Lecture 5
29.01.2019
Grand-canonical ensemble



Statistical Equilibrium Ensembles

Microcanonical ensemble: p(p,q) = ﬁ 6(H(p,q) —U)
. . . d3di3Nq
* Microcanonical density of states: 2(U,V,N) = [ dw §(H(p,q) — U),dw = )N

Describes a system at a fixed energy, volume and number of particles

Each possible state at fixed U and N has an equal probability

Phase space volume: Q(U,V,N) = |

Hpg<v 9@ 6(H(p,q) — U)

Boltzmann’s formula (correspondence to thermodynamics)
Entropy: S(U,V,N) = kIn [Q(U,V,N)]
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Statistical Equilibrium Ensembles

Canonical ensemble: describes a system that is in thermal equilibrium with a heat bath at a fixed temperature T

1
— _ "~  o,—BH(pq)

Canonical partition function and Helmholtz free energy

Z(T) = [ dwe™ PH®D) = ¢~ BF(T)

Energy fluctuates around the average, equilibrium value U = (E), with a probability P(E) = %e‘ B(E-TS)

Z(T,V) = [ dE e BEX(E) = e~ BF(D), F=U-TSWU), (E)=U-= _9 In Z(T)

ap
Energy Fluctuations
(AE?) = la—ZZ — (liZ)2 = a—ZlogZ
Z 0B? ZopB dap?
(4E2) 4
Fluctuations are much smaller than the average in the thermodynamic limit: B "IN -0
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Statistical Equilibrium Ensembles

* Microcanonical ensemble p(p, q) ~ const.

* Describes a system at a fixed energy, volume and number of particles
* Each possible state at fixed U and N has an equal probability

_ _H(pq)
* Canonical ensemble. p(p,q) ~ e &t

* describes a system at a fixed volume and number of particles, and that is thermal equilibrium with a heat bath
at a fixed temperature T

* The energy fluctuates according to a probability distribution function (PDF) P(E) determined by p(p, q)

* Internal energy U of the thermodynamic system is fixed by T and determined as an average U = (F)

_ _Hpqg pm
* Grand canonical ensemble p(p,q,n) ~e "kt kT

» describes a system with varying number of particles and that is in thermal and chemical equilibrium with a
thermodynamic reservoir, i.e. fixed T and u

* Particle number and energy are fluctuating variables drawn from corresponding PDFs P(E), P(n)
* The average energy and number of particles are fixed by the temperature and chemical potential
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Grand canonical ensemble

* Describes a system with varying number of particles
and that is in thermal and chemical equilibrium
with a thermodynamic reservoir, i.e. fixed T and u

e system+heat and particle reservoir = closed system

1\’t +n = 1\,, 1\’t > n, IVQ:‘““ N

* Reservior = ldeal gas (P, Q, N;)

* Distribution of particles between the system and the
reservoir NI

n! N, !

* Ensemble density for the closed system is in the
microcanonical ensemble

!
p(,q,n,P,Q,N) ~——8(H(p,q) + €(P) — Urorar)

Tl!Nt!
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Grand canonical ensemble

* Integrate out the d.o.f of the reservoir to find the density of state of
the system

N! 1
pp.a.n) ~ - G | VPPN QE(H (p, @) + €(P) = Utorar)

» Integral over reservoir’s d.o.f. = ideal gas microcanonical density of states

1
(2mh)3Ne f dSNthSNtQa(H(p' Q) + E(P) _ Utotal) = z:1,“(Utoml _ H)

3N¢
VNt 172 3Nt 3N 3N;

13N; (ﬂ) | (Zm)TTt (E-—H)y=z !
> )!

2:ideal gas(E o H) _

3N 3N 3Ne_
(NAm! VY w2 2mUgra) 2 (1_H(p,q)> 2

P(P; q, Tl) ~ nth| h3Nt (%_ 1)' Utotal

U total
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Grand canonical ensemble E(T,V, u)

3Ne 3Nt 3N¢_
(Ne+n)! VVe 72 (2mUgprqr) 2 (1 H )T
n! Ny h3Ne (% _ 1) 1 Utotar

1

,0(19, q, n) ~
Utotal

* Total energy is determined by the energy of ideal gas

3_Nt_1 3N¢

Hence(l— H )2 =<1— i )T_l—>8_k_T

Utotal

3N¢ 3Ny
(Ne+n)! Ve 72 (ZmUotar) 2
n!Ng! h3Ne (% _ 1) ! Utotal

e~ BH([®,q)

p(p,q,n) ~
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Grand canonical ensemble

. 3N, 3N,
I t
ﬁ)(jj)(?)‘rl) ~ (1\ht-+;rl)' .\/ n 2 (;277ll]i{)t6ll) 2 63__[?}{(lhc1)
n! Nl h3Ne (% _ ) ! Utotal
;2 .
¢ I\It ~ 1\’ >$> n

(Ne+n)! _ (Ve + DV +2) -~ (N +1) N N™

~

n! Ng! n! n! n!

N¢

3

N™[V(2rmUiprq1)2 1 1 - BH(,q)

p(,q,m) ~— 3 U 3N ©
n! total (Tt _ 1) l
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Grand canonical ensemble

3 N—m
oom - (V(anthal)Z ) 1 1 H
pp,qn)~
n! h3 Utotal (ﬂ — 1 — S_n)
2 2

* Keep only the terms dependent on n, g, and p

(all the rest can be taken care of by the normalization condition)
1 1

T3 &)

2 2 2 —n
N (V(2mmU 2 _H(p.q)
,D(p, q,n) - — < ( hgtotal) ) e kT
n
1 Nh3 _H(I?T,q)
p(p, q, Tl) ~ iy 3 e

V(2mrmkT)2
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Grand canonical ensemble E(T,V, u)

1 (NA3(T)\X _H@®
pp,qm) ~ —|— e KT

* Chemical potential of the reservoir u; = u

NAY(T)  N,A3(T)

He M
— ekT = ekT
V V,

1 wun _H
p(p,q,n) ~n—'ekTe kT
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Grand canonical ensemble E(T,V, u)

1 Nh3 Yo
'p(p»CI;n) an 3 e kT
' 2

V(2mmKkT)

° p(p’ q, n) — lieﬁ(ﬂn_H)

= n!

* Grand-canonical partition function

- pun
° ‘:‘(T' ,Ll) — Zn:O -

-BH(P.9) f — L
[dwe , B po

n!
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Grand canonical ensemble

* Describes a system with varying number of particles and that is in thermal and chemical equilibrium with
a thermodynamic reservoir, i.e. fixed T and u

11
p(p,q,N) = 5=

* Grand-canonical partition function and Landau potential

2, pBun
E(T, M) = fdwe_BH(p:CI)

;i; n!

co Bun 00

E(T, ) = Z en, Z(T,n) = Z ePHZ (1),  Zn(T) = e FF
n=0 n=0
2(T, 1) = z eBE-1m) — o=BATH  O(T,u) = F(T,N) — N
n=0
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Grand-Canonical ensemble: number fluctuations

Probability P(n) represents probability that the system is any microstates with n particles (macrostate)

P(n) = [ dw

1 i e_,BH(p»CI)e:Brun = !

Bun 00 _
E(T,[,L) n! E'.(T,,u) ZTl(T)e ’ Zn:() P(n) 1

* Average number N

N =(n) = z:zon P(n)

(W)=Y nZu(DeRT = N 7, mekT = )
n) == n ekT = — ekT = =(T,
(T, 1) Lainey " E(T, 1) O L ™ 2 H



Grand-Canonical ensemble: number fluctuations

Probability P(n) follows from the transformation of probability density

1 00
P() = g Za(MePH™, T P(m) = 1

» Number fluctuations

2\ * 2
(n >—2n=0n P(n)

0= 25" wz,melt = LN 4 el = W ar
TE(T ) Lanzo " T E(T, 1) 0p? Lanmo " TE(Twop R

2
(An?) = (n?) — (n)? = (kT)? a—zlnE
du



Grand-Canonical ensemble: Ideal gas

yN h2
* Z(T,V,N) = NIA3N(T)’ A(T) = 2TmkT

« (T, V,u) = X3_,ePrZ(T,V,n)

N
A3(T)

n
« Z(T,V,u) = Z,‘f:o% (leﬁ"‘) = eZTWV 7 = is the fugacity

I \A3

E(T,V,u) = e?V = e BQ(T.V.u)



Grand-Canonical ensemble: Ideal gas

* Thermodynamic correspondence: Landau potential

e.B.u
A>(T)

Q(T,u) = —kT zV = —kTV

 Thermodynamic identity: df2 = —SdT — PdV — Ndu

00 0 — o, ePr _
N = (n)—a—kTaln_.— VAs(T)—ZV_’Q— KT(n)
ep=-L k175 p =01

av



Grand-Canonical ensemble: Ideal gas

* Number fluctuations

e (An?) = (kT)2 " InE = (kT)? 2 o° (




Grand-Canonical ensemble: Ideal gas

e Distribution of number fluctuations

P(n) = . Z, (T)ePHrn
E(T, ) ™

n

1V pun X
P(n) ~ A5 e

<
3

n eﬁﬂn

v oy
P(n) ~ —efun |

n!



