ‘ ;
0 NI A

(E(@)) = holn,) = —mo—s P 137

* Total energy of the solid:

3NAw
U= 3N(E(w)) = ~Fho 1
* Heat capacity:
Cv = dat ~ 3Nk (kT) (eBhw_1)°



Einstein model: Heat capacity

* Heat capacity:

du 2 gPhw
Cy = 5= == 3Nk (=) T

3Nk , kT > hw

* Experimenatlly Cy/(T) goes to 0, but not exponentially
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Phonon gas: Debye model

* The assumption that all atoms vibrate at the same frequency is relaxed!
Atoms vibrate with different frequencies and a linear dispersion

w = kv, where v is the sound wave in the solid

* Density of elastic modes is analogous to the density of states for photons

(in the long-wavelength approximation, continuum elastic medium)

Z ZZZ~NL_,003fdn—3fdn4nn 3 )dek [ dk D(k)

Ny Ny Ny

D, (n) = 3x4nn?, D(k) = 3#](2, D, (w) =3 dk_ 3V o

212 v2 dw 212 p3

* Factor 3 accounts for three polarizations of the sound waves: 2 transverse and 1 longitudinal
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Debye model: Density of states

Density of states for a phonon at a given frequency

Spectrum of possible wavelengths in a solid is bounded by the
system size Ay qx = L — o0 and the lattice distance Ay, = 2d

This means that

D(w) =3

V w?

212 v3

w € [0,wp], wp = = upper bound on the allowed

frequencies

d
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Debye frequency

Density of elastic modes is analogous to the density of states for photons

2

D(w) =3— 2 3

for 0 <w < wp

* Total number of modes: 3N normal modes (in 3D) for N atoms

wp Wp
3N = dwD(w) = 3 e dw w?
0 2m2v3 ),
2 l 1
Debye frequency wp = v (67TVN)3 wp = /127_w = v(6m?p)3,
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Debye model: Thermodynamics

* Density of elastic modes is analogous to the density of states for ph{)tons

V w? 6m*N\3
D(a))=32n2v3,forOSwaD=v T

* Total average energy of phonons

©p hw ©p , hw
U(T,V)=| dwD = 3k d
(T,V) fo w (a))eﬁhw_1 2703 ) WO g

* Heat capacity o
w

6 = (3 = st [0 a? ()
Vi =Ner), T Tt anzes ), Y \kT) (ePro —1)2




Debye model: Heat capacity

“’Dd 2<ha)>2 ehPhw
@O Nk

(eﬁha) _ 1)2

CV ) = 3k
hw hwp

=i TR

Tp

C,(T) = 3k—— (kT)Sde ve”
AT T amz3 \ e ) ), ler —1)2

3 x

C(ﬂ—@Nk(T)P(%) F()—Jci
v TD T )’ Y x(x—nz
High Tlimit: T > Tp -y = 2 < 1

F(y) = j dx — j dx———y

Cy(T) =~ 3NK, T >Tp



Law of Dulong and Petit

Debye model: heat capacity oo

C,(T) = 9Nk (T )3 F(TD)
V — TD T ) . "

CV =aT?
matches

Debye

Departs from Debye

4| model at low temp
Y X 4 e x 10 whare electron specific
F (y) —_ d X - heat contributes.
x ) 2 = § i 1 i i i 1
—_ 10
0 (e 1 w10 1w° 1w° 10
T4 (K¥)

Low T limit: T K TD after Rohlf

" tawof Dulong and Petit__
F -
F(y) F(y) °°d xte” A’ ' spedifc S nc Pes
- = X = am— = »:':' Dulong-Petit
y y—00 y . (ex _ 1)2 15 § - heat at high temp
v 107}
-
g T Low temperature
e T? behavior matches
12 T 3 Debye model
4 _
C (T) z — Nkn — 10'3 1 1 i L 1 1 i L 1
4 5 TD w' 10 w0 1w° 10

T3 (K?)
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