Ising model
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Model proposed by Wilhelm Lenz as a model of
magnetism in 1920.



XYZ-model

H = Z (Jmafaf + Jyaiycr;-/ + Jzafa;f)
(33) .
% ¥, o* Pauli matrices
XXZ-model:  J, = J,, J,
Heisenberg model: J, =J, = J,
XY model: Sy =y, J, =0
Ising model:  Jj,=J,=0,J.



Ising model
exact solutions

 1D: Ernst Ising solved the 1D model exactly in 1924, but
no phase transition...a disappointing conclusion.

e 2D: Lars Onsager, solved the 2D Ising model exactly in
1944, There Is a phase transition! A true “tour de force” in
theoretical physics. Very impressive, he even introduced

quaternions to solve it.

e 3D: Ising model has not yet been solved exactly.



Ising chain (1D) h=0

H=—-J E 0;0;11 Open boundary conditions

New variables:

T =— 01 T, — 0;-10; H:—JE T3

/= ZG_BH = Ze_ﬁH

T

Sl () i

’7'17,2



Ising chain (1D) h=0

Z =2(2cosh BJ)" 1

—BF =In2+ (N —1)In{2cosh (8J)
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Ising chain (1D) h=0
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Transfer matrices
Ising chain

Periodic boundary conditions, write H in a symmetric way:

N h N
H = _J20i0i+1 — 5 Z (Ui -+ O-i—l—l)
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Transfer matrices
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Z = Trace (A product of transfer matrices)

Z =Tr(TV)




Transfer matrices

Diagonalize the transfer matrix: T'= R 1 DR

(M0
p=(3 %)

Z=Tr(T")=Tr (R"'DRR 'DR...DR)
=Tr(D%) =M + 4

Let A1 > Ao then for large- N:

\ N
Z = AN (H(A_j> )%Aiv



Transfer matrices

Ising chain (exercise):

A1 = e’ cosh Bh + \/eQBJ cosh? (Bh) — 2sinh 25.J

% = —kT In <65‘] cosh (Bh) + \/GQBJ cosh? (Bh) — 2sinh (2@]))

Exercise: Show that the above reduces to Analytic: No phase transitions!

¥ = —kT In (2cosh (BJ)) ., 4

for h=0




Magnetization
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Magnetic susceptibility

Magnetic susceptibility:
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The peak becomes narrower and moves to lower T as h is reduced. No
phase transition.



