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Phase space and ensemble density 
• !, # $%& = (!), … , !%&, #),⋯ , #%&)
• A state of the N particles that specify the position and 

momentum of each particles is given by a representative point in 
the phase space !, #

Ø Ensemble density -(!, #) is the probability density of finding the 
system in state (!, #)

∫ - !, # /0 = 1
Number of systems which occupy  the microstates between (!, #) and 
(! + /!, # + /#) is 

- !, # /0

Ø Macroscopic thermodynamic variables are determined as averages 
over -(!, #)

3 (4) = ∫ - !, #, 4 3 !, # /0
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Liouville’s theorem for equilibrium systems
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= 0 →

!"

!#
+ 3, 5 = 0 Liouville’s theorem

• For systems in thermodynamic equilibrium, all the averages are time-
independent, hence the density of states is time-independent

• Liouville’s equation implies then that

C,D = E

• General	solution of ensemble	density commutes with the
Hamiltonian

C = C(D)
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Statistical Equilibrium Ensembles 
Microcanonical ensemble: ! ", $ ∼ &'()*. ,* -./01 2 → ! ", $ = 5

6
7(9 ", $ − 2)

• Microcanonical density of states: Σ 2, =, > = ∫ 1@ 7 9 ", $ − 2 , d@ =
BCDEBCDF

GHℏ CD

• Describes a system at a fixed energy, volume and number of particles 
• Each possible state at fixed J and N has an equal probability 

• Phase space volume: Ω 2, =, > = ∫L E,F MN 1@ 7 9 ", $ − 2

• Boltzmann’s formula (correspondence to thermodynamics) 
Entropy: O P, Q, R = S TU [W J, X,Y ]
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Statistical Equilibrium Ensembles 
• Canonical ensemble. Derive that the equilibrium distribution of canonical 

ensembles  

! ", $ ∼ &'
( ),*
+,

• describes a system at a fixed volume and number of particles, and 
that is thermal equilibrium with a heat bath at a fixed temperature T

• The energy fluctuates according to a probability distribution function 
(PDF) P(E) determined by !(", $)

• Internal energy U of the thermodynamic system is fixed by T and 
determined as an average / = ⟨2⟩
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Canonical ensemble
• Describes a system that is in thermal equilibrium 

with a heat bath at a fixed temperature T
• system+heat bath = isolated system

• Heat bath≡Ideal gas (P,Q) with Hamiltonian 

" # =%
&'(

)*+ #&,

2. ,01 23456789: 6; 3=

• Ensemble density for the isolated system is in the 
microcanonical ensemble at a fixed energy >?@?AB

C 2, D, #, E ∼ G(I 2, D + " # − L1M1NO)

Q(R, S)

"(#) =%
&'(

)*+ #&,

2.
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Canonical ensemble Z(#, %, &)
( ), *, +, , ∼ .(/ ), * + 1 + − 345467)

• Integrate out the thermal bath d.o.f. (+, ,) to find the ensemble density of 
the system

( ), * ∼ 89:;<, 9:;<+ .(/ ), * + 1 + − 345467)

( ), * ∼ ∫ 9>4 . / ), * + 1 + − 345467

• Phase space volume of ideal gas  in the thermostate >4(1) ∼ 1
?@<
A

• Change of variables d>4 ∼ 1
?@<
A
C D91

E(F, G)
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Canonical ensemble Z(#, %, &)
( ), * ∼ ∫ -./0 1 ), * + 3 4 − 6/7/89

• Phase space volume of ideal gas thermostate ./(3) ∼ 3
:;<
=

• Change of variables d./ ∼ 3
:;<
=
? @-3

• ( ), * ∼ ∫-3 3
:;<
=
? @0 1 ), * − 6/7/89 + 3

• ( ), * ∼ 6/7/89 − 1 ), *
:;<
=
?@
∼ 1 −

B C,D

E<F<GH

:;<
=
?@

(keep onlyt the ), * − -I)IJ-IJK terms)

L(M, N)

3(4) =P
QR@

ST<
4Q
U

2W
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Canonical ensemble
• The	total	energy U./.01 is	dominated by	the energy of the thermostate,	hence it	depends on the temperature
and	the number of particles in	the thermostat as		

<=>=?@ ≈ B =
3
2F=GH

• Substitute this in	the expression for	the ensemble	density

K L, M ∼ 1 −
Q L, M
<

RST
U VW

∼ 1 −
Q L, M
GH

1
3F=
2

RST
U
, XYZ F= → ∞ approaches

] ^, _ ∼ `V
a ^,_
bc
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System+Thermal bath (R)	=	isolated system		

The	probability that the system	is	in	a	given	microstate is	proportional to	the
probability that the thermal bath is	in	any state that accomodate the
particular microstate of the system	(hence the probability to be in a
macrostate )	

The	system	can exchange energy with the thermal bath Δϵ = −ΔE
Probability ratio	between two microstates (	(DE, GE) ≡ IE, (DJ, GJ) ≡ IJ )

K DE, GE
K DE, GE

=
ΩM IE
ΩM IJ

= N
OPQ
R = N

OS
RT = NU

OV
RT → KX ∼ NU

VZ
RT

[ I ≡ \(D, G)

Probability of the system	in	a	specific configuration at	fixed temperature T

] ^, _ =
`

a(b)
cU

d(^,_)
eb

f g
g

h



Canonical ensemble Z(#, %, &)
• Boltzmann’s distribution ( ), * = ,

-
./

0 ),*
12

• From the normalization condition ∫ 456 7, 8 = 1 →

- = ∫ ;<./
0 ),*
12

• Canonical	Partition function

J K, L, M ≡ OPQ RSTU VWW OXVXTO YTZ[\XT] ^_ `RWXaQVbb cVdXRU T/
e f,g
hK

• i #, %, & does not depend on the nature of the thermostat
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Canonical ensemble: Energy fluctuations
• Number	of systems	in	a	macrostate with energy between 4 and	4 + 74 equals the number of
systems	that occupy the corresponding microstates between ;, = and	 ; + 7;, = + 7=

> 4 74 = @ ;, = 7Ω
• Using the canonical distribution of the density of states 

> 4 = @ ;, =
7Ω
74

→ > 4 =
1
D
EF

G
HI

7Ω
74

>(4) =
Σ(4)
D(M) E

F G
HI
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Ensemble equivalence
• Correspondence between microcanonical and canonical ensembles 

• Laplace transform of the microcanonical density of states ! "

# $, & = ∫ )* +,-. /,0 , 1 = 2
34

# $, & = ∫ )* ∫ )5+,-67 8 9, : − 5

# $, & = ∫ )5 +,-6 ∫ )*7 8 9, : − 5

< =, > = ∫ ?" @,A"! "

• Normalization condition for B 5 = C 6
D

+,-6: ∫ )5 B 5 = 1 → # $, & = ∫ )5 +,-6Σ 5
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Thermodynamic correspondence
• Correspondence between different thermodynamic constraints: 
Legendre transform:  ! ", $ = & ', " − "'

• Correspondence between different statistical ensembles: 
Laplace transform:

) * = ∫ ,- ./0- 1 - ,23.4. 1 5 ≈ 7 5 = 8
9
:

) * = ∫ ,- ./0 -/*9 ≈ ./0 ⟨-⟩/*9( - )

• ) * = ./0?(*), ! " = ⟨@⟩(") − "'( @ )
• ?(*) = −:* AB [) * ]
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Canonical ensemble: average energy
The average energy corresponds to the internal energy ! of the 
thermodynamic system and is fixed by "

• Average energy 
# = 1

& ∫ () * +, - ./01 2,3

# = − 1
& "

5
56 ∫ () .

/01 2,3

7 = − 8
9 :

;
;<9 : = − ;

;< => 9(:)

15Fys4130, 2019



Canonical ensemble: average energy
The average energy corresponds to the internal energy ! of the 
thermodynamic system and it is fixed by "

• Average energy 
# = ∫ &# # ' #

# = 1
)(") ∫ &# # ,

-./Σ #

# = − 1
)(")

2
23 ∫ &# ,

-./Σ #

4 = − 5
6 7

8
896 7 = − 8

89 :; 6(7)
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Canonical ensemble: average energy
• Average energy 

U = # = −
%

%&
'() *(,)

• The system has the highest probability to have an energy given by  the average .

• / 0 =
1

2
34(5678(5))

• Let us look at the distribution of energy around the mean: 0 = 9 + ;0

• < 0 = < 9 +
=8

=5
|5?@;0 +

1

A

=B8

=5B
|5?@;0

A + ⋯

= < 9 +
1

E
;0 +

1

2

G

G9

1

E
;0A + ⋯

= < 9 +
1

E
;0 −

1

2HIEA
;0A + ⋯

/ 0 ≈
1

K
34 @678 @ 3

6 1
ALMN7B
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Canonical ensemble: energy fluctuations
• Fluctuations around the average energy 

!"# = (& − & )# = Δ&# = &# − & #

• &# = *
+(,) ∫ .& &

# /01"Σ &

• &# = *
+ ,

34
314 5(6)

• 789 = :
;
<9
<=9 ; −

:
;
<
<= ;

9
= <9

<=9 >?@;
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Canonical ensemble: Ideal gas
• ! ", $, % =

'
()ℏ +, ∫ .

/01./02 ∏4 5
67

89
:

:; =
<,

()ℏ +, ∫ .
/02 ∏4 5

67
89
:

:;

• ! ", $, % =
<,

()ℏ +, ∫ .2 56
8:

:;=>

/0

, ∫6?
@?

.2 56
8:

:;=> = 2BCD"

• ! ", $, % =
<,

()ℏ +, 2CBD"
+,
:

E = FG

HIG(K)
, where Λ(T) = '

(O)PQ
is the thermal wavelength of a particle 
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Canonical ensemble: Ideal gas

• ! ", $, % = '(
)*( = !+,

• Particles are indistinguishable, thus we must divide the N-particle 
partition function by %!

! ", $, % = $,
N! Λ0, =

!+,
%! = 1234(6,',,)

Thermodynamic correspondence 

8 9, :,; = 8<;
;! = =2>?(9,:,;)
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Ideal gas: Thermodynamics 
! ", $, % = −(" ln

$+

Λ-+
− ln%! , ln%! ≈ % ln% − %

! ", $, % = −%(" ln
$

%Λ- "
+ 1

• Thermodynamic identity: 2! = −32" − 42$ + 52%

• 3 = −
67

68 9,+
= %([ln

9

+;<(8)
+ 1 +

-+

?
( =

@7AB

8

• 4 = −
67

69 8,+
=

+C8

9

• 5 = 67

6+ 8,9
= −(" log

9

+;< 8
+ 1 + %("

F

+
= −(" ln

9

+;< 8
→

9

+;< 8
= H@IJ
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Ideal gas: energy fluctuations 
• Average energy and fluctuations: 

• ! ", $, % = '(
)!+,( =

'(
-! (2012")

,(
4

5 = − 7
78 log ! = −3%2

7
78 log

201
8 = 3%

2 2" ∼ %

Δ5? = 7?
78? log ! = −3%2

7
78

1
8 =

3%
2 2?"? ∼ %

• AB4
B ∼ C

- → 0

F
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