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Fermi-Dirac statistics



Maxwell-Boltzmann: indistinguishable particles

* System of identical, indistinguishable and free particles, such that there are n, particles in the energy state €, n,
particles in the energy state €, ---. For a specific partition of the number of particles in each energy state {n;} we
have

nj
w({n;}) = Hi‘i—‘i!, number of microstates where g; > 1 corresponds to energy states at ¢;

* The total multiplicity of a macrostate would be a sum over all the partitions {n;} that correspond to the same a3 Ny
macroscopic energy U = ),;€; n; and N = )}, n; —

S —— G3; N3
e —

AU,N) =eS = > w(tn}) =~ w ({n”}) — |

l g2 == 92N>
{n} —

The sum is dominated by the partition with the largest number of microstates, which is the equilibrium distribution S — 91 M

i)

* We determined the equilibrium distribution in the canonical ensemble
_N “Pei, 7. =% —Bei
ni—zlgie v L1 = 2Li9i¢€
* Grand-canonical partition functions

1
E(T,pw) = 2 Ee/’"ﬂz'; = e*1, A =ePr

n



Bose-Einstein distribution: counting of microstates

* Each energy levels €; has a degeneracy g;

Number of ways of arranging n; bosons in g; quantum states with energy level ¢;:

g; degenerate energy levels ~ g; identical boxes

n; particles ~ n; identical balls

Number of ways of distributing n; balls between g; boxed equals the number of combinations with @
n; balls and (g; — 1) —walls between the lined up boxes

Wi(n;, g;) = ( + g,— 1) © © ©

n!(g; — 1)! ¢
Number of microstates for a partition {n;}: L g L nl

(ni+g;—1)!
Wo ((ni}) = T1; Wi (i, g0) = Tl —5;

* The total multiplicity of a macrostate would be a sum over all the partitions {n;} that correspond @ @
to the same macroscopic energy U = };;€;n;and N = ) n;

Q(U,N) = eS/k = z W,({n;}) = W ({ngeq)})
{n;}




Bose-Einstein statistics (grand-canonical)

* Sponteneous fluctuations induce a change in the population number
ni-n;+1

Change in entropy:

(n; + g;)! | (ni"'gi_l)!] L gitmy
— In = kln
(n; + 1)! n;! n;

Change in energy: AU = ¢;

AS=k[ln

Change in number of particles: AN =1

These spontaneous fluctuations are in thermodynamic equilibrium: TAS = AU — uAN

_ g
N = “Blei-m_4




Bose-Einsteln statistics

Equilibrium distribution of bosons 3|
over energy states

g g
L oBei—w_1  ePeip—1_1

n

e Grand-canonical partition function

[ n;=0

1
2T ) = 1_[ 1 — Bl

l

2(T, w) = (2 e—ﬁni(ei—u))
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Free fermions: Fermi-Dirac statistics

Fermions: ingistinguishable particles with % spin obeying the Pauli exclusion principle

Number of ways of arranging n; fermions in g; quantum states at energy ¢;:

» Istparticle has g; avalaible states, Znd particle has (g;—1) possible
states, 3rd particle has

(9i—2),..the n;th particle has (g; — n; + 1)

gi!
(gi—ny)! .
El

* 9i(gi— 1 (gi—n+1) =

Number of microstates for a partition{n;}:

gi!
Wr((ni}) = Hni! (gi — ny)!

i

* The total multiplicity of a macrostate = sum over all the partitions {n;} that
correspond to the same macroscopic energy U = },;€;n;and N = ), n;

Q(U,N) = ek = Z Wr({n;}) =~ Wy ({ngeq)})
{ni}

© O

gi > n;




Fermi-Dirac statistics: Grand-canonical ensemble

* Sponteneous fluctuations induce a change in the population number
n-n;+1

* Change in entropy:

gi’ » gi' _ i
(n; + D!'(g; —n; — 1)!

n
n! (g —ny)! n;
* Change in energy:

AS =k [ln

AU=Ei

* Change in number of particles: AN =1

Equilibrium fluctuations: TAS = AU — uAN — kT loggi_.ni =€ —U—

n



Fermi-Dirac statistics: Grand-canonical

e Equilibrium distribution of the number of fermions in each energy state

— Yi
L eBlei-m) +1 0.7
0.6
, A
* Filling fraction f; = %of the energy state ¢; v
i 0.4+
’ 1
. = 0.2+
! eBei—1) + 1
0
-2 1
1
fi = 1 = eBHu




Fermi-Dirac statistics

* Average occupation number

g
n; = (n)(€;) = eB(ei—lu)_l_l

* Number of particles

_ _ Yi
N = Zni - z eBlei—1) + 1
l l

* Energy

U= z Ein; = z “idi
- : O : eBlei—1) +1
l l



Classical limit: f; K1 o n; < g;
(low density of particles per energy state)

® Fermi Dirac:

gi' 1 gr
Wopums ) = | ) IR o Fi
Fp (M1, Mz, ) | n;! (g; — ny)! i n;| 9i - (g; ) (g — My ) i ;|
* Bose Einstein:
(n; + g;i—1)! 1_[ 1 gr
Wap(ny, Mg, ) = 120 v en—1) =~ | [9E
e (N1, N2 ) i n;! (.gi _ 1)! | ni!gl (gl ) (gl n; ) | -

* Maxwell Boltzmann:

g?"

l

Wug(ny,ny, -+ ) = | n_l,
l



Classical limit: €; < kT, u(T) < 0

(high-T limit)

® Fermi Dirac/Bose-Einstein distribution:

—Be€i
1 eﬁﬂ € ~ eﬁﬂe_ﬁei

f‘i

 Maxwell Boltzmann distribution:

8 _ N pe _ oBug—pe

l Zl

T el £ 1

%4
NA3(T)

hZ
p?
2nmk> ’

K 0-

 Classical ideal gas limit: u = —kT In

p:

<|l=

T
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Grand-canonical ensemble for free quantum particle

Each identical particle can occupy discrete energy states €;, j = 1,2, --- is the state number

For N identical particles, there are n; number of particles (occupation number) in the energy
state €;

The energy of a specific microstate with Ny = ).; n; particlesis E; = },;nj€;

Y. =sum over all particles number N, and over all the partitions of particles N in the quantum
states with total energy E

(T, u) = 2 Z o= BEs—1Ns) — Z =B Tjmj(ej—)

Ns  {n;} {n;}
Zj n;j=Ng

E(T, ,u) = (Z 3_:3”1(61_#)> . (Z e—ﬂnz(Gz—N)> . <Z e—ﬁn3(€3—ﬂ)>

nq np ns
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Occupation number of a microstate

Probability of the system in a specific microstate a fixed T and u

e~ Bni(er—n) . p—Bnz(ez—1) . p—Bnzles—p) ...

e~ B(Es—u Ng) —

=cm (s e PaEr ) (S e B2 (3, € P71 -

e Pni(er—p) e Bnz(ez—p) e—Bn3(ez—p)
(an e—ﬁn1(€1—ﬂ)) . (ZNZ e—ﬁNz(ez—ﬂ)) . (an e—ﬁn3(€3—ﬂ))

P(s) =

P(s) = P(ny1) - P(nz) - P(n3) -
Probability for an occupation number n of the given energy level at fixed T and u

e_ﬁn(e_ﬂ)

Pe(n) = (3, e-Pnlem)
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Free FERMIONS in grand canonical ensemble

The number of fermions in each energy states canben = 0,1

1
2 p~Bne—) — 1 4 p=Ble—w)

n=0

Grand-canonical partition function

2(T,n) = 1_[ <z e—ﬁni(&—ﬂ)) — 1_[(1 + e—ﬁ(ei—u))
n; i

i
Probability for having n fermions in a given energy state a fixed T and u

e~ Bn(e-p)

Fe(n) = 1 + e Ble—w)

Average number of fermions (n) with energy € a fixed T and u

1

(&) = ) nPm) > () =

n=0

(e~ 4+ 1
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Fermi Dirac distribution at T=0 K

. 1 1, e<u
n(€) = eBle—iy T-0 {O, E>U

er = U Fermi energy level below which all states
are occupied

Fermi energy is determined by the density of the
Fermi gas € = €x(p)

n(e)




Fermi-Dirac statistics at T=0 K in 3D

hZ [(2m\?
Ideal gas: €,, = ?n(?) |n|?

Density of states D(e)de = (4nmn?)dn —
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Fermi-Dirac statistics at T=0 Kin 3D n,
\deal gas: €, = 2 (22" [nf2 \ ny

1
3
Density of states D(e)de = (4nn?)dn — D(e) = #(E—T)Z el/2,  y=1I3 4

Number of particles

€F

N = Z(n)(ei) =2 joode D(e)H(e —€p) = 2] de D(e)

3

LV o2myz (eF _Voemr2 4,
V=) | et == () 39 & O @
hZ E @ g

* Fermi energy €F = E(anp}"
2 2 2 © &
. €EF h 2 3 * h 2
* Fermi temperature TF:T: m(Sn p) <T"= 2mk | P

* Electron gas in metals Tr ~ 10* — 105 K >» 3x102K (degenerate gas--- behaves as if it was 0K for a wide range of T < T_F )



Fermi-Dirac statistics at T=0 K in 2D

_m? 2m\? | 5
Ideal gas: €,, = %(T) In|
. L? 2m
Density of states D(€)de = (2mn)dn — D(e) = pr

0 0.5 1 1.5 2
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Fermi-Dirac statistics at T=0 K in 2D

2 2 ]
Ideal gas: €,, = % (ZTE) In|? %
n

2
Density of states D(e)de = (2mn)dn - D(e€) = 4L_7T2h_21

Number of particles

N = Z(n)(ei) = Zfooode D(e)H(e — €p) = ZJOEFde D(e)

L*m (€F L’m °F
N=Tw) %€ =gmer
: h?
* Fermi energy €p = TP
€ h2
. F
* Fermi temperature Tp=—=—mp




Fermi-Dirac statistics at T=0 K in 1D

K2 (2m)2
Ideal gas: €,, = ﬂ(?) In|?

1

Density of states D(e)de = dn — D(e) = i (Zh—?)E e~1/2

—~~
W
~—
o B
o N
~
C max
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Fermi-Dirac statistics at T=0 K in 1D

A2 [2m\?
Ideal gas: €,, = %(T) In|?

1

Density of states D(e)de = dn — D(€) = — (Z—m)E e~1/2

41 \ h2
€ L /2 1 1 hZ
F m\2 =
N=2| deD =—(—) : = —(mp)*
| dep@ = (57) ek = er = 5, 0)
Number of particles N = },;(n)(€;) = 2Npax
2 2
* Fermi energy €r = thn(ZTn) Nfax =
hZ
€EF = _(T[p)zi P =
2m L
hZ
Fermi temperature Tg = —(7T,D)2

2mk

Nmax




Fermi Dirac distribution at T>0 K N

0.61

1 S N
n(e) = u(ep, T) 6w )

eBle-uw) 1’
Energy states above the Fermi level are occupied by excited fermions

<n>

3D
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e/eF

N(e)D(e)
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Particle number fluctuations

Probability for having n free fermions in a given energy state ¢; at fixed T and u

P;(n) =

(Ae‘ﬁ’ei)n ( n; )n _ {1 —n;, n=0

1+A€_'Bei - 1—7’li

(n); = P(1) = ny

1

(n2); = ) n2Pi(n) = A(1) =
i=0
Mean square fluctuations

2 2
02 = (n?); — (n)? = n; — n

Relative mean square fluctuations
g2 1

—=——1->0,asn; » 1

2

Negative statistical correlation— statistical repelling force
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