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	���� � �
�"!
� � #%$'&Y�(& $ ��+ $ + $'&�	 � � 	J��� ���2��

)~DFQ
P

�^D2NTM^=B[CUVQ:[CU QRr\D >KDF;>a�� 9<D]D >\E�ZO<D
zIc k�!bn [CQRr M^=I9R[CQR[>=BU v|D]tFQ<=BO
~r = xi~ei

NPU\a
;>DFQ�QRr\D�EIO0Ndvs[ Q NPQR[CUZE	M^=B[CUVQ�9<=AZO<t]D �^D@NPQ ~r′ = xi

′
~ei′
cTh:DFn Q<=BU1D 9�; Ndn =PX'EIO0NdvV[CQ0NPQR[>=BU

X =BO`N t]=BUVQR[CU"\=A\9Wag[>9RQROR[Z�CZQ<[C=BU =PX S@NB9<9 [>9

~F = −mG
∫ ∞

r
ρ(~r′)

~r − ~r′
|~r − ~r′|3

d3r′

= −∇V (~r)

� zIc m"!

*sD]D >\E�ZO<D � zIc k�!}X =BOb9RosS �^=B;~aZD?>\UZ[CQR[>=BU\9 c

~r′

~r

~r − ~r′
�

� [ E�\O<DTzIc k�V hWDFn Q<=BU1D 9b; Ndn =PX EIO0NdvV[CQ0NPQR[>=BU�[CU	[CQ<9 ;>=VtdNP; X =BORS	c



8��.F�9 �':;�<��(>=?�X6�0!:����$��� 0'"����<0C�+���,(M� ( ���<��6��[H'036 �Y���N2 O

)qDFQ<D 9`t]=BU\9R[>aZDFO`D E KNPQR[>=BU � zIc m"!AQ<DFORS �Vo
Q<DFORS	c

∇ 1

|~r − ~r′|
= ~ei

∂

∂xi

1
[
(xj − xj′)(xj − xj′)

]1/2

= ~ei
∂

∂xi

[
(xj − xj′)(xj − xj′)

]−1/2

= ~ei
−1
2

2(xj − xj′)
∂xj

∂xi

[
(xk − xk′

)(xk − xk′)
]−3/2

= −~ei
(xj − xj′)δij

[(xk − xk′)(xk − xk′)]
3/2

= −~ei
(xi − xi′)

[
(xj − xj′)(xj − xj′)

]3/2

= − ~r − ~r′
|~r − ~r′|3

� zIc l�!

h:= n D E KNPQR[>=BU\9 � zIc m"! NPU\a�� zIc l�!AQ<=BEGDFQRr\DFO ⇒
V (~r) = −mG

∫
ρ(~r′)

|~r − ~r′|
d3r′

� zIc ��!

�:O0Ndvs[CQ0NPQR[>=BUKNP;qM^=BQ<DFUVQR[ NP; NPQ M^=B[CUVQ
P

V

φ(~r) ≡ V (~r)

m
= −G

∫
ρ(~r′)

|~r − ~r′|
d3r′

⇒ ∇φ(~r) = G

∫
ρ(~r′)

~r − ~r′
|~r − ~r′|3

d3r′

⇒ ∇2φ(~r) = G

∫
ρ(~r′)∇· ~r −

~r′

|~r − ~r′|3
d3r′

� zIcW��!

� r\DLN.�^= v|D:D E KNPQR[>=BU 9R[CS�MZ;C[ >KD]9 tF=BUK9R[>aZDFO0N.�Z;Co@[ XqnAD:tdNP;>t(Z; NPQ<D:QRr\D:ag[Cv|DFOREGDFU\t]DW[CU
QRr\D
[CUVQ<DFEIO0NPU\a c �����������
	���

∇ ���������	����������
~r���������

∇· ~r −
~r′

|~r − ~r′|3
=

∇·~r
|~r − ~r′|3

+ (~r − ~r′) · ∇ 1

|~r − ~r′|3

=
3

|~r − ~r′|3
− (~r − ~r′) · 3(~r −

~r′)

|~r − ~r′|5

=
3

|~r − ~r′|3
− 3

|~r − ~r′|3

= 0 ∀ ~r 6= ~r′

� zIc {�!

= D2t]=BU\tF;Z\aZD�QRrKNPQLQRr\D h:DFn Q<=BUZ[ NPU EIO0Ndvs[CQ0NPQR[>=BUKNP;YM^=BQ<DFUVQR[ NP;}NPQ�N@M^=B[CUVQ�[CU N.EIO0NdvV[ i
Q0NPQR[>=BUKNP; >KDF;>a	=AZQ<9R[>aZD�N S@NB9<9bag[>9RQROR[Z�CZQR[>=BU 90NPQR[>9�>KD]9
)qNPMZ; NBt]D D 9WD E KNPQR[>=BU

∇2φ = 0
� zIc ��!
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���������
	�	����� 8�� F� 8�� # ���A0UH3= �KL7�@6��<0 � �*(*H �+���,(������������� �"!$#��% &'�)(+*�,"!-&.� /0,1���"23&4�"�5(6/0%7% /98���,9:<;�=/0;��>&.� �-29?
8��

δ(~r − ~r′) = 0 ∀ ~r 6= ~r′

F � ∫
δ(~r − ~r′)d3r′ = 1

8@�"�,
~r = ~r′

� 2$!A/0,9&B����,"�A#C�D,E&.���F��,"&+�-:��G�"&H� /0,1#�/0I5����,KJE�������,9&B�-:��G�K%�� 25� #��,9&.� !9�K%7% L)MA��=/E/&.����N8�� 2O��J
O� ∫

f(~r′)δ(~r − ~r′)d3r′ = f(~r)

_6tdNP;>t(Z; NPQR[>=BU =PX QRr\Db[CUVQ<DFEIO0NP; ∫ ∇· ~r−~r′|~r−~r′|3d
3r′
n rZ[>t0r.[>9&vBNP;C[>a.NP;>90=�[CU@QRrKD`tdNB9<Dbn r\DFO<D

QRr\DD>KDF;>a M^=B[CUVQT[>9�[CU\9R[>aZD QRr\D S@NB9<9Tag[>9RQROR[Z�CZQR[>=BU [>9T=A�ZQ0NP[CU\D]a QRrZO<=AZEIr QRr\D�\9<D =PX
��N.\9<9+Ds[CUVQ0D EIO NP;~QRr\D]=BO<DFS V

∫

P ∇·
~Ad3r′ =

∮

Q
~A · d~s, � zIcCzdf�!

n r\DFO<D�9 [>9 Q<r\D �^=AZU\a\NPORo =PX v �
s = ∂v

[>9`NPU NPO<DdN�! c

R@S�TVU0W7X4W�YZU 8��.F � 8�� �[�,6 ��L 03(*�,6����

dΩ ≡ ds′⊥
|~r − ~r′|2

� zIcCzIzL!

8@�"��=�
ds′⊥

� 23&4�"�E;��=/O[+�A!-&H� /0,\/�(]&.���^��=�9�
ds′

,"/K�_I5�K%�&+/E&.�"�E%`�D,"�$/�(]2-� :��9&-J ~ds′⊥
� 23&4�"�

!A/0I^;�/0,"�,9&ba��A!-&B/K�c/�( ~ds′
�K% /0,9:�&.�"�d%`��,��5/�(e2-� :��"&]8@��� !��� 2��Af�*���%K&B/g&.�"�d,"/K�_I5�K%�a��A!-&B/K�/�(

ds′⊥ h 2O�A�5i0:�*��=� hOj J`k�l'l4J

h:= n�Hg;>DFQ<D 9WNPMZMZ;Co ��N.\909<Dg[CUVQ<DFEIO0NP;~QRr\D]=BO<DFS	c
∫

P ∇·
~r − ~r′
|~r − ~r′|3

d3r′ =
∮

Q
~r − ~r′
|~r − ~r′|3

· d~s′ =
∮

Q
ds′⊥
|~r − ~r′|2

=

∮

Q dΩ
� zIcCzdk�!

*s=�QRrKNPQdH
∫

P ∇·
~r − ~r′
|~r − ~r′|3

d3r′ =

{
4π
[ X p [>9b[CU\9R[>aZD�QRr\DLS@NB909bag[>9RQROR[Z�CZQR[>=BU

,

0
[ XYp [>9`=AZQ<9R[>aZD�QRr\D�S@NB9<9bag[>9RQROR[Z�CZQR[>=BU

.

� zIcCzde�!

� r\D�N.�^= v|DLO<DF; NPQR[>=BU�[>9 n OR[CQRQ<DFU t]=BU\tF[>9<DF;Co [CU Q<DFORST9`=PX QRr\D�J:[CO0NBt�aZDF;CQ0N2X%ZU\tFQR[>=BU V

∇· ~r −
~r′

|~r − ~r′|3
= 4πδ(~r − ~r′) � zIcCzFm"!
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~r′

~r
~r − ~r′

�

dΩ

d~s′⊥

d~s′
U\=BORS@NP;qQ<= �^=AZU\ag[CUZE.9�ZO X NBt]D

d~s′⊥ = ~r−~r′
|~r−~r′| · d

~s′

� [CE�ZO<D+zIc e�V � r\D 90=B; [>a6NPUZEI;>D
dΩ
[>9
aZD?>\U\D]a 9�\t0r QRrKNPQ
QRr\D 9�ZO X NBt]D =PX2N 9RMZr\DFO<D

9�C�ZQ<DFU\aZ9
4π
NPQ Q<r\D�t]DFUVQ<DFO

= DLU\= n rKNdvGD

∇2φ(~r) = G

∫
ρ(~r′)∇· ~r −

~r′

|~r − ~r′|3
d3r′

= G

∫
ρ(~r′)4πδ(~r − ~r′)d3r′

= 4πGρ(~r)

� zIcCzdl�!

h:DFn Q<=BU1D 9bQRr\D]=BORo =PX EIO0NdvV[CQ0NPQR[>=BU tdNPU	U\= n �^D�D ysMZO<D]9<90D]a v|DFORo
9�\t]tF[CU\tFQR;Co [CU\aZD]D]a�
8�� � NB9<9 EGDFU\DFO0NPQ<D]9`EIO0NdvV[CQ0NPQR[>=BUKNP;qM^=BQ<DFUVQ<[>NP; NBtFt]=BO<aZ[ U\E@Q<=

∇2φ = 4πGρ
� zIcCzd��!

F � �LO0NdvV[CQ0NPQR[>=BUKNP;qM^=BQ<DFUVQR[ NP;qEGDFU\DFO0NPQ<D]9`ST=BQR[>=BU NBt]tF=BO0ag[CUZE@Q<=

~g = −∇φ � zIcCzL��!

n r\DFO<D
~g
[>9 QRr\D >KDF;>a	9<QRO<DFUZEIQRr�=PX QRr\D�EIO0Ndvs[CQ0NPQR[>=BUKNP; >KDF;>a c

����� � $�� � ��� �
� 	J� 	

� [>a\NP;~X =BO<t]D�[>9Wag[ ] DFO<DFU\t]D�=PX EIO0Ndvs[CQ0NPQR[>=BUKNP;qX =BO<t]D�=BU�QjnA=TU\DF[CEIr"�^=BOR[CUZE
MKNPORQR[>tF;>D]9`[CU N
EIO0Ndvs[CQ0NPQR[>=BUKNP;�>KDF;>a c � r\D'QR[>a\NP;gX =BO<t]DA[>9Ya�\D'Q<=:QRr\DA[CUZr\=BST=BEGDFU\DF[>Qjo =PX NWEIO0Ndvs[CQ0NPQR[>=BUKNP;
>KDF;>a c

1jU >\E�ZO<D�zIc m�QjnA=�M^=B[CUVQ<9&rKNdvGD`N�9<DFMKNPO0NPQR[>=BU@v|D]tFQ<=BO ~ζ c � r\D M^=I9<[CQR[>=BUTv|D]tFQ<=BO<9&=PXYz
NPU\a k2NPO<D

~r
NPU\a

~r+ ~ζ
HsO<D]9RM^D]tFQR[CvGDF;Co|Hgn r\DFO<D |~ζ| ¿ |~r| c � rKDWEIO0Ndvs[CQ0NPQR[>=BUKNP; X =BO<t]D]9'=BU
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F

F

2

1
ζ

1

2

� [CE�ZO<DTzIc m-V � [>a\NP;P�K=BO<t]D]9

N�S@NB9<9
m
NPQ:z:NPU\a NPQ'k2NPO<D ~F (~r) NPU\a ~F (~r+ ~ζ)

cYxAo�STDdNPU\9A=PX N � Ndos;>=BOAD ygMKNPU\9R[>=BU
Q<=�;>= nAD]9RQ`=BO<aZDFOb[CU |~ζ| nAD�EGDFQ'X =BO QRr\D i i t]=BS�M^=BU\DFUVQW=PX QRr\D�QR[>a\NP; X =BO<t]D

fi = Fi(~r + ~ζ)− Fi(~r) = ζj

(
∂Fi
∂xj

)

~r

.
� zIcCzd{�!

� r\D�t]=BORO<D]9<M^=BU\ag[CUZE@v|D]tFQ<=BObD E KNPQR[>=BU	[>9
~f = (~ζ · ∇)~r ~F .

� zIcCz���!

u:9R[CUZE�QRrKNPQ
~F = −m∇φ, � zIc kIf�!

QRr\D&QR[>a\NP;VX =BO<t]D&S@Ndo �^D}D ysMZO0DF909<D]a�[CU�Q<DFORST9 =PX\QRr\D&EIO0Ndvs[CQ0NPQR[>=BUKNP;gM^=BQ<DFUVQR[ NP;ZNBt]t]=BO<ag[CUZE
Q<=

~f = −m(~ζ · ∇)∇φ. � zIc kgzL!

1jQLX =B;C;>= nb9�QRrKNPQ�[CU N ;>=VtdNP;'?'NPORQ<D]9R[ NPU t]=V=BO<ag[CUKNPQ<D.9<os9RQ<DFS	HqQRr\D
i
i t]=V=BO<ag[CUKNPQ<D.=PX'QRr\D

O<DF; NPQR[Cv|D�NBt]t]DF;>DFO0NPQR[>=BU =PX QRr\D�MKNPORQR[>tF;>D]9b[>9

d2ζi
dt2

= −
(

∂2φ

∂xi∂xj

)

~r

ζj .
� zIc kIk�!

)qDFQP\9~;>=V=A@�NPQwN'X DFn 9R[CS�MZ;>D&D y\NPS�MZ;>D]9dcJ1 U�QRr\D�>\O<9<Qq=BU\D ~ζ rKNB9qQRr\D&90NPSTD&ag[CO<D]tFQR[>=BUNB9
~g
c ?A=BU\9R[>aZDFOAN�9RS@NP;C;^?'NPORQ<D]9R[ NPU.t]=V=BO<ag[CUKNPQ<DW9Rog9RQ<DFS NPQ}N�ag[>9RQ0NPU\t]D

R
X O<=BS NLS@NB9<9

M
� 9<D]D
>\E�ZO<D zIc l�! c�1 X nADWMZ; NBt]DLN�MKNPORQR[>tF;>D:=PXqS@NB9<9

m
NPQ N�M^=B[CUVQ

(0, 0,+z)
HV[CQAn [C; ; H

NBt]t]=BO<ag[CUZE@Q<=TD E cP� zIcCzL! �^D�NBtFQ<D]a ZM^=BU �Vo N2X =BO<t]D

Fz(+z) = −m
GM

(R+ z)2
� zIc kIe�!

n rZ[C;>D�NPU	[>aZDFUVQR[>tdNP;qMKNPORQR[>tF;>D�NPQ QRr\D�=BOR[CEI[CU	n [C;C; �^D�NBtFQ<D]a�ZM^=BU+�Vo.QRr\DLX =BO<t]D

Fz(0) = −m
GM

R2
.

� zIc kPm"!
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�
�
�

R

F

F

z

z

(0)

(    )+z

m

M

y

z

� [CE�ZO<D zIc l�V:_ 9RS@NP;C;&?'NPORQ<D]9R[ NPU t]=V=BO<ag[CUKNPQ<D�9<os9RQ<DFS�NPQ�N
ag[>9RQ0NPU\t]D
R
X O<=BS"N.S@NB9<9

M
c

1 X QRr\[C92;C[CQRQR;>D.t]=V=BO<ag[CUKNPQ<D 9<os9RQ<DFS [>9�X NP;C;C[CUZE�X O<D]DF;Co Q0= n'NPO<aZ9
M
HYNPU+=A�\90DFORvGDFO�NPQ

QRr\D�=BOR[CEI[CU	n [C;C;q90Ndo
QRrKNPQbQRr\D�MKNPORQR[>tF;>D�NPQ
(0, 0,+z)

[>9`NBtFQ<D]a�ZM^=BU �Vo N2X =BO<t]D

fz = Fz(z)− Fz(0) ≈ 2mz
GM

R3

� zIc kIl�!

ag[CO<D]tFQ<D]a Ndn'Ndo X O<=BS QRrKD =BOR[CEI[CU~H:NP;>=BUZE QRr\D M^=I9R[CQR[Cv|D
z
ijN yg[>9dc = D rKNdv|D NB9<9�ZSTD]a

z ¿ R
c � rZ[>9b[>9 QRr\D�QR[>a\NP; X =BO<t]DIc

1jU QRr\D'90NPSTDAn'Ndo�MKNPORQR[>tF;>D]9&NPQ QRr\D'M^=B[CUVQ<9
(+x, 0, 0)

NPU\a
(0,+y, 0)

NPO<D NPQRQRO0NBtFQ<D]a
Q<= n'NPO<aZ9bQRr\D�=BOR[CEI[CU+�Vo.QR[>a\NP; X =BO<t]D]9

fx = −mxGM
R3

,
� zIc kI��!

fy = −my
GM

R3
.

� zIc k���!

6>E 9dc�� zIc kIl�!
	 � zIc k���!:rKNdv|D NPST=BUZE	=BQRr\DFO<9�QRr\D�X =B;C;>= n [CUZE	t]=BU\9<D E \DFU\t]D�V 1 XANPU DF; NB9RQR[>tIH
tF[CO<t(Z; NPO}OR[CUZE�[>9 X NP;C;C[CUZE�X O<D]DF;Co [CU.QRr\D 6 NPORQRr1D 9}EIO0Ndvs[CQ0NPQR[>=BUKNP;Y>KDF;>a HsNB9}9Rr\= n U.[CU3>\E�ZO<D
zIc �gHB[CQ n [C;C;U�^DA9RQRO<DFQ<t0r\D]a2[CU2QRr\D}vGDFORQR[>tdNP;Zag[CO<D]tFQR[>=BUTNPU\a2t]=BS�MZO<D]9<9<D]a2[CU2QRr\D}r\=BOR[ �d=BUVQ0NP;
ag[CO<D]tFQR[>=BU~c

1jU EGDFU\DFO0NP; H\QR[>a\NP; X =BO0tFD]9`tdN.\9<D�t0rKNPUZEGD]9`=PXY9RrKNPM^DIc
� r\D QR[>a\NP;'X =BO<t]D]92X O<=BS QRr\D *"ZU NPU\a+Q<r\D � =V=BU tdN.\9<D �K=V=Va NPU\a D(�C� =BU QRr\D

6 NPORQRr~c8)~DFQ2\9 t]=BU\9R[>aZDFO QRr\DLDR] D]tFQ a�\DLQ<=2QRr\D � =V=BU~c = D:QRr\DFU ;>DFQ
M

�^D:QRr\DLS@NB9<9
=PXwQRr\D � =V=BU~H\NPU\a t0r\=V=I90D�N t]=V=BO<ag[CUKNPQ<D�9Rog9RQ<DFS n [CQRr	=BOR[CEI[ U NPQ'QRr\D 6 NPORQRr1D 9`t]D UsQ<DFOdc
� r\D.QR[>a\NP;AX =BO<t]D.M^DFO ZUZ[CQ2S@NB9<9�NPQ�N	M^=B[CUVQ [>9�QRr\D.U\DFE|NPQR[Cv|D.EIO0NBag[>DFUVQ�=PX`QRr\D.QR[>a\NP;
M^=BQ<DFUVQR[ NP;

φ(~r) = −GM
R3

(
z2 − 1

2
x2 − 1

2
y2
)

= −GM
2R3

r2(3 cos2 θ − 1),
�RzIc kI{�!
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� [CE�ZO<D zIc ��VT_`U+DF; NB9RQR[>tIH t [CO<t(Z; NPO OR[CUZE X NP; ;C[CUZE X O<D]DF;Co [CU QRr\D 6 NPORQRr1D 92EIO0Ndvs[CQ0NPQR[>=BUKNP;
>KDF;>a

n r\DFO<DWnADWrKNdv|D`[CUVQRO<=Va�\t]D]a 9RMZr\DFOR[>tdNP; t]=V=BO<ag[CUKNPQ<D]9 H
z = r cos θ

H
x2+ y2 = r2 sin2 θ

H
R
[>9 QRr\D ag[>9RQ0NPU\t]D��^DFQjnAD]DFU QRr\D 6 NPORQRr NPU\a QRr\D � =V=BU~HANPU\a QRr\D O0NBag[Z\9

r
=PXWQRr\D

9RMZr\DFOR[>tdNP;wt]=V=BO<ag[CUKNPQ<D�[>9bD E KNP; Q<=�QRr\D�O0NBag[Z\9`=PX QRrKD 6 NPORQ<r~c
� r\D.M^=BQ<DFUVQR[ NP; NPQ N	r\DF[CEIrVQ

h
N.�^= vGD.QRr\D.9�ZO X NBt]D.=PXbQRr\D 6 NPORQRr+rKNB92=BU\D.Q<DFORS	H

mgh
Hga�\D:Q<=�QRr\D�NPQRQRO0NBtFQR[>=BU	=PXqQRr\D 6 NPORQRr	NPUKa
=BU\D:EI[Cv|D U;�Vo@D E c�� zIc kI{�! HZa�\D:Q<=�QRr\D

NPQRQRO0NBtFQR[>=BU =PX QRr\D � =V=BU~c � r"\9dH

Θ(r) = gh− GM

2R3
r2(3 cos2 θ − 1).

� zIc k���!

_ Q�D E Z[C;C[Z�ZOR[ZZS	H}QRr\D 9�ZO X NBt]D =PXWQRrKD 6 NPORQRr n [C;C;2�^D	NPU D E Z[CM^=BQ<DFUVQR[ NP;W9�ZO X NBt]DIH
EI[Cv|DFU �Vo

Θ =
t]=BU\9RQ0NPUsQdc � r\DTr\DF[CEIrVQ�=PX'QRr\DTn'NPQ<DFO2NPQ��K=V=Va H

θ = 0
=BO
θ = π

Hq[>9
QRr\DFO<D X =BO<D

h ������� = h0 +
GM

gR

( r
R

)2
,

� zIc eIf�!

n r\DFO<D
h0
[>9�NPU�ZUC@sU\= n U t]=BU\9RQ0NPUVQdc � r\DTr\DF[CEIrVQ�=PX QRr\DTn'NPQ<DFO2NPQ�D(�C�&�

θ = π
2

=BO
θ = 3π

2

!A[>9
h ���	� = h0 −

1

2

GM

gR

( r
R

)2
.

� zIc egzL!

� r\D�r\DF[CEIrVQ`ag[ ] DFO<DFU\t]D �^DFQjnAD]DFU � =|=Va NPU\a	D(�C� [>9bQRr\DFO<D X =BO<D

∆h =
3

2

GM

gR

( r
R

)2
.

� zIc eIk�!

�K=BOWN2U"ZSTDFOR[>tdNP;qO<D]9�\; QbnAD�U\D]D]a QRr\DLX =B;C;>= n [CUZE@vBNP;Z\D]9LV

M 
����� = 7.35 · 1025g, g = 9.81m/s2,
� zIc eIe�!

R = 3.85 · 105km, r ��������� = 6378km.
� zIc ePm"!

= [CQRr�QRr\D]9<D vINP; KDF9qnAD�>\U\a
∆h = 53cm

H n rZ[>t0r�[>9~QjoVMZ[>tdNP;V=PXZQR[>a\NP;|r\DF[CEIrVQwag[ ] DFO<DFU\t]D]9dc
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mG
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?A=AZ;>=BS �1D 9`; Ndn�HKNPU\a�NB9 [CU\DFORQR[ NP;qS@NB9<9dH
mI
[CU�hWDFn Q<=BU1D 9WkPU\a ; Ndn�c

� r\D`D E KNPQR[>=BU.=PX ST=BQR[>=BU
=PX~NLX O<D]DF;Co2X NP;C;C[CUZE�MKNPORQR[>tF;>D`[CUTQRr\D2>KDF;>a@=PX EIO0NdvV[CQjo2X O<=BS
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n [CQRr	S@NB909

M
QRr\DFU	Q0N.@GD]9 Q<r\D:X =BORS
d2~r

dt2
= −GmG

mI

M

r3
~r.

� zIc eIl�!
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mG = mI .
� zIc eI��!
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10−8 c � =BO<D�O<D]t]DFUVQ`D ygM^DFOR[CSTDFUVQ<9`rKNdvGD�EI[CvGDFU	QRr\D�O<D]9�Z;CQ |mI

mG
− 1| < 9 · 10−13 c
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mI
d2~r

dt2
= (mG −mI)~g = 0,
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O<DFEI[>=BU\9AX NPO}X O<=BS S@NB909'ag[>9RQROR[Z�CZQR[>=BU\9dHgn r\DFO<DLQRr\DFO<D�NPO<D:U\=2EIO0NdvV[CQ0NPQ<[C=BU NP;�>KDF;>aZ9dHZNPU\a
[CU\DFORQR[ NP;sX O0NPSTD]9wX NP;C;C[CUZE:X O0DFDF;Co�[CU�N`EIO0Ndvs[CQ0NPQR[>=BUKNP;U>KDF;>a c � rZ[>9 D E Z[CvBNP;>DFU\t]D �^DFQjnAD]DFUTNP;C;
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n r\DFU QRr\DFo M^DFO X =BORS 9R[CS�[C; NPO D ygM^DFOR[CSTDFUVQ<9dc _WU [CU\DFORQ<[>NP;
>KDF;>a
tdN.\9<D]a �Vo�QRr\DLNBt]t]DF;>D O NPQR[>=BU =PX~QRr\DWO<D X DFO<DFU\t]DWX O0NPSTDIHV[>9AD E Z[CvBNP;>DFUVQAQ<= N0>KDF;>a
=PX
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����� ��� � !
� + � � � � � � $ + 	 $�� �B���
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MZ;>Db=PX O<DF; NPQR[CvV[CQ oGc 1jU�rZ[>9 EGDFU\DFO0NP;KQRr\D]=BORo�=PX^O<DF; NPQR[Cvs[CQjo 6 [CU\9RQ<DF[CUTX =BORS Z; NPQ<D]a.N:EGDFU\DFO0NP;
MZOR[CU\tF[CMZ;>D:=PX O<DF; NPQR[Cvs[CQjoGHVn rZ[>t0r
90Ndog9 QRrKNPQ}U\=BQA=BUZ;Co v|DF;>=VtF[CQR[>D]9'NPO<D`O<DF; NPQR[CvGDIH"�CZQ'NBt]t]DF; i
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1jU�QRr\D�;C[CQ<DFO0NPQ�ZO<D �^=BQRr ��z�NPU\a ��k.NPO<D�STDFUVQR[>=BU\D]a NB9#������� ��� ����* � �����)� ��� � ��� ��!
�%����*,� ��(�� ���Bc x ZQ3��k	[>92N�9RQ<O<=BUZEGDFO�MZOR[CU\tF[CMZ;>D � [ c DIc 9RQRO<=BUZEGDFO2O<D]9RQROR[>tFQR[>=BU =BU UKNPQ�ZO0NP;
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� r\D E \D]9RQR[>=BU
n r\DFQRr\DFO
��k�[>9&Q<O�\D`[CU
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[CU\aZDFM^DFU\aZDFUVQ`9<DFQ'=PXwv|DFtFQ<=BO09'=PXwQRr\DL9RMKNBt]DIc � r\D:v|D]tFQ<=BO<9

~eµ
[CU 9�\t0r	N�90D QbNPO<D @VU\= n U

zde
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NB9 QRr\D �70U�+����� "��!H �<��� � =PX QRr\D�9RMKNBt]DIc

~v + aµ~eµ = 0

⇓
~v = −aµ~eµ

� kgcCzL!

� r\D�t]=BS�M^=BU\DFUVQ<9W=PX
~v
NPO<DLQRr\D�U"ZS �^DFO<9

vµ
aZD?>\U\D]a��Vo

vµ = −aµ ⇒ ~v = vµ~eµ
c

��������� �
	�������������

mBi v|D]tFQ<=BO<9�NPO<D vGD]tFQ<=BO<9	n rZ[>t0r D ys[>9RQ [CU � mBi ag[CSTDFU\9<[>=BUKNP; ! 9RMKNBt]D i QR[CSTDIc _ mBi v|D]tFQ<=BO
D E KNPQR[>=BU	O<DFMZO<D]9<DFUVQ<9bmT[CU\aZDFM^DFU\aZDFUVQ:tF=BS�M^=BUKD UsQWD E  NPQR[>=BU\9dc

L c

cL

v ∆ t

2

v

�w[CE�ZO<D�kgc k�VA?'NPOROR[ NPEGD�NPQbO<D]9RQ � Q<=BMY! NPU\a n [CQRr	vGDF;>=VtF[CQjo
~v

�<�^=BQRQ<=BS !

������� � !�� F��8�� 8�� ���*�3�<�,( H!6�� H�� �
" ���_�_� �9:��)�"& �=�-2'&-?

∆t0 =
2L

c
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~v

?

∆t =
2
√

(v∆t2 )2 + L2

c
⇓

c2∆t2 = v2∆t2 + 4L2

⇓

∆t =
2L√
c2 − v2

=
2L/c√
1− v2/c2

=
∆t0√

1− v2/c2
� kgc k�!

� r\DLMZO<=BM^DFO QR[CSTD i [CUVQ<DFORvBNP;~[>9 aZDFU\=BQ<D]a;�Vo
dτ

� N.�^= v|D:[CQ'n'NB9 aZDFU\=BQ<D]a
∆t0

! c � r\D
MZO<=BM^DFO QR[CSTD i [CUVQ<DFORvBNP;�X =BO N MKNPORQR[>tF;>D [>9 STDdNB9�ZO<D]a6n [CQRr N+9RQ0NPU\a\NPO<a tF;>=VtB@ n rZ[>t0r
X =B;C;>= nb9 QRr\D�MKNPORQR[>tF;>DIc

R@S�TVU0W7X4W�YZU F� 8�� 8�� \ � ",�T6��[H!��� � �

~U = c
dt

dτ
~et +

dx

dτ
~ex +

dy

dτ
~ey +

dz

dτ
~ez,

� kgc e�!

8@�"��=�5&3� 2b&.��� !A/�/K�G#0��,��"&+�5&H�DI ��� I �9�"2A*��=�A#\8@� &4� !% /K!��-2 �"&��=�-2'& �D,5&4�"�\�=�4(6��=�,"!A�@(B�G��I5��J

~U = Uµ~eµ =
dxµ

dτ
~eµ, xµ = (ct, x, y, z), x0 ≡ ct

dt

dτ
=

1√
1− v2

c2

≡ γ � kgc m"!

~U = γ(c,~v)
HZn r\DFO<D

~v
[>9 QRr\D�t]=BS�ST=BU e i vGDF;>=VtF[CQjo =PX QRr\D�MKNPORQR[>tF;>DIc

R@S�TVU0W7X4W�YZU F� 8��.F � \ � 2��,25�@(��+�72 �
~P = m0

~U,
� kgc l�!

8@�"��=�
m0

� 2 &4�"�d�G�-2'&@I �92'23/�( &.���d;���>&.� !% ��J
~P = (Ec , ~p)

��8@�"��=�
~p = γm0~v = m~v

�K,"#�� � 2 &4�"�d�=�% �9&.� a�� 2'&H� !5�,"��>:L9J

� r\D
mBi X =BO<t]D =BO � [CUC@G= nb9�@V[ i X =BO<t]D ~F ≡ d~P
dτ

NPU\a+QRrKDZD t]=BS�ST=BU X =BO<t]D D ~f = d~p
dt

c
� r\DFU

~F = γ(
1

c
~f · ~v, ~f) � kgc ��!
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lightcone

world line of a material particle

ct

y

x

should have v > c
tachyons, if they exist,

�w[CE�ZO0D�kgc e�V = =BOR;>asi ;C[CU\D]9`[CU�N � [CUC@|= nb9�@s[~ag[ NPEIO0NPS
R@S�TVU0W7X4W�YZU F� 8�� O � \ � 0UH'H'�@6��@�A0C�+���,(��

~A =
d~U

dτ

� kgcW��!

���������6a��% /�!�� &6L1���92�&4�"� 2O!9�K% �� a��%�*"�
c

2O/d&.���9&
~U · ~U = −c2 � kgc {�!

JLD?>\UZ[CQR[>=BU =PX 6>E c kgc { EI[CvGD]9 ~U · ~A = 0
H}n rZ[>t0r [CS�MZ;C[>D]9 ~A ⊥ ~U

NPU\a QRrKNPQ ~A [>99RMKNBt]D i ;C[Z@|DIc
� r\DL;C[CU\D�DF;>DFSTDFUVQ'X =BO � [CUC@G= nb9�@V[ 9RMKNBt]D i QR[CSTD ��� NPQb9RMKNBt]D i QR[CSTDL!An [CQRr�?'NPORQ<D]9<[ NPU

t]=V=BO<ag[CUKNPQ<D]9`[>9
ds2 = −c2dt2 + dx2 + dy2 + dz2

� kgc ��!

1jU�EGDFU\DFO0NP;VO<DF; NPQR[CvV[CQjo�QRr\D]=BORoGHPEIO0Ndvs[CQ0NPQR[>=BU�[>9qU\=BQwt]=BU\9R[>aZDFO<D]a N'X =BO<t]DBc��:O0Ndvs[CQ0NPQR[>=BU
[>9 [CU\9RQ<DdNBa	aZD]90tFOR[Z�^D]a�NB9 ST=BQR[>=BU�[CU�N�t(ZORv|D]a 9<MKNBt]D i QR[CSTDIc
_ MKNPORQR[>tF;>D2[CU X O<D]D�X NP;C; H^[>9:[CU hWDFn Q<=BUZ[ NPU EIO0NdvV[CQ0NPQR[>=BUKNP;YQRrKDF=BO<o 90NP[>a Q<=D�^D2=BUZ;Co

[CU �-\DFU\t]D]aD�so�QRrKD`EIO NdvV[CQ0NPQR[>=BUKNP; X =BO<t]DIcY_bt]t]=BO<ag[CUZE2Q0=�EGDFU\DFO0NP; O<DF; NPQR[Cvs[CQjo@QRr\D]=BORoTQRr\D
MKNPORQR[>tF;>D�[>9 U\=BQb[CU �-\DFU\t]D]a �Vo NPUVo.X =BO<t]DIc

*"\t0r N�MKNPORQR[>tF;>D�rKNB9 U\= mBijNBt]t]DF;>DFO0NPQR[>=BUqc ~A 6= 0
[CS�MZ;C[>D]9 QRrKNPQbQRr\DLMKNPORQR[>tF;>D�[>9'U\=BQ

[CU X O<D]DLX NP;C; c:1 Q [>9 QRr\DFU	[CU �-\DFU\t]D]a+�Vo.U\=BUgi EIO0Ndvs[CQ0NPQR[>=BUKNP;qX =BO<t]D]9dc
8WU\DYrKNB9~Q<= ag[>9RQR[CUZE�Z[>9<r �^DFQjnAD]DFU�=A�\9<DFORv|D]a�NBt]t]DF;>DFO0NPQR[>=BU~HP[>DIcwt]=BS�ST=BU2e ijNBt]t]DF;>DFO0NPQR[>=BU~H

NPU\a QRr\D�N.�\9<=B;ZZQ<D�mBijNBt]t]DF;>DFO0NPQR[>=IU~c
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1jU N t(ZORv|D]a 9RMKNBt]DTM^=I9R[CQR[>=BU vGD]tFQ<=BO<9�n [CQRr >\UZ[CQ<DT;>DFUZEIQRr aZ= U\=BQ�D ys[>9RQdcF��*sD]D >\E�ZO<D
kgc m"! c

P

N(North pole)

� [CE�ZO<DWkgc m-V 1jU@t(ZORv|D]a@9RMKNBt]DIH v|D]tFQ<=BO<9At]NPU
=BUZ;Co�D yg[>9RQ [CU@Q0NPUZEGDFUVQ}M\;>NPUKDF9 c � r\D`v|DFtFQ<=BO09
[CU	QRr\DLQ0NPUZEGDFUVQ`MZ; NPU\D�=PXYh2H aZ= U\=BQ`t]=BUVQ0NP[CU�QRr\D�vGD]tFQ<=BO −−→

NP
� a\NB9Rr\D]a ;C[CU\DL! c

J:[ ] DFO<DFUVQ M^=B[CUVQ<9 [CU�N2t(ZORv|D]a 9<MKNBt]D:r NdvGD�ag[ ] DFO<DFUVQbQ0NPUZEGDFUVQ MZ; NPU\D]9 c�� [CUZ[CQ<DLv|D]t i
Q<=BO<9 aZ=L=BUZ;Co�D yg[>9RQ [CU2QRr\D]9<DAQ0NPUZEGDFUVQ MZ; NPU\D]9
��*sD]D >\E�ZO<D kgc l�! cJ/:= nADFv|DFOdHB[CU�>\UZ[CQ<D]9R[CS@NP;
M^=I9R[CQR[>=BU	v|D]tFQ<=BO<9

d~r
aZ=�D yg[>9RQdc

P

tangent plane of point P:

� [CE�ZO<D�kgc l�V:1jU	t(ZORv|D]a	9RMKNBt]DIH vGD]tFQ<=BO<9WtdNPU�=BUZ;Co D ys[>9RQ [CU	Q0NPUZEGDFUVQ`MZ; NPU\D]9
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R@S�TVU0W7X4W�YZU F� 8��?\ � V �!� �!� �@(*H'� �Y� 032�� �
���6S�� S��_S0U���S��	��
�1S�� 2�#��4iZ,��-# �921� !A/0,9&H�D,�*�*�I /�(g,"/0, �'�D,9&+��=2O�A!-&H�D,9: &.��I5�%`� �H�18]/K�_% #%`�D,"�-25��,)2A;���!A�-&H�DI ��J

= D`tdNPU.vs[>DFn N�O<D X DFO<DFU\t]D`X O0NPSTD:NB9AN�9<DFQ}=PX O<D X DFO<DFU\t]DWMKNPORQR[>tF;>D]9}n [CQRr N�9RM^D]tF[ >KD]a
ST=BQR[>=BU~c&_`U��)� ����� � * � �%��!����%��� � � !���* � ��[>9`N2U\=BUgi O<=BQ0NPQR[CUZE
9<DFQb=PX X O<D]D�MKNPORQR[>tF;>D]9dc

R@S�TVU0W7X4W�YZU F� 8�� 
 � � �[��� L7� (*0C�<� � �1���<�@2 �
����Y Y���� W>U�
KX.S������HXHS�� � 2��$!A/0,9&.��,�*�*�I /�( ���_&.*�;K% �-2b:0� a��D,9:d�g*K,�� f�*"�52O�-&�/�(V!A/�/K�=#0��,��9&B�-2(6/K�c�4a���,"& 2$��,)2A;���!A�-&.��I ��J

R@S�TVU0W7X4W�YZU F� 8�� � � � ��2��T"�� (���H'�[��� L ��(*0C�<� � �1���<�@2 �
����Y��1Y��
W>U�����Y Y���� W>U�
�XHS������.XHS�� ��, � (+� ��I5� � 2 � !A/�/K�=#0��,��9&B� 2BL�2'&+�I 8@����=� &4�"�;���>&.� !% �-25��,)&4�"�d�G�4( ��=�,"!A� (B�G��I5�g���9a��^!A/0,92'&B�K,9&�2A;��9&.� �K%K!A/�/K�=#0�D,��9&B�-29J

R@S�TVU0W7X4W�YZU F� 8�� � ��� �+� �*�,(*���N2�036 �70U�+����
� ,\Y��6X �
YZU�Y��!�"
#%$&
��AW'�)(

~eµ̂ * �D,)2A;���!A�-&H��I5�\� 2 #K�4iZ,"�A#,+.L
~et̂ · ~et̂ = −1(c = 1)

~eî · ~eĵ = δîĵ

� kgcCzdf�!

8@�"��=�
î

�K,"#
ĵ

��=� 2A;��"!A�d��,�#0� !A�-29J

R@S�TVU0W7X4W�YZU F� 8�� � � � �[��� L7� (*0C�<� �70U�+���;",�@H �<��� � � �� �I\;/K�G��NL\#��4i ,�� &H� /0,^/�(]!A/�/K�=#0��,��9&B�-+��92-� 2�a��A!-&B/K� ?
� 2'2A*KI �$�K,ALd!A/�/K�=#0��,��"&B� 2BL�2'&+�I {xµ} J

~eµ ≡
∂~r

∂xµ
� kgcCzIzL!

_ ( ����� � �/.����102[>9�N t]=BUVQR[CU"CZS =PXAvGD]tFQ<=BO<9�[CU N 9RMKNBt]DIH n r\DFO<D QRr\D�t]=BS�M^=BU\DFUVQ<9�NPO<D
t]=BUVQR[CU"\=A\9�NPU\a ag[ ] DFO<DFUVQR[ N.�Z;>D2X%ZU\tFQR[>=BU\9�=PX}QRr\D t]=V=BO<ag[CUKNPQ<D]9dc )~DFQ

~v
�^D�N.Q0NPUZEGDFUVQ

v|D]tFQ<=BO Q<=�QRr\D�t(ZORv|D
~r(λ)

V

~v =
d~r

dλ

n r\DFO<D
~r = ~r[xµ(λ)]

� kgcCzdk�!
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� r\D�t0rKNP[CU	O�Z;>DLX =BObag[ ] DFO<DFUVQR[ NPQR[>=BU�os[>DF;>aZ9�V

~v =
d~r

dλ
=

∂~r

∂xµ
dxµ

dλ
=
dxµ

dλ
~eµ = vµ~eµ

� kgcCzde�!

� r"\9dH QRr\D�t]=BS�M^=BU\DFUVQ<9�=PXYQRr\D�Q0NPUZEGDFUVQ:vGD]tFQ<=BOE>KDF;>a NP;>=BUZE N@t(ZORv|DIH MKNPO0NPSTDFQ<DFOR[>9<D]a
�Vo

λ
HZ[>9 EI[CvGDFU �Vo�V

vµ =
dxµ

dλ

� kgcCzFm"!

1jU QRr\D QRr\D]=BORo+=PX:O<DF; NPQR[Cvs[CQjoGH&QRr\D [CUVvINPOR[ NPUVQ�MKNPO NPSTD Q0D O@[>9�=PX Q<DFU t0r\=I90DFU Q<= �^D QRr\D
MZO<=BM^DFObQ<[ STDIc � NPUZEGDFUVQ`vGD]tFQ<=BObQ<=�QRr\D�nA=BOR;>a ;C[CU\D�=PXYN S@NPQ<DFOR[ NP;qMKNPORQR[>tF;>D�V

uµ =
dxµ

dτ

� kgcCzdl�!

� r\D]9<D�NPO<D�QRr\D�t]=BS�M^=BU\DFUVQ<9W=PX QRr\D�mBi v|DF;>=VtF[CQjo =PX QRr\D�MKNPORQR[>tF;>D �

���������
	�	����� F��8�� 8�� � � ��4>�@�K�+� 2�� ��� � ��� 4 �*�3�<��( � �
�1��, �./98 2 ��� �_2A;��"!A��?

ds2 = −c2dt2 + dx2

= −c2dt2
(
1− 1

c2
(dx
dt

)2)

= −
(
1− v2

c2
)
c2dt2

� kgcCzd��!

��/K� �1;��"/&B/0, �
v = c

2O/�?
lim
v→c

ds2 = 0
� kgcCzL��!

���K*92 � &4�"�g2A;��"!A�-&.��I5�E�D,9&+��>a���% +�-&68]�A�,E&68]/ ;/
��,9&+2 /0,�&4�"�^8]/K� % # %`��,��\/�( � ;��"/&B/0, �]� 2MA��=/��)����� 25�K% 2O/ I �9�K,925&.���"&�&4�"�1;�=/0;�� &.��I5�$( /K� &4�"� ;��"/&B/0,<� 2 M-��=/���� h � �A�g����KI^;�% �
� J j J � l4J

���������
	�	����� F��8��.F � V �@6�0C�+���,(*� �*��47� �>�!� : �!�T( �+4*0UH'�!�+� 2��Z� (��<�!�A"U036�� I7�+� 25� 03(*L 47� ��4>�!�K�+� 25� � �
	e�AL"2-� !9�K%��D,9&B��� ;��=�-&'�9&.� /0,)/�( &4�"� 2A;���!A�-&H�DI �\�D,9&B��Na��K%�(6/K�e�^&H�DI �%`� �.�^��,9&B��Na��K%�?

ds2 = −c2dτ2 � kgcCzd{�!

8@�"��=� #
τ

� 21&4�"��;�=/0;��$&H�DI �C��,9&B��Na��K% +�-&68]�A�,C&68]/ �4a��,9&+2 �\I �9�92A*K�=�A# /0, �C!% /�!��I /�aK��,9:<�D,\�)8��4L � 2A*�!�^&.���"& � &@� 2 ;��=�-2O�,9& /0,"+/&4�\�4a��,"& 2 h i
:�*K�=� � J�
�l4J
−c2dτ2 = −c2

(
1− v2

c2
)
dt2

⇒ dτ =

√
1− v2

c2
dt

� kgcCz���!
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x

ct

d

P 1

P 2τ

� [CE�ZO<D�kgc ��V
P1
NPU\a

P2
NPO<D�QjnA=@DFvGDFUVQ<9b[CU�9RMKNBt]DFQR[CSTDIH 9<DFMKNPO0NPQ<D]a �Vo N MZO<=BM^DFO`QR[CSTD

[CUVQ<DFORvINP;
dτ
c

�����<&H�DI � �D,9&B��Na��K% +�-&68]�A�, &+/ �4a��,9&+2 ��, &.��� % ��+/K�G�"&+/K�NL �@� 2d2AI5�K%7% ��5I5�9�92A*��G�A#C/0, �I /�aK��,9: !% /�!�� &4���K, I5�9�92A*K�=�A# /0, �C2'&'�9&.� /0,���NL�/0,"��� +�A!9��*"2O� &.��� I /�a��D,9: !% /�!���� 2&.� !�����,9:d2A% /98]�� �

��������� � ������������� �  ��� � � ��� ����� ��� ��� � �

�:[Cv|DFU QjnA=Tt]=V=BO<ag[CUKNPQ<D�9<os9RQ<DFST9 {xµ} NPU\a {xµ′} c

~eµ′ =
∂~r

∂xµ′

� kgc kIf�!

*"ZMZM^=I9<D@QRr\DFO<D.D ys[>9RQ<92N	t]=V=BO<ag[CUKNPQ<D@QRO NPU\9 X =BORS@NPQR[>=BU~HY9�\t0r QRrKNPQ�QRr\DTMZOR[CSTD]a t]=V=BO i
ag[CUKNPQ<D]9�NPO<D�X<ZU\tFQR[>=BU\9�=PX&QRr\D ZUZMZOR[CSTD]a H~NPU\a vV[>t]D�vGDFO<9 Ngc � r\DFU nAD2tdNPU NPMZMZ;Co	QRr\D
t0rKNP[CU	O�Z;>D�V

~eµ′ =
∂~r

∂xµ′ =
∂~r

∂xµ
∂xµ

∂xµ′ = ~eµ
∂xµ

∂xµ′

� kgc kgzL!

� rZ[>9@[>9�Q<r\D QRO0NPU\9 X =BORS@NPQR[>=BU D E KNPQR[>=BU X =BOTQRr\D �KNB9R[>9Tv|D]tFQ<=BO<9dc ∂xµ

∂xµ
′

NPO<D�DF;>D STDFUsQ<9
=PX}QRr\D2QRO0NPU\9 X =BORS@NPQR[>=BU S@NPQROR[ y c 1jU\ag[>t]D]9LQRrKNPQ�NPO<D ���,� 9�ZS i [CU\ag[>t]D]9�NPO<D tdNP;C;>D]a D X O<D]D
[CU\ag[>t]D]9<DCc

V �*6��	� 1jU * �)� ������� �`=BU DdNBt0r 9R[>aZD2[ U NPU D E KNPQR[>=BU~H QRr\D�X O<D]D�[CU\ag[>t]D]9�9Rr\=AZ;>a
�^DFrKNdv|D�[>aZDFUVQR[>tdNP;C;Co�� rZ[CEIr =BOW;>= n ! H 03(�L QRr\DFO<D�9<r\=AZ;>a+�^D�D y\NBtFQR;Co	QRr\D ��* � �
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_WMZMZ;CoV[CUZETQRrZ[>9bO�Z;>DIHZnAD�tdNPU	U\= n >\U\a QRr\D�[CUVv|DFO<9<DLQRO0NPU\9RX =BORS@NPQR[>=BU

~eµ = ~eµ′
∂xµ

′

∂xµ

~v = vµ
′

~eµ′ = vµ~eµ = vµ
′

~eµ
∂xµ

∂xµ′

*s=ZHZQRr\D�QRO0NPU\9 X =BORS@NPQR[>=BU�O�Z;>D]9'X =BO QRr\D � � � � � � ��� � ��=PXYN v|DFtFQ<=BO
�^D]t]=BSTD]9

vµ = vµ
′ ∂xµ

∂xµ′ ; vµ
′

= vµ
∂xµ

′

∂xµ
� kgc kIk�!

� r\D�ag[CO<D]tFQR[>=BUKNP;waZDFOR[CvINPQR[Cv|D�NP;>=BUZE.N t(ZORv|DIHZMKNPO0NPSTDFQROR[>9<D]a �Vo
λ

V

d

dλ
=

∂

∂xµ
dxµ

dλ
= vµ

∂

∂xµ
� kgc kIe�!

n r\DFO<D
vµ = dxµ

dλ

NPO<D�QRr\D2t]=BS�M^=BU\DFUVQ<9�=PX QRr\D�Q NPUZEGDFUVQ:v|D]t Q0=BO:=PX QRr\D2t(ZORvGDIcWJ:[CO<D]t i
QR[>=BUKNP;qaZDFOR[CvINPQR[Cv|D�NP;>=BUZE.N t]=V=BO<ag[CUKNPQ<D�t(ZORvGD�V

λ = xν
∂

∂xµ
∂xµ

∂xν
= δµν

∂

∂xµ
=

∂

∂xν
� kgc kPm"!

1jU QRr\DLMZOR[CSTD]a�9Rog9RQ<DFS V

∂

∂xµ′ =
∂xµ

∂xµ′

∂

∂xµ
� kgc kIl�!

R@S�TVU0W7X4W�YZU F� 8�� � � � �[��� L7� (*0C�<� �70U�+���;",�@H �<��� � � �
� �$#��4i ,"�)&4�"�$!A/�/K�=#���,��"&+�-+��"2-� 2 a��A!-&+/K�=2 �"29?

~eµ =
∂

∂xµ
� kgc kI��!
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������� � !�� F��8��.F � � �[��� L7� (*0C�<� �<� 03(��+�Y���N2�0C�+����(]�
���=/0I �0� :�*K�=� � J��g8]�$2O�A� &4���9&

x = r cos θ, y = r sin θ
� kgc k���!

?A=V=BO<ag[CUKNPQ<D � NB9R[>9 v|DFtFQ<=BO09 nADFO<D�aZD?>\U\D]a �Vo

~eµ ≡
∂

∂xµ
� kgc kI{�!
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e

e
r

θ

e

e

y

x

r

θ

x

� [CE�ZO<D�kgcW�UV}?A=V=BO<ag[CUKNPQ<D�QRO0NPU\9RX =BORS@NPQR[>=BU~H � NPQ`9RMKNBt]DIc

� rZ[>9bSTDdNPU\9bQRrKNPQbnADLrKNdv|D

~ex =
∂

∂x
, ~ey =

∂

∂y
, ~er =

∂

∂r
, ~eθ =

∂

∂θ

~er =
∂

∂r
=
∂x

∂r

∂

∂x
+
∂y

∂r

∂

∂y

� kgc k���!

u:9R[CUZE�QRr\D�t0rKNP[CU	O�Z;>D�NPU\a 6>E KNPQR[>=BU\9 � kgc k���!bNPU\a�� kgc k���!AnAD�EGDFQ

~er = cos θ ~ex + sin θ ~ey

~eθ =
∂

∂θ
=
∂x

∂θ

∂

∂x
+
∂y

∂θ

∂

∂y

= −r sin θ ~ex + r cos θ ~ey

� kgc eIf�!

x ZQ`NPO<D�QRr\D�v|D]tFQ<=BO<9 [CU � kgc eIf�! NP;>9<= ZUZ[CQbv|DFtFQ<=BO09 �

~er · ~er = cos2θ + sin2θ = 1
� kgc egzL!

*s=
~er
[>9`N ZUZ[CQbvGD]tFQ<=BOdH |~er| = 1

c

~eθ · ~eθ = r2(cos2θ + sin2θ) = r2
� kgc eIk�!

NPU\a@nAD`9<D]DbQRrKNPQ
~eθ
[>9 (*�3� N0ZUZ[CQ}v|D]tFQ<=BOdH |~eθ| = r

c x ZQ&nADbrKNdv|DbQRrKNPQ
~er · ~eθ = 0⇒

~er⊥~eθ
c � �[��� L ��(*0C�<� �70U�+��� "��!H �<�,�A��0U�A�Z(����;�,�@(*�!� 036�6 � �7(*��� "��!H �<�,�A� �
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R@S�TVU0W7X4W�YZU F� 8�� 8�� ��� �A� ����(����N2�036 �*0U�A�����
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8WORQRr\=BU\=BORS@NP;��KNB9R[>9`NB9<90=VtF[>NPQ0DFa	n [CQRr	MZ; NPUKNPObM^=B; NPOWt]=V=BO<ag[CUKNPQ<D]9�V

~er̂ = ~er , ~eθ̂ =
1

r
~eθ

� kgc eIe�!

������� � !�� F��8�� O � VX�T6�0C�+��"1���<�+��H #%�,4*4 6��!��/ �B�!H ����������/K�G��,"& M�&4�G��,"2B( /K�_I �9&.� /0, � 2 �,"/98@,�(+�G/0I 2A;�A!�� �K%��=�% �"&.� a�� &6L���,�#��=�% �"&B�-2e&.���5�=�4( ��=�,�!-�(B�G��I5�-2@/�(]&68]/E2BL"2O&+�I@238@�"��=�g/0,"�E� 2)I5/�a���,9:E8@� &4�d�d!A/0,92'&'��,9&3a��% /�!�� &6L
v

8�� &4� �=�-:K��=#&B/d&.�"�)/&.�"�� �
x′ = γ(x− vt)
t′ = γ(t− vx

c2
)

�e!A!A/K�=#0�D,9:<&B/ &4�"�\a��A!-&+/���!A/0I^;/0,"�,9&5&4�G��,92'( /K�_I �9&.� /0, h � J � � l �c&4�"� ���OI /0I5�,9&.*KI (6/K���;���>&.� !% �gI5/�a���,9: ��,)&4�"�
x
� #0���=�A!-&.� /0, �

P µ = (Ec , p, 0, 0)
&4�G�K,92B( /K�_I 23�"2

Pµ
′

=
∂xµ

′

∂xµ
Pµ,

E′ = γ(E − vp).
�V2-��,9:5&.��� (_�"!-&V&.���"& �$;���/&+/0,)���"2]�,"��>:L

E = hν
��,"#�I5/0I �I@&4*�I

p = hν
c

�8@����=�
h

� 2 	e% �K,"!���� 2 !A/0,92'&'��,"& ��,"#
ν

� 2�&4�"�g;���/&+/0,�� 23(+�=�Af *"�,"!4L ��8��5:��-&b&4�"� �Af�*��9&.� /0,$(6/K� &.���(B�=�Af�*"�,"!4Lg2A��� ( & ��,�/98@,d�923&4�"���=�% �"&H� a�� 2'&H� !g�]/0;�;�% ��V�	� �A!-& �

ν ′ = γ(ν − v

c
ν) =

(
1− v

c

)
ν√(

1− v
c

) (
1 + v

c

)

ν ′

ν
=

√
c− v
c+ v

� kgc ePm"!
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~u
��,�#

~v
� � 2 #K�4iZ,"�A#<�"2

[~u , ~v] ≡ ~u~v − ~v~u � kgc eIl�!
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8@�"��=�
~u~v

� 23#��4i ,"�A#<�92
~u~v ≡ uµ ~eµ(vν ~eν) = uµ

∂

∂xµ
(vν

∂

∂xν
)

� kgc eI��!

= D:tdNPU QRrZ[CUC@.=PX N�vGD]tFQ<=BObNB9 N�;C[CU\DdNPO t]=BS �Z[CUKNPQR[>=BU�=PXqMKNPORQR[ NP;~aZDFOR[CvBNPQR[Cv|D]9dc = DWEGDFQ�V

~u~v = uµ
∂vν

∂xµ
∂

∂xν
+ uµvν

∂2

∂xµ∂xν

= uµ
∂vν

∂xµ
~eν + uµvν

∂2

∂xµ∂xν

� kgc e���!

J \DLQ<=�QRr\D�; NB9RQ Q<DFORS	H
~u~v
[>9 (*�3� N vGD]tFQ<=BOdc

~v~u = vν
∂

∂xν
(uµ

∂

∂xµ
)

= vν
∂uµ

∂xν
~eµ + vνuµ

∂2

∂xν∂xµ

~u~v − ~v~u = uµ
∂vν

∂xµ
~eν − vν

∂uµ

∂xν
~eµ

︸ ︷︷ ︸
vµ ∂u

ν

∂xµ
~eν

= (uµ
∂vν

∂xµ
− vµ ∂u

ν

∂xµ
)~eν

� kgc eI{�!

/:DFO<DLnAD�rKNdvGD0\9<D]a QRrKNPQ
∂2

∂xµ∂xν
=

∂2

∂xν∂xµ
� kgc e���!

� r\D 6 [CU\9RQ<DF[CU t]=BS�S@N�U\=BQ0NPQR[>=BU ⇒
~u~v − ~v~u = (uµvν,µ − vµuν,µ)~eν

� kgc m|f�!

_:9'nAD�tdNPU�9<D]DIHgQRr\D�t]=BS�S ZQ0NPQ<=BO �^DFQjnAD]DFU�QjnA=�vGD]tFQ<=BO<9b[>9 [CQ<9<DF; X N2v|D]tFQ<=BOdc

R@S�TVU0W7X4W�YZU F� 8�� 8CF � � �<�N��H �+�*�A� H'�[���
H@���T(��<�
cρµν

�
����� 2'&4�_*"!-&4*��=�$!-/�����!�� �,9&+2

cρµν
�D,\��,g���+�� &.� ���NL"+��"2-� 2 { ~eµ} ��=�)#��4iZ,��-#,+.L
?
[ ~eµ , ~eν ] ≡ cρµν ~eρ

� kgc m\zL!

*VQRO�\tFQ�ZO<D�t]=VDRQ@tF[>DFUVQ<9`[CU N t]=V=BO<ag[CUKNPQ<D �KNB9R[>9�V

[ ~eµ , ~eν ] = [
∂

∂xµ
,
∂

∂xν
]

=
∂

∂xµ
(
∂

∂xν
)− ∂

∂xν
(
∂

∂xµ
)

=
∂2

∂xµ∂xν
− ∂2

∂xν∂xµ
= 0

� kgc m|k�!
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� r\D�t]=BS�S ZQ0NPQ<=BO �^DFQjnAD]DFU�QjnA=Tt]=V=BO<ag[CUKNPQ<D �KNB9R[>9bvGD]tFQ<=BO<9b[>9��dDFO<=ZH\9<=�QRr\D�9<QRO�\tFQ�ZO<D
t]=VDRQ@tF[>DFUVQ<9:NPO<D �dDFO<=�[CU	t]=V=BO<ag[CUKNPQ0D �KNB9R[>9dc
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~er̂ = ~er , ~eθ̂ =
1

r
~eθ

� kgc m|e�!

� �58��D%7% ,"/98 *92O� &4��� 2 &B/giZ,�#E&4�"� 2O&.�_*"!-&4*��=�$!A/����d!�� �,9&+29J
[~er̂ , ~eθ̂] = [

∂

∂r
,
1

r

∂

∂θ
]

=
∂

∂r
(
1

r

∂

∂θ
)− 1

r

∂

∂θ
(
∂

∂r
)

= − 1

r2
∂

∂θ
+

1

r

∂2

∂r∂θ
− 1

r

∂2

∂θ∂r

= − 1

r2
~eθ = −

1

r
~eθ̂

� kgc mIm"!

� /\i ,"#E&.�"� 2'&.� *"!-&.*��G�5!A/�����!�� �,9&+25�D,$!A/�/K�G#0��,��"&B� +��"2-� 2�8]�dI^*92'&@*92O�
[~er̂ , ~eθ̂] = −1

r~eθ̂
J

[~eµ̂ , ~eν̂ ] = cρ̂µ̂ν̂~eρ̂
� kgc m|l�!

�c2-�D,9: h � J � ��l3�K,"# h � J ���Klb8]�$:��-&
cθ̂
r̂θ̂

= −1

r

� kgc m|��!

���=/0I &4�"� #��4i ,�� &.� /0, /�(
cρµν h [~u , ~v] = −[~v , ~u] l 8]�@2O�A�@&4���9&�&.�"�@2'&4�_*"!-&4*��=�@!A/�����!�� �,9&+2��=�)�K,9&H�
2BLKI^I5�-&.�6� !^��,)&4�"������% /98]��]�D,"#0� !A�-29?

cρµν = −cρνµ
� kgc m"��!

cθ̂
θ̂r̂

=
1

r
= −cθ̂

r̂θ̂

� kgc m|{�!

� ��� � � + 	 �
��	

_ z i X =BORS i��KNB9R[>9
ω1, . . ., ωn

[>9baZD?>\U\D]a �Vo�V

ωµ(~eν) = δµν
� kgc m ��!

_WU 0U���7���<� 0U� � z i X =BORS tdNPU �^D�D ysMZO<D]9<90D]a HZ[CU	Q<DFORST9`=PX [CQ<9`t]=BS�M^=BU\DFUVQ<9dH^NB9WN ;C[CU\DdNPO
t]=BS �Z[CUKNPQR[>=BU =PX QRr\D0�KNB9R[>9'X =BORST9�V

α = αµω
µ � kgc lIf�!
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n r\DFO<D
αµ
NPO<D�QRr\D�t]=BS�M^=BU\DFUVQ<9W=PX

α
[CU	QRr\DLEI[Cv|DFU �KNB9R[>9dc

u:9R[CUZETD E 9 c � kgc m ��! NPU\a�� kgc lIf�! HZnAD >\U\aRV

α(~eν) = αµω
µ(~eν) = αµδ

µ
ν = αν

α(~v) = α(vµ~eµ) = vµα(~eµ) = vµαµ = v1α1 + v2α2 + . . .

� kgc lgzL!

= DLn [C;C;~U\= n ;>=V=A@ NPQ X<ZU\tFQR[>=BU\9`=PX S Z;CQR[CMZ;>D�vBNPOR[ N.�Z;>D]9 c

R@S�TVU0W7X4W�YZU F�.F � 8�� ,��*6��+� 6 � (��@0U�X� �*(*H �+���,(I*�<�T(��<�,�A���
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• _ H'�T"U0U�N��03(��;�<�@(*�<��� =BUZ;Co
S@NPM\9bv|D]tFQ<=BO<9dc
• _ H'��(��<�A0!"U0U�N��03(��;�<�@(*�<��� =BUZ;Co
S@NPM\9 X =BORST9dc
• _ 2
�.-1�@L �<�T(��<�,� S@NPM\92�^=BQRr�vGD]tFQ<=BO<9WNPU\a X =BORST9b[CUVQ<=

R
c

_ Q<DFU\9<=BOb=PX �A0�( � (N
N ′

) S@NPM\9
N
=BU\D i X =BORST9`NPU\a

N ′ vGD]tFQ<=BO<9 [CUVQ<= R c�1jQ'[>9 \9�KNP; Q<=
90Ndo QRrKNPQ�N�Q<DFU\90=BOW[>9:=PX O0NPUC@��

N +N ′ ! cW_�=BU\D i X =BORS	H X =BOWD y\NPS�MZ;>DIH^[C9LN@t]= vINPOR[ NPUVQQ<DFU\9<=BO`=PX O0NPUC@ z�V

α(~v) = vµαµ
� kgc lIk�!

R@S�TVU0W7X4W�YZU F�.F �.F � JB�T(��<�,�X47�A�[L ��H �������-+��"2-� 2�/�(��\&B�,92O/K��� /�( �G�K, �
q

!A/0,"&B����,92 � �<�T(��<�,� 4*� �[L7�*H � � ⊗ J � (
T

��,"#
S

���=�&68]/d&B�,92O/K�>2�/�(��G�K, �
m

�K,"#
n
��&4�"� &B�,92O/K��;��G/�#�*"!-&5� 23#��4i ,"�A#,+.L�?

T ⊗ S( ~u1,..., ~um, ~v1,..., ~vn) ≡ T ( ~u1,..., ~um)S(~v1,..., ~vn)
� kgc lIe�!

8@�"��=�
T

��,�#
S

���=� &B�,92O/K�>2�/�( �G�K, �
m

�K,"#
n
�Z�=�-2A;�A!-&.� a��% LAJ

T ⊗S � 2��$&B�,92O/K� /�( �G�K, �
(m+ n)

J

)~DFQ
R = T ⊗ S c = D�QRr\DFU	rKNdvGD

R = Rµ1,...,µqω
µ1 ⊗ ωµ2 ⊗ · · · ⊗ ωµq � kgc lPm"!

h:=BQR[>t]D�QRrKNPQ
S ⊗ T 6= T ⊗ S c = D�EGDFQLQRr\D t]=BS�M^=BU\DFUVQ<9�=PX'N@Q<DFU\9<=BO3�

R
!
�Vo+\9R[CUZE

QRr\D�Q<DFU\9<=BO`=BU	QRr\D �KNB9<[>9 vGD]tFQ<=BO<9LV

Rµ1,...,µq = R( ~eµ1 ,..., ~eµq)
� kgc lIl�!

� r\DT[CU\ag[>t]D]92=PX'QRr\D@t]=BS�M^=BU\DFUVQ<9 =PXbN	t]=BUVQRO0NdvINPOR[ NPUVQ�Q<DFU\9<=BO NPO<DTn OR[CQRQ<DFU+NB9 ZMZM^DFO
[CU\ag[>t]D]9dHKNPU\a QRr\D�[CU\ag[>t]D]9`=PX N t]= vINPOR[ NPUVQbQ<DFU\90=BO`NB9b;>= nADFOb[CU\ag[>t]D]9dc
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~u
��,"#

~v
+�$&68]/ga��A!-&B/K�>2@�K,"#

α
��,�#

β
& 8�/ j �6(6/K�_I@29J

~u = uµ~eµ; ~v = vµ~eµ; α = αµω
µ; β = βµω

µ � kgc lI��!

���=/0I &.���-2O�)8]�g!9��,E!A/0,92'&.�_*�!-&3&B�,92O/K�>25/�(��G�K, � � &.���G/0*9:��d&4�"�1�G�% �9&.� /0,
R = ~u ⊗ ~v �"2(6/0%7% /98b29? �@�"�$!A/0I\;/0,"�,9&+2@/�( � ��=�

Rµ1µ2 = R(ωµ1 , ωµ2)

= ~u⊗ ~v(ωµ1 , ωµ2)

= ~u(ωµ1)~v(ωµ2)

= uµ~eµ(ω
µ1)vν~eν(ω

µ2)

= uµδµ1
µ v

νδµ2
ν

= uµ1vµ2

� kgc l���!

��� � ��� � � ��� � � ��� � � � � � � � � ���� � ��� � � � � � � ������

= D
9RrKNP;C;'U\=BQ ;C[CS�[CQ�=AZO�ag[>9<t(\9<9R[>=BU Q<= t]=V=BO<ag[CUKNPQ<D QRO0NPU\9RX =BORS@NPQR[>=BU\9dc�1jU\9RQ<DdNBa HYnAD
n [C;C;Wt]=BU\9R[>aZDFO
NPO��Z[CQRO0NPORo QRO0NPU\9 X =BORS@NPQR[>=BU\9 �^DFQjnAD]DFU �KNB90D]9dH {~eµ} −→ {

~eµ′

} c � r\D
DF;>DFSTDFUVQ<9W=PX QRO0NPU\9 X =BORS@NPQR[>=BU�S@NPQROR[>t]D]9:NPO<D�aZDFU\=BQ<D]a �Vo

Mµ
µ′

9�\t0r	QRrKNPQ

~eµ′ = ~eµM
µ
µ′

NPU\a
~eµ = ~eµ′Mµ′

µ

� kgc lI{�!

n r\DFO<D
Mµ′

µ
NPO<D�DF;>DFSTDFUVQ<9L=PX QRr\D�[CUVvGDFO<90D�QRO0NPU\9RX =BORS@NPQR[>=BU S@NPQROR[ y c � r"\9dH [CQ`X =B; ;>= n`9

QRrKNPQ

Mµ
µ′M

µ′

ν = δµν
� kgc l���!

1 X QRr\DbQRO0NPU\9 X =BORS@NPQR[>=BU
[C9AN�t]=V=BO<ag[CUKNPQ<DWQRO0NPU\9 X =BORS@NPQR[>=BU~HVQRr\D`DF;>DFSTDFUVQ<9A=PX QRr\D`S@NPQROR[ y
�^D]t]=BSTD

Mµ′

µ =
∂xµ

′

∂xµ
� kgc �If�!

��� � � � � � ��� � � ��� � � � � � � � ����� � � � ��	 � ����� �

ωµ
′

=Mµ′

µω
µ

ωµ =Mµ
µ′ω

µ′

� kgc �gzL!

� r\D t]=BS�M^=BU\DFUVQ<9�=PX'N@Q<DFU\9<=BO�=PX&rZ[CEIr\DFO�O0NPUC@�QRO0NPU\9 X =BORS�9�\t0r QRrKNPQ�DFv|D O<o�t]=BUgi
QRO0NdvINPOR[ NPUVQ}[CU\aZD y �<ZMZM^DFO !YQRO0NPU\9RX =BORST9'NB9AN �KNB9R[>9Wz i X =BORS NPU\a@DFv|DFORoTt]= vBNPOR[ NPUVQA[CU\aZD y
� ;>= nADFO !�NB9�N��KNB9R[>9�vGD]tFQ<=BOdc _W;>9<=ZH NP;C;}DF;>DFSTDFUVQ<92=PX'QRr\DTQRO NPU\9 X =BORS@NPQR[>=BU+S@NPQROR[ y NPO<D
S Z;CQR[CMZ;C[>D]a	n [CQRr�=BU\D�NPU\=BQRr\DFOdc
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������� � !�� F� F�.F � S 25��-1�@L �<�@(*�<�,�X���$�A03( � O �

Tα
′

µ′ν′ =Mα′

αM
µ
µ′M

ν
ν′Tαµν

� kgc �Ik�!

�@�"��!A/0I\;/0,"�,9&+2���, &4�"����� W �1S�� $�
��AW'�b��=� %7��,"�9���!A/0I +���,��9&.� /0,92 /�(�&4�"� !A/0I^;/0,"�,9&+2��,)&4�"��� U��&� W1�1S���$�
&�-W'��J

� DFU\90=BO�QRO0NPU\9 X =BORS@NPQR[>=BU+=PXbt]=BS�M^=BU\DFUVQ<92STDdNPU\9�QRrKNPQ�Q<DFU\90=BO<9�rKNdvGD.N��KNB9R[>9 ��(��
L7�!4>�@(*L7�@(�� D yg[>9RQ<DFU\t]DIc � rKNPQL[>9dH^[ XAN@Q<DFU\9<=BOLrKNB9:U\=BUgi vINPUZ[>9RrZ[CUZE t]=BS�M^=BU\DFUsQ<9L[CU N
�,��"��@( �*0U�+��� QRr\DFU [CQ�rKNB9�U\=BUZi vBNPUZ[>9RrZ[CUZE t]=BS�M^=BU\DFUVQ<9�[CU 036 6 �70U�<�!� c � rZ[>9�STDdNPU\9
QRrKNPQLQ<DFU\9<=BOLD E KNPQR[>=BU\9LrKNdvGD N �KNB9R[>9:[CU\aZDFM^DFU\aZDFUVQ�X =BORS	c JB�@(*�<��� � 1��0C�+����(�� 0U� �
� (�"U0U�N��03( � c _ �KNB9<[C9AQRO0NPU\9 X =BORS@NPQR[>=BU S�[CEIrVQAO<D]9�Z;CQA[CU
QRr\DWvBNPUZ[>9<rZ[CUZE =PXq=BU\D:=BOAST=BO<D
Q<DFU\9<=BOYt]=BS�M^=BU\DFUVQ<9dc 6>E KNPQR[>=BU\9 [CU H'��2�4>�,(*�@(�� X =BORS S@Ndo�aZ[ ] DFO X O0=BS =BU\D �KNB9R[>9 Q<=
NPU\=BQRr\DFOdc�x ZQ�NPU D E KNPQR[>=BU D ygMZO<D]9<9<D]a [CU Q<DFU\9<=BO�t]=BS�M^=BU\DFUVQ<9�tdNPU �^D�QRO0NPU\9 X =BORSTD]a
X O<=BS =BU\DE�KNB9R[>9&Q<=2NPU\=BQRr\DFO \9R[CUZE�QRr\DbQ<DFU\90=BOAt]=BS�M^=BU\DFUVQAQRO0NPU\9 X =BORS@NPQR[>=BU
O�Z;>D]9dc _WU
D E KNPQR[>=BU QRrKNPQ.[>9.D ysMZO<D]909<D]a =BUZ;Co [CU Q<DFORST9
=PX�Q<DFU\9<=BO
tF=BS�M^=BUKD UsQ<9
[>9.90NP[>a Q<= �^D
H'�T"U0U�N��03(�� c

��� � ��� ���  � ������ � ���� � ���

R@S�TVU0W7X4W�YZU F�.F � O � J ���Z2��!�<� ��H%�<�@(*�<�,��������g2O!9�K% ��3;��=/�#�*"!-&$/�(b&68]/Fa��A!-&B/K�>2
~u

��,"#
~v

� 2 #��,"/&B�A# +.L : h ~u � ~v l ��,�# � 2 #��4i ,"�A# �92�d2BL�I^I �-&4�6� !E%`��,��9����I5�K;�;��D,9: 8@��� !�d( /K� �9��!� ;������]/�(]a��A!4&B/K�>25:0� a��-2 ��2O!9��% ��� : h ~v � ~u l��: h ~u � ~v l4J

� r\D vINP;Z\D =PX2QRr\D 9<tdNP; NPO	MZO<=Va�\tFQ�E �
~u
H
~v

!.[>9 EI[Cv|DFU �Vo69RM^D]tF[ X oV[CUZE QRr\D 9<tdNP; NPO
MZO<=Va�\tFQ<9W=PX DdNBt0r	MKNP[CO`=PX �KNB9R[>9 i v|D]tFQ<=BO<9 [CU N �KNB9<[>9dc
E [>9�N 9RosS�STDFQROR[>t H'�T"U0U�N��03(�� Q<DFU\9<=BO�=PXAO0NPUC@ kgc � rZ[>9LQ0D UK9<=BO�[>9 @sU\= n U NB9LQRr\D

2��!�<� ��H%�<�@(*�<��� c � r\D�t]=BS�M^=BU\DFUVQ<9:=PX QRrZ[>9bQ<DFU\9<=BOWNPO<D

g(~eµ, ~eν) = g µν
� kgc �Ie�!

~u · ~v = g(~u,~v) = g(uµ~eµ, v
ν~eν) = uµvνg(~eµ, ~eν) = uµuνg µν

� kgc �Pm"!

u:9�KNP; U\=BQ0NPQR[>=BU V

~u · ~v = g µνu
µvν

� kgc �Il�!

� r\D�N.�\9<=B;ZZQ<D�vBNP;Z\D�=PXYN vGD]tFQ<=BO�V

|~v| =
√
g(~v,~v) =

√
|g µνvµvν |

� kgc �I��!
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e 1

2e

Θ

� [CE�ZO<D�kgc {�V x NB9R[>9 i v|D]tFQ<=BO<9
~e1
NPU\a

~e2

������� � !�� F� F� O � � 0U�+�<�@�+��03(MH'�[���AL � (�0C�<�@��� ( 0 4 6�03(�� �

~ex · ~ex = 1, ~ey · ~ey = 1, ~ex · ~ey = ~ey · ~ex = 0

g xx = g yy = 1, g xy = g yx = 0
� kgc ����!

g µν =

(
1 0
0 1

)

������� � !�� F� F�?\ � � 0U�+����� "��!H �<��� ��� ( 476�03(*� 4>�,6�0U� � H'�[��� L7� (*0C�<�!��

~er · ~er = 1, ~eθ · ~eθ = r2, ~er · ~eθ = 0,
� kgc �I{�!

�����dI �-&4�6� ! &B�,92O/K�]��,E;�% ��,"��;/0% ��� � !A/�/K�=#0��,��"&B�-29?
g µν =

(
1 0
0 r2

)
� kgc ����!

������� � !�� F� F� 
 � 9 �,(�� L ��0U�,�,(*036 �*03�+����� ",�@H �<��� ��

~e1 · ~e1 = 1, ~e2 · ~e2 = 1, ~e1 · ~e2 = cos θ = ~e2 · ~e1

g µν =

(
1 cos θ

cos θ 1

)
=

(
g 11 g 12

g 21 g 22

) � kgcW�Bf�!

R@S�TVU0W7X4W�YZU F�.F �?\ � � ��(��<�A0!"U0U� ��03(���H'�,254>�,(*�@(��<������� H'��(��<�A0!"U0U� ��03( �KH'�,254>�,(��T(��<�
gµα

/�( &.���dI �-&4�6� !5&+�,"2O/K�e���=�)#��4iZ,��A#F�"29?
gµαg αν ≡ δµν gµν = ~wµ · ~wν , � kgcW�szL!

8@�"��=�
~wµ

� 23#��4i ,"�A#,+.L
~wµ · ~wν ≡ δµν .

� kgcW�Bk�!

gµν
� 2 &4�"�g�D,Aa���>2O�dI �9&4�6� �\/�(

g µν
J
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x = constant

x = constant

1

2

A

A ω2
2

A e

e

2
2

2

ω 2

A2

1A e1 1e

1A

A ω1
1 ω 1

� [CE�ZO<D�kgc ��V � r\D�t]= vINPOR[ NPUVQ iANPU\a	t]=BUVQRO0NdvINPOR[ NPUVQWt]=BS�M^=BU\DFUVQ<9:=PXYN2v|D]tFQ<=BO
1jQ�[C9�M^=I909R[Z�Z;>D Q<= aZD?>\U\D�N 2�0U4747� (*� �^D Q nAD]DFU Q<DFU\9<=BO<9@=PXLag[ ] DFO<DFUVQTQjosM^D � DFE\c

t]= vINPOR[ NPUVQ`=BU�t]=BUVQRO0NdvBNPOR[ NPUsQ ! \9R[CUZETQRr\D�STDFQROR[>t�Q<DFU\9<=BOdc
= D�tdNPU X =BO [CU\9RQ0NPU\t]D�S@NPM N vGD]tFQ<=BO`=BU N z i X =BORS V

vµ = g(~v,~eµ) = g(vα~eα, ~eµ) = vαg(~eα, ~eµ) = vαg αµ
� kgcW�Be�!

� rZ[>9b[>92@VU\= n U NB9 ;>= n'DFOR[CUZE@=PX NPU	[CU\aZD y c:$WNP[>9<[CUZET=PXYNPU	[CU\aZD y;�^D]t]=BSTD]9 V

vµ = gµαvα
� kgcW� m"!

� r\D�S�[ ygD]a	t]=BS�M^=BU\DFUVQ<9:=PX QRr\D�STDFQROR[>t�Q<DFU\90=BO
�^DFt]=BSTD]9LV

gµν = gµαg αν = δµν
� kgcW�Bl�!

= D.U\= n aZD?>\U\D ag[>9<Q0NPU\t]D NP;>=BUZE N t(ZORv|DIc )~DFQ QRr\D t(ZORvGDD�^D.MKNPO0NPSTDFQ<DFOR[ �dD]a �Vo
λ� MZO<=BM^DFO i QR[CSTD

τ
X =PO2QR[CSTD i ;C[Z@|D t(ZORvGD]9 ! c )qDFQ

~v
�^D.QRr\D.Q0NPUZEGDFUVQ v|D]tFQ<=BO i >KDF;>a =PX`QRr\D

t(ZORv|DIc
� r\D�9 E KNPO<D]a	ag[>9RQ0NPU\t]D

ds2
�^DFQjnAD]DFU	QRrKDLM^=B[CUVQ<9WNP;>=BUZE@QRr\D�t(ZORv|D�[>9baZD?>\U\D]a�NB9LV

ds2 ≡ g(~v,~v)dλ2 � kgcW�B��!

EI[Cv|D]9
ds2 = g µνv

µvνdλ2.
� kgcW����!
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� r\D�Q0NPUZEGDFUVQ`vGD]tFQ<=BObrKNB9`t]=BS�M^=BU\DFUVQ<9
vµ = dxµ

dλ

Hgn rZ[>t0r�EI[CvGD]9�V

ds2 = g µνdx
µdxν

� kgcW�B{�!

� r\D�D ysM\O<D]9<9R[>=BU
ds2
[>92@sU\= n U NB9 QRr\D 6�� (*��� �T6��T2��T(�� c

������� � !�� F� F� � � � 0U�+�<�@�+��03(MH'�[���AL � (�0C�<�@��� ( 0 4 6�03(�� �

g xx = g yy = 1, gxy = gyx = 0

ds2 = dx2 + dy2
� kgcW�A��!

������� � !�� F� F� � � � 6�03(�� 4>��6�0U��H'�[�,�AL � (�0C�<�@��

g rr = 1, g θθ = r2

ds2 = dr2 + r2dθ2
� kgc {If�!

?'NPORQ<D]9<[ NPU�t]=V=BO<ag[CUKNPQ<D]9`[CU	QRr\D ��� NPQ ! � [CUC@G= nb9�@s[~9RMKNBt]D i QR[CSTD V

ds2 = −c2dt2 + dx2 + dy2 + dz2
� kgc {gzL!

1jU NPU NPO��Z[CQRO0NPORo t(ZORv|D]a 9RMKNBt]DIHqNPU =BORQRr\=BU\=BORS@NP;8�KNB9R[>9�tdNPU �^DTNBaZ=BMZQ<D]a [CU NPUVo
M^=B[CUVQdc 1 X

~et̂
[>9@Q0NPUZEGDFUVQ.vGD]tFQ<=BO@Q<= QRr\D�nA=BOR;>a ;C[CU\D�=PX�NPU =A�\90DFORvGDFOdH'QRr\DFU

~et̂ = ~un r\DFO<D
~u
[>9&QRr\D`mBi vGDF;>=VtF[CQjo@=PX QRr\DW=A�\9<DFORv|DFOdc 1jU@QRrZ[>9At]NB90DIH|nAD:NPO<D
K9R[CUZE�n rKNPQ}nADWtdNP;C;

QRr\D �%� � �,(��)��� � ����� � ��� ��� * ���%* ��� �@=PXAQRr\DT=A�\9<DFORvGDFOdc 1jU N 9�\t0r �KNB9<[C9 H nAD rKN vGD QRr\D
� [CUC@G= nb9�@V[ i STDFQROR[>t�V

ds2 = ηµ̂ν̂dx
µ̂dxν̂

� kgc {Ik�!

� ��� � �2�� 	

_WU 03( �+��� ��252��!�<� ��H �<�@(*�<��� [>9:N�Q<DFU\9<=BO`n rK=I9<D�9R[CEIU t0rKNPUZEGD]9 ZU\aZDFOLNPU NPO��Z[CQRO0NPORo
D yZt0rKNPUZEGD�=PX QjnA=@NPORE�ZSTDFUVQ<9dc

A(· · · , ~u, · · · , ~v, · · · ) = −A(· · · , ~v, · · · , ~u, · · · ) � kgc {Ie�!

� r\D�t]=BS�M^=BU\DFUsQ<9W=PX NPU�NPUVQR[>9<oVS�STDFQROR[>t�Q<DFU\9<=BO`t0rKNPU\EGD�9R[CEIU ZU\aZDFO`D yZt0rKNPUZEGD�=PX
QjnA=�[CU\ag[>t]D]9dc

A···µ···ν··· = −A···ν···µ···
� kgc {Pm"!
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� ��� � Y��!� � 23#K�4iZ,"�A# &B/ +��)�K,g�K,9&.� 2BLKI\I �-&4�6� !��0!A/�a����_� �K,9&�&B�,92O/K�V/�(��G�K, ��;KJ

� ,g�K,9&H� 2BLKI^I5�-&.�_� ! &B�,92O/K��;��=/�# *"!-& ∧ � 23#��4i ,"�A# +4L�?

ω[µ1 ⊗ · · · ⊗ ωµp] ∧ ω[ν1 ⊗ · · · ⊗ ωνq ] ≡ (p+ q)!

p!q!
ω[µ1 ⊗ · · · ⊗ ωνq ] � kgc {Il�!

n r\DFO<D����qaZDFU\=BQ<D]9WNPUVQR[>9<oVS�STDFQROR[>t�t]=BS �Z[CUKNPQR[>=BU\9:aZD?>\U\D]a��Vo�V

ω[µ1 ⊗ · · · ⊗ ωµp] ≡ 1

p!
· ( QRr\D�9�ZS =PX Q<DFORST9bn [CQRr
NP;C;~M^=I9<9<[Z�Z;>DLM^DFORS ZQ0NPQR[>=BU\9
=PX [CU\ag[>t]D]9bn [CQRr~H ��� �WX =BObDFv|DFU
NPUKa � i �:X =BOb=VaZa M^DFORS ZQ0NPQR[>=BU\9

)

� kgc {I��!

������� � !�� F�?O � 8�� 03(��+��� ��2525�'�<�N��H H'�,2 � ��(*0C�+���,(*��

ω[µ1 ⊗ ωµ2] =
1

2
(ωµ1 ⊗ ωµ2 − ωµ2 ⊗ ωµ1)

� kgc {���!

������� � !�� F�?O �.F � 03(��+��� ��2525�'�<�N��H H'�,2 � ��(*0C�+���,(*��

ω[µ1 ⊗ ωµ2 ⊗ ωµ3] =

1

3!
(ωµ1 ⊗ ωµ2 ⊗ ωµ3 + ωµ3 ⊗ ωµ1 ⊗ ωµ2 + ωµ2 ⊗ ωµ3 ⊗ ωµ1

− ωµ2 ⊗ ωµ1 ⊗ ωµ3 − ωµ3 ⊗ ωµ2 ⊗ ωµ1 − ωµ1 ⊗ ωµ3 ⊗ ωµ2)

=
1

3!
εijk(ω

µi ⊗ ωµj ⊗ ωµk) � kgc {I{�!

������� � !�� F�?O � O � S F � � ���N2 � ( O � �<4*0UH!���

α = α12ω
1⊗ω2+α21ω

2⊗ω1+α13ω
1⊗ω3+α31ω

3⊗ω1+α23ω
2⊗ω3+α32ω

3⊗ω2

� kgc {���!

� /98 &4�"�)�K,9&.� 2BLKI\I �-&4�NL^/�(
α

I5�9��,92�&.���"&
+α21 = −α12; +α31 = −α13; +α32 = −α23

� kgc �If�!
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α =α12(ω
1 ⊗ ω2 − ω2 ⊗ ω1)

+ α13(ω
1 ⊗ ω3 − ω3 ⊗ ω1)

+ α23(ω
2 ⊗ ω3 − ω3 ⊗ ω2)

= α|µν|2ω
[µ ⊗ ων]

� kgc �gzL!

8@�"��=� |µν| I �9��,"2\2A*�I\I5�"&H� /0,F/0,�% L ( /K�
µ < ν h 2O�A� h �1� 2A,"�� �]�@�"/K�_,"�<�K,"# � �"�A�% ��

j�� ��k�l'l4J � ��,"/98 *"2O� &4�"�$#��4i ,�� &.� /0,\/�( ∧ 8�� &.�
p = q = 1

J]�@��� 2 :0� a��-2
α = α|µν|ω

µ ∧ ων

ωµ ∧ ων � ����� �� �������
	�� � �	�� �$!9�K,g�K% 2O/g8@�6� &B�

α =
1

2
αµνω

µ ∧ ων

_ Q0D UK9<=BO'=PXqO0NPUC@
k�tdNPU	NP;Cn'Ndos9 �^DL9RMZ;C[CQ ZM [ UsQ<= N�9RosS�STDFQROR[>t�NPU\a NPU	NPUVQR[>9RoVS i
STDFQROR[>t�M NPORQdc

Tµν =
1

2
(Tµν − Tνµ) +

1

2
(Tµν + Tνµ)

= Aµν + Sµν

� kgc �Ik�!

= DLQRr"\9 rKNdv|D�V

SµνA
µν =

1

4
(Tµν + Tνµ)(T

µν − T νµ)

=
1

4
(TµνT

µν − TµνT νµ + TνµT
µν − TνµT νµ)

= 0

� kgc �Ie�!

1jU.EGDFU\DFO0NP; HZ9�ZS�S@NPQR[>=BU = v|DFOA[CU\ag[>t]D]9'=PX N�9RosS�STDFQROR[>tLNPU\a NPU NPUVQR[>9RosS�STDFQROR[>t E KNPUgi
QR[CQjoTvINPUZ[>9Rr\D]9dc�1 U N�9�ZS�S@NPQR[>=BU

TµνA
µν n r\DFO<D Aµν [>9'NPUVQR[>9RosS�STDFQROR[>t�NPU\a Tµν rKNB9U\=T9RoVS�STDFQRORo|H\=BUZ;Co
QRr\D�NPUsQR[>9RoVS�STDFQROR[>t�MKNPORQ`=PX

Tµν
t]=BUVQ<OR[Z�CZQ<D]9dc *s= QRrKNPQ HZ[CU

α =
1

2
αµνω

µ ∧ ων � kgc �Pm"!

=BUZ;Co QRr\D	NPUVQR[>9RosS�STD Q<OR[>t DF;>DFSTDFUVQ<9
ανµ = −αµν

H&t]=BUVQROR[Z�CZQ<D Q<= QRr\D 9�ZS�S@NPQR[>=BU~c
� r\D]9<D�NPUVQR[>9RosS�STDFQROR[>t�DF;>DFSTDFUVQ<9WNPO<D�QRr\D �Y�,� 2 H'�,254>�,(*�@(��<�

�K=BORST92NPO<D.NPUVQR[>9RosS�STDFQROR[>t.t]= vINPOR[ NPUVQ�Q<DFU\90=BO<9dc
x'D]tdN.\9<D@=PX QRrZ[>92NPUVQR[>9RoVS�STDFQRORo
N X =BORS n [CQRr QjnA= [>aZDFUVQR[>tdNP;�t]=BS�M^=BU\DFUVQ<9 S \9RQD�^D N ([�76 6K� ���N2 ��
 �dDFO<= ! c DIc E\c
α131 = −α131 ⇒ α131 = 01jU�NPU	Ugi ag[CSTDFU\9R[>=BUKNP;w9RM NBtFD�NP;C;~Mgi X =BORST9bn [CQRr

p > n
NPO<D�U"Z;C; X =BORST9 c



� �������	��
 �

� � �W� � � 	 � �5� � � � �$� 	 � �	�W� � 	 ��� � 	

� ��� � �(&Y� &)$ +	! ������� � � + 	�� �(� � � � 	

��������� 
 � � �  �� � � ������
)~DFQ

~e0̂
�^D`QRr\DWmBi vGDF;>=VtF[CQjo3>KDF;>a �

x0 = ct, c = 1, x0 = t
! =PX~QRr\DWO<D X DFO<DFU\t]DWMKNPORQR[>tF;>D]9A[CU

NTO<D X DFO<DFU\t]D�X O0NPSTD $�cK_ 9<DFQ:=PX&9R[CS Z;CQ0NPU\=A\9LDFv|DFUVQ<9W[CU $�HKaZD?>\U\D]9�N.e@ag[CSTDFU\9R[>=BUKNP;
9RMKNBt]D tdNP;C;>D]a D e i 9RMKNBt]D DY[CU $�c � r\[C9T9<MKNBt]D [>9�=BORQRr\=BEG=BUKNP;`Q<=

~e0̂
c = D	NPO<D EG=B[CUZE Q<=

>\U\a QRr\D�STDFQROR[>tTQ<DFU\9<=BO
γij
[CU QRrZ[>9�9RMKNBt]DIHqD ygMZO<D]9<9<D]a �Vo QRr\D�STDFQROR[>t�Q<DFU\90=BO

gµν
=PX

9RMKNBt]DFQR[CSTDIc
1jU NPU NPO��Z[CQRO0NPORo t]=V=BO<ag[CUKNPQ<D �KNB9R[>9��

~eµ � H	� ~ei � [>9WU\=BQ:U\D]t]D]9<9 NPOR[C;Co�=BORQRr\=BEG=BUKNP;YQ<=
~e0
c = D t0r\=V=I9<D

~e0‖~e0̂
c )~DFQ

~e⊥i
�^D
QRr\D MZO<=.9 D]tFQR[>=BU =PX

~ei
=BORQRr\=BEG=BUKNP;bQ<=

~e0
HYQRrKNPQ

[>9�V
~e⊥i · ~e0 = 0

c � r\D�STDFQROR[>t�Q<DFU\9<=BO`=PXY9RMKNBt]D�[>9baZD?>\U\D]a��Vo�V

γij = ~e⊥i · ~e⊥j , γi0 = 0, γ00 = 0

~e⊥i = ~ei − ~e‖i

~e‖i =
~ei · ~e0
~e0 · ~eo

~e0 =
gi0
g00

~e0

γij = (~ei − ~e‖i) · (~ej − ~e‖j)
= (~ei −

gi0
g00

~e0) · (~ej −
gj0
g00

~e0)

= ~ei · ~ej −
gj0
g00

~e0 · ~ei −
gi0
g00

~e0 · ~ej +
gi0gj0
g200

~e0 · ~e0

= gij −
gi0gj0
g00

− gi0gj0
g00

+
gi0gj0
g00

⇒ γij = gij −
gi0gj0
g00

� egcCzL!

� h:=BQ<D�V
gij = gji ⇒ γij = γji

!
� r\D�;C[CU\D�DF;>DFSTDFUVQ`[CU	9RMKNBt]D�V

dl2 = γijdx
idxj =

(
gij −

gi0gj0
g00

)
dxidxj

� egc k�!

ePm
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EI[Cv|D]9@QRr\D EGD]=BSTDFQRORo =PX�N �j9R[CS \; Q NPU\DF[ Q o 9<MKNBt]D��	[CU6N O<D X DFO<DFU\t]D�X O0NPSTD�n rKD O0D�QRr\D
STDFQROR[>t�Q0D UK9<=BO`=PX 9RMKNBt]DFQR[CSTD�[CU N t]=BST= vV[CUZE.t]=V=BO<ag[CUKNPQ<D�9<os9RQ<DFS [>9

gµν
c

� r\D�;C[CU\D�DF;>DFSTDFUVQbX =BOb9RMKNBt]DFQR[CSTD�tdNPU��^D�D ygMZO<D]9<9<D]a	NB9LV

ds2 = −dt̂2 + dl2
� egc e�!

1jQTX =B;C;>= nb9
QRrKNPQ
dt̂ = 0

O<DFMZO<D]9<DFUVQ<9
QRr\D 9R[CS Z;CQ0NPU\DF[CQjo aZD?>\UZ[CUZE QRr\D e i 9RMKNBt]D n [CQRr
STDFQROR[>t

γij
c

dt̂2 = dl2 − ds2 = (γµν − gµν)dxµdxν

= (γij − gij)dxidxj + 2(γi0 − gi0)dxidx0 + (γ00 − g00)dx0dx0

= (gij −
gi0gj0
g00

− gij)dxidxj − 2gi0dx
idx0 − g00(dx0)2

= −g00
[
(dx0)2 + 2

gi0
g00

dx0dxi +
gi0gj0
g200

dxidxj
]

=

[
(−g00)1/2(dx0 +

gi0
g00

dxi)

]2

*s= >\UKNP;C;Co
nAD�EGDFQ

dt̂ = (−g00)1/2(dx0 +
gi0
g00

dxi)
� egc m"!

� r\DWe i 9RMKNBt]D`=BORQRr\=BEG=BUKNP; Q<=�QRr\DbnA=BOR;>aT;C[CU\D]9&=PX QRr\DbO<D X DFO<DFU\t]D`MKNPORQR[>tF;>D]9&[CU $�H
dt̂ = 0

H
t]=BORO<D]9RM^=BU\aZ9�Q<=�N t]=V=BO<ag[CUKNPQ<DTQR[CSTDT[CUVQ<DFORvINP;

dt = − gi0
g00
dxi
c � rZ[>9�[>9�U\=BQ�NPU D yZNBtFQ

ag[ ] DFO<DFUVQR[ NP; HPQRrKNPQ [>9AHPQRr\D};C[CU\D}[CUVQ<DFEIO0NP;Z=PX
dt
NPO<=AZU\a�N`tF;>=I9<D]a2t(ZORv|D&[>9w[CU2EGDFU\DFO0NP;sU\=BQ

D E KNP;qQ<=.fgc /WDFU\t]D�oG=A tdNPU�U\=BQW[CU�EGDFU\DFO0NP; aZD?>\U\D�9R[CS Z;CQ0NPU\DF[CQjo � EI[CvGDFUF�Vo
dt̂ = 0

!
NPO<=AZU\a@tF;>=I9<D]aTt(ZORv|D]9dc � rZ[>9 tdNPU.=BUZ;Co �^DbaZ=BU\D [ X QRr\Db9RMKNBt]DFQR[CSTDbSTDFQROR[>tb[>9 ag[ NPEG=BUKNP; H
gi0 = 0

c � r\D t]=BU\ag[CQR[>=BU
dt̂ = 0

STDdNPU\9T9R[CS Z;CQ0NPU\DF[CQjo+=BU 6 [CU\9<Q<DF[CU 9<oVU\t0rZO<=BUZ[ �dD]a
tF;>=VtB@g9@c � �,(*H!6 ���A����( � 	R� ���Z��( �,�@(*�!� 036 �

gi0 6= 0
�%(*�3� 4>���+�+���76��
�<� / � (*���<�@� (

� ��(*H���� �,(7���!�%H@6��[H��[�K0U�A���*(*L H!6����+�!L H!�*�+"��!� �
1jU�MKNPORQR[>t(Z; NPOdHB[CQq[>9qU\=BQwM^=I9<9R[Z�Z;>D&Q<= 6 [CU\9RQ<DF[CUgi 9RosU\t0rZO<=BUZ[ �dD'tF;>=VtB@s9 NPO<=AZU\a2NbtF;>=I9<D]a

t(ZORv|D�[CU NTO<=BQ0NPQR[CUZE
O<D X DFO<DFU\t]D�X O0NPSTDIc 1 X QRrZ[>9W[>9LNPQRQ<DFS�MZQ<D]a H t]=BUVQRO0NBag[>tFQ<=BORoF�^=AZU\asi
NPORo�t]=BU\ag[CQR[>=BU\9L[CU QRr\D�U\=BUgi O<=BQ0NPQR[CUZE ; N.� X O0NPSTD�n [C;C;YNPO<[C90DIH^a�\D�Q<=.QRr\D�O<DF; NPQR[Cvs[CQjo =PX
9R[CS Z;CQ0NPU\DF[CQjo|c ��*sD]D >\E�ZO<D�egcCzL!

� r\D�ag[>9<Q0NPU\t]D�[CU QRr\D�; N.�^=BO0NPQ<=BORo X O0NPSTD0�^DFQjnAD]DFU�QjnA=�M^=B[CUVQ<9b[>9�V

L0 =
2πr

n

� egc l�!

)~=BO<DFUVQ���QRO0NPU\9RX =BORS@NPQR[>=BU X O<=BS QRr\D2[CU\9RQ0NPUsQ0NPU\D]=A\9LO<D]9<QWX O0NPSTD
(x′, t′)

Q<=
QRr\D2; N.�^=Pi
O0NPQ<=BORo 9<os9RQ0D S

(x, t)
V

∆t = γ(∆t′ +
v

c2
∆x′), γ =

1√
1− r2ω2

c2

∆x = γ(∆x′ + v∆t′)

� egc ��!
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r

t & t+n ∆ t

t+2∆ t

t+∆ t

t+(n-1) ∆ t

S

S

S

S
3

n-1

n

1

2

2

n

ω

(discontinuity)

n-1

� [CE�ZO<D�egcCz�V 6 v|DFUVQ<9b9<[CS Z;CQ0NPU\=A\9b[CU	QRr\DLO<=BQ0NPQR[CUZE@O<D X DFO<DFU\t]DLX O0NPSTDIcbz�t]=BSTD]9
�^D X =BO<D
kgHC�^D X =BO<D�egH\DFQ<t

. . .
hW=BQ<D�QRr\D�ag[>9<t]=BUVQR[CU"Z[CQjo	NPQbQdc

0L v = rω

� [CE�ZO<D�egc k�V � r\D�ag[>9RQ0NPU\t]D0�^DFQjnAD]DFU�QjnA=�M^=B[CUVQ<9`=BU	QRr\D�tF[CO<t(ZS X DFO<DFU\t]D�[>9
)
0
c
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 ��������	��
�������� ��������
�������

�w[CE�ZO<D�egc e�V&JW[>9<t]=BUsQR[CU"Z[CQjo [CU	9R[CS Z;CQ0NPU\DF[CQjo|c

*V[CU\t]D�nAD�X =BOW9R[CS Z;CQ0NPU\D]=A\9LDFv|DFUVQ<9`[CU QRr\D�O<=BQ0NPQR[CUZE
O<D X DFO<DFU\t]D�X O0NPSTD�rKNdv|D
∆t′ = 0,NPU\a MZO<=BM^DFO`ag[>9<Q0NPU\t]D

∆x′ = γL0
HgnAD�EGDFQb[CU QRr\D�; N.�^=BO0NPQ<=BORo
X O0NPSTD

∆t = γ2
rω

c2
L0 = γ2

rω

c2
2πr

n

� egcW��!

� r\D�X NBtFQ�QRrKNPQ
∆t′ = 0

NPU\a
∆t 6= 0

[>9�NPU D ygMZO<D]9<9R[>=BU =PX'QRr\DTO<DF; NPQR[CvV[CQjo =PXb9R[CS Z; i
Q0NPU\DF[CQjo|c _`O<=AZU\a	QRr\D�tF[CO<t(ZS X DFO<DFU\t]D�QRrZ[>9b[>9`NBt]t(ZS Z; NPQ<D]a�Q<=

n∆t = γ2
2πr2ω

c2
� egc {�!

NPU\a nAD:EGDFQbN2ag[>90t]=BUVQR[CU"Z[CQjo
[ U	9R[CS Z;CQ0NPU\DF[CQjo|H\NB9 9Rr\= n U [CUD>\E�ZO<D�egc egc�)qDFQ21 ���^D�NPU
[CU\DFORQR[ NP;qX O0NPSTD�n [CQRr tFos;C[CU\aZDFO:t]=V=BO<ag[CUKNPQ<D]9 � � H $�H

Θ
H��R! c � rKD�;C[CU\D�DF;>DFSTDFUVQW[>9`QRr\DFU

EI[Cv|DFU��Vo

ds2 = −dT 2 + dR2 +R2dΘ2 + dZ2 (c = 1)
� egc ��!

1jU	N O<=BQ0NPQR[CUZETO<D X DFO<DFU\t]DLX O0NPSTDIH-$E�'HsnAD�rKNdvGD�tFoV;C[CU\aZDFO`t]=V=BO<ag[CUKNPQ<D]9 � QdHZOdH
θ
H � ! c = D

QRr\DFU	rKNdv|DLQRr\DLX =B;C;>= n [CUZE@t]=V=BO<ag[CUKNPQ<D�QRO0NPUK9 X =BORS@NPQR[>=BU V

t = T, r = R, θ = Θ− ωT, z = Z
� egcCzdf�!

� r\D�;C[CU\D�DF;>DFSTDFUVQ`[CU QRr\D�t]=Pi ST= vs[CUZE@t]=V=BO<ag[CUKNPQ<D�9Rog9RQ<DFS [CU+$E�+[>9 QRr\DFU

ds2 = −dt2 + dr2 + r2(dθ + ωdt)2 + dz2

= −(1− r2ω2)dt2 + dr2 + r2dθ2 + dz2 + 2r2ωdθdt (c = 1)

� egcCzIzL!



O � � ��0U4*�<�!� O� S H'H'�@6��@�A0C�<�@L V �!� �!� �@(*H'� �1� 032��@�

� r\D�STDFQROR[>t�Q<DFU\90=BO r NdvGD�QRr\D:X =B;C;>= n [CUZE@t]=BS�M^=BU\DFUVQ09�V

gtt = −(1− r2ω2), grr = 1, gθθ = r2, gzz = 1

gθt = gtθ = r2ω

� egcCzdk�!

dt = 0
EI[Cv|D]9

ds2 = dr2 + r2dθ2 + dz2
� egcCzde�!

� rZ[>9 O0D M\O<D]9<DFUVQ<9bQRr\D 6 \tF;C[>aZDdNPU�EGD]=BSTDFQRORo =PX QRr\D�e i 9RMKNBt]D � 9R[CS Z;CQ0NPU\DF[CQjo	9RMKNBt]DIH
t =

T
!}[CU+1 �'c

� r\D 9RMKNPQR[ NP;LEGD]=BSTDFQRORo [CU6QRr\D O<=BQ0NPQR[CUZE 9Rog9RQ<DFS [>9
EI[CvGDFU �Vo QRrKD 9RMKNPQR[ NP;L;C[CU\D
DF;>DFSTDFUVQ�V

dl2 = (gij −
gi0gj0
g00

)dxidxj

γrr = grr = 1, γzz = gzz = 1,

γθθ = gθθ −
g2θ0
g00

= r2 − (r2ω)2

−(1− r2ω2)
=

r2

1− r2ω2

⇒ dl2 = dr2 +
r2dθ2

1− r2ω2
+ dz2

� egcCzFm"!

*s= nAD.rKNdv|D N U\=BU 6 \tF;C[>aZDdNPU 9RMKNPQR[ NP;'EGD]=BSTDFQRORo [CU $E�'c � r\D tF[CO<t(ZS X DFO<DFU\t]D =PXLN
tF[CO<tF;>D�n [CQRr	O0NBag[Z\9

r
[>9

lθ =
2πr√

1− r2ω2
> 2πr

� egcCzdl�!

= D�9<D]D�QRrKNPQ`Q<r\D E \=BQR[>DFUVQE�^DFQjn'DFDFU tF[CO<t(ZS X DFO<DFU\t]D NPU\a	O0NBag[Z\9
> 2π

n r\[Ct0r STDdNPU\9
QRrKNPQ�QRr\DT9RMKNPQR[ NP;YEGD]=BSTDFQRORo [>9 � �-� ��� �%� � � ���+�%�K=BO�9RMZr\DFOR[>tdNP; EGD]=BSTDFQRORo nAD rKNdv|D

lθ <
2πr
cW!

������� � � ��� ��
 �
� � ���  
  � � � � � � ��� � �  ����� � � ����� � � � � 

= D}n [C;C;gU\= n [CUVvGD]9RQR[CE|NPQ<D'n rKNPQ rKNPMZM^DFU\9 n r\DFU�nAD}EI[Cv|D $ � NPUTNPUZE�Z; NPO NBt]t]DF;>DFO0NPQR[>=BU~c
� r\DFU+nAD \9<D
N	O<=BQ NPQR[CUZE tF[CO<tF;>D.S@NBa\D
=PX`9RQ0NPU\aKNPO<a STDdNB9�ZOR[CUZE O0=|a\9dHYNB9 9Rr\= n U+[CU
� [CE�ZO<D egc m\c _W;C;WM^=B[CUVQ<9 =BU N tF[CO<tF;>D NPO<D NBtFt]DF;>DFO0NPQ<D]a 9R[CS Z;CQ0NPU\D]=A\9<;Co [CU 1 � � QRr\D
; N.�^=BO0NPQ<=BORo 9Ros9<Q<DFS ! c = D ;>DFQTQ<r\D�NPUZE�Z; NPOTv|DF;>=VtF[CQjo [CU\tFO<DdNB9<D X O<=BS

ω
Q<=

ω + dω
H

STDdNB9�ZO<D]a [CU 1 �'c )~=BO<DFUVQ��	QRO0NPU\9 X =BORS@NPQR[>=BU Q<= NPU [CU\9RQ0NPUVQ0NPU\D]=A\9TO<D]9RQ2X O0NPSTD.X =BOTN
M^=B[CUVQ`=BU	QRr\D�tF[CO<t(ZS X DFO<DFU\t]D�QRr\DFU	EI[CvGD]9WNPU [CU\tFO<DdNB9<D�[CU v|DF;>=VtF[CQjo
[CU	QRrZ[>9b9<os9RQ<DFS V

rdω′ =
rdω

1− r2ω2
,

� egcCzd��!

n r\DFO<D�nAD�rKNdv|D \9<D]a QRrKNPQbQRr\D�[CUZ[CQR[ NP;~v|DF;>=VtF[CQjo
[CU	QRrZ[>9'X O0NPSTDL[>9 �dDFO<=Zc
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"nail"

Standard measuring rod

� [CE�ZO<D egc m-V � r\D
9RQ0NPU\a\NPO<a+STDdNB9�ZOR[CUZE O<=VaZ9�NPO<D@X NB9RQ<DFU\D]a n [CQRr+UKNP[C;>92[CU =BU\D
DFU\a c
= DLn [C;C;q9<D]DLn rKNPQbQRr\DFU	rKNPMZM^DFU\9`n r\DFU	nAD�rKNdvGD�NPU�NPU\E�Z; NPOWNBt]t]DF;>DFO0NPQR[>=BU~c

� r\D QR[CSTDTag[ ] DFO<DFU\t]D X =BO�QRr\D�NBt]t]DF;>DFO0NPQR[>=BUK9�=PXAQRr\D2X O<=BUVQ�NPU\a �KNBtB@ DFU\aZ9�=PX}QRr\D
O<=VaZ9 � QRr\DLX O<=BUVQ`DFU\a [>9`NBt]t]DF;>DFO0NPQ<D]a�>\O<9<Q !}[CU	QRr\D�[CU\9RQ0NPUVQ0NPU\D]=A\9`O<D]9RQ'X O0NPSTD�[>9�V

∆t′ =
rωL0√
1− r2ω2

� egcCzL��!

n r\DFO<D
L0
[>9~QRrKD ag[>9<Q0NPU\t]D:�^DFQjnAD]DFU�M^=B[CUVQ<9w=BU�QRr\D&tF[CO<t(ZS X DFO<DFU\t]D}n r\DFU2NPQqO<D]9RQ ��
+QRr\D

;>DFUZEIQRr@=PX^QRr\D O<=VaZ9Yn r\DFU.NPQYO<D]9RQ ! H
L0 =

2πr
n

cJ1jU31 � NP;C;\M^=B[CUVQ<9 =BUTQRr\D tF[CO<t(ZS X DFO<DFU\t]D
NPO<D NBt]t]DF;>DFO0NPQ<D]a 9R[CS Z;CQ0NPU\D]=A\9<;CoGc01jU $E�'HKr\= n'D v|DFOdH QRrZ[>9:[>9WU\=BQ:QRrKD2tdNB9<DIc /WDFO<D�QRr\D
ag[>9RQ0NPU\t]D �^DFQjnAD]DFU	M^=B[CUVQ<9b=BU QRrKDLtF[CO<t(ZS X DFO<DFU\t]D�n [C;C; [CU\tFO<DdNB9<DIHZ90D]D � [ E�\O<D�egc lgc � r\D
O<D]9RQ`ag[>9RQ0NPU\t]D�[CU\tFO<DdNB9<D]9
�Vo

dL′ = rdω′∆t′ =
r2ωL0dω

(1− r2ω2)3/2
.

� egcCzd{�!

� r\D [CU\tFO<DdNB9<D =PX:QRr\D ag[>9RQ NPU\t]D a�ZOR[CUZE QRr\D	NBt]t]DF;>DFO0NPQR[>=BU � [CU NPU [CU\9RQ0NPUVQ0NPU\D]=A\9

∆ t’ t’
dv’

t’+ 

� [CE�ZO<D egc l�VE1jU $ � Q nA=.M^=B[CUVQ<9L=BU QRr\D tF[ O0t?\S X DFO<DFU\t]DTNPO<D NBt]t]DF;>DFO0NPQ<D]a NPQLag[ ] DFO<DFUVQ
QR[CSTD]9dc � r"\9bQRr\D�ag[>9RQ0NPU\t]D0�^DFQjnAD]DFU�QRr\DFS [>9 [CU\tFO<DdNB9<D]a c
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O<D]9RQ X O0NPSTDL!A[>9

L′ = r2L0

∫ ω

0

ωdω

(1− r2ω2)3/2
= (

1√
1− r2ω2

− 1)L0.
� egcCz���!

/:DFU\t]DIHZN X Q<DFO'QRr\D�NBt]t]DF;>DFO0NPQR[>=BU	QRrKD O0D:[>9bN�MZO<=BM^DFObag[>9RQ0NPU\t]D
L′ �^DFQjnAD]DFU QRr\D:O<=VaZ9dc:1 U

QRr\D�; N.�^=BO0NPQ<=BORo 9Rog9RQ<DFS �%1 ��!}QRr\D�ag[>9RQ0NPUKtFD �^DFQjnAD]DFU�QRr\DLO<=VaZ9b[>9

L =
√

1− r2ω2L′ =
√

1− r2ω2(
1√

1− r2ω2
− 1)L0 = L0 − L0

√
1− r2ω2,

� egc kIf�!

n r\DFO<D
L0
[>9:QRr\D2O<D]9RQ:;>DFUZEIQRr =PX&QRr\D2O<=VaZ9�NPU\a

L0

√
1− r2ω2

[>9:QRr\DF[CO0)~=BO<DFUVQ��Tt]=BUgi
QRO0NBtFQ<D]a	;>DFUZEIQRr~c = DLU\= n rKNdv|DLQRr\D�9R[CQ�KNPQR[>=BU 9Rr\= n U	[CU � [CE�ZO<D�egc �gc

Lorenz contracted
Standard measuring rod,

� [CE�ZO<D�egc ��V � r\D�9RQ0NPU\a\NPO<a	STDdNB9�ZOR[CUZETO0=|a\9 rKNdv|D �^D]DFU+)q=BO<DFUVQ���t]=BUVQRO0NBtFQ<D]a c

� r"\9 HsQRr\DFO<DL[>9'O<=V=BS X =BO'ST=BO<DL9<Q0NPU\a\NPO<a
O<=VaZ9`NPO<=AZU\a QRr\D:M^DFOR[CMZr\DFORo
QRr\DWX NB9RQ<DFO
QRr\D'ag[>9�@�O<=BQ0NPQ<D]9dc � rZ[>9 STDdNPU\9YQRrKNPQ QRr\DASTDdNB9�ZO<D]a ;>DFUZEIQRr�=PX QRr\DAM^DFOR[CMZr\DFORo;� U"ZS �^DFO
=PXY9RQ0NPU\a\NPO<a O<=VaZ9 !AEGDFQ<9b; NPOREGDFObn [CQRr	[CU\tFO<DdNB9R[CUZE
NPUZE�Z; NPO`vGDF;>=VtF[CQjo|c
��������� � ����� � � ��� ��� ����
 � � �  ����
 � � � � �

ds2 = −(1− r2ω2

c2
)c2dt2 + dr2 + r2dθ2 + dz2 + 2r2ωdθdt

� egc kgzL!

= DLU\= n ;>=V=A@ NPQ ��� * � 0 * � 0 ��� � ��� �'n [CQRr�t]=BU\9RQ0NPUVQ
r
NPU\a

z
c

ds2 = c2dt2[−(1− r2ω2

c2
) +

r2

c2
(
dθ

dt
)2 + 2

r2ω

c2
dθ

dt
]

� egc kIk�!
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)~DFQ dθ
dt ≡ θ̇

�^D:QRr\D�NPUZE�\;>NPObvGDF;>=VtF[CQjo
=PXwQRr\DLtF;>=VtB@@[CU�$ �'c � r\D:MZO<=BM^DFO QR[CSTD:[CUVQ<DFORvINP;
STDdNB9�ZO<D]a �Vo.QRr\D�tF;>=VtB@
[>9bQRr\DFU

ds2 = −c2dτ2 � egc kIe�!

�\O<=BS QRrZ[>9 nAD�9<D]DLQRrKNPQ

dτ = dt

√

1− r2ω2

c2
− r2θ̇2

c2
− 2

r2ωθ̇

c2
� egc kPm"!

_ U\=BUZi ST= vV[CUZE.9RQ0NPU\a\NPO<a�tF;>=VtB@
[CU $ � V
θ̇ = 0⇒

dτ = dt

√
1− r2ω2

c2
� egc kIl�!

*sD]DFU�X O<=BS 1 �'H]QRr\D U\=BUgi O<=BQ0NPQR[CUZE:; N.�^=BO0NPQ<=BORo�9Rog9RQ<DFS	HU� egc kIl�! O<DFMZO<D]9<DFUVQ<9wQRr\D ",�@6��[H!��� �
L7�!4>�@(*L7�@(��;�+� 2�� L7� 6�0C�+���,( X O<=BS QRr\D�9<M^D]tF[ NP;~QRr\D]=BORo =PX O<DF; NPQR[CvV[CQjo|c
x ZQ�r\= n [>9 � egc kIl�!L[CUVQ0D O<MZO<DFQ<D]a [CU $E� � � r\D@tF;>=VtB@ aZ=VD]9�U\=BQ�ST= vGDTO<DF; NPQR[CvGD@Q<=

NPU+=A�\9<DFORv|D O�[CU QRrZ[>9�9<os9RQ<DFS	Hwr\DFU\t]D.n rKNPQ�rKNPMZM^DFU\92tdNPU U\=BQ �^D]D@[CUVQ<DFORMZO<DFQ<D]a NB92N
v|DF;>=VtF[ Q o
aZDFM^DFU\aZDFUVQbMZr\DFU\=BSTDFU\=BU~c}_bt]t]=BO<ag[CUZE�Q<= 6 [CU\9RQ<DF[CU~HZQRr\D:X NBtFQ'QRrKNPQ`9RQ0NPU\a\NPO<a
tF;>=VtB@g9`9R;>= n aZ= n U�QRr\D�X NPORQRr\DFO:Ndn'Ndo
X O<=BS Q<r\D�N yg[>9`=PXYO<=BQ0NPQR[>=BU QRr\DFo	NPO<DIH\[>9`aC\D�Q<=
N �,�A0!"����<0C�+���,(�036 � ��@H � c

= D2n [C;C;YU\= n#>\U\a QRr\D EIO0NdvV[CQ0NPQR[>=BUKNP;&M^=BQ<DFUVQR[ NP;}NPQ�N ag[>9RQ0NPU\t]D
r
X O<=BS�QRr\D�N yg[>9dc

� r\D�9<DFUVQROR[CM^DFQ0NP; NBt]t]DF;>DFO0NPQR[>=BU [>9
v2/r, v = rω

9<=CV

Φ = −
∫ r

0
g(r)dr = −

∫ r

0
rω2dr = −1

2
r2ω2

= DLQRr\DFU	EGDFQ�V

dτ = dt

√
1− r2ω2

c2
= dt

√
1 +

2Φ

c2
� egc kI��!

� ����� ��� �#� � �-� � � � � 0 � ����� 0 ��� � � � � � 0 ����*,� � � � � � �)� ����� ���%� ���	0 * � * �,�A0!"��.�<0C�+����(�036
�+� 2�� L � 6�0C�+���,(���� � � �
	�� 	 � �-��� 	 ���!�& ����� ��� 0 � 	 � ����* �,��* (�� � *,� � �,��* ��. ���10 �
������� � � � � � � � � � � ��� � � 	� � � ���� � ��� � ��  � ��� � �  ����� � � ����� �� �  � 	

�� �� � � � � ��������

= D 9RQ0NPORQ�n [CQRr aZD]9<tFOR[CMZQR[>=BU [CU QRr\D [CU\DFORQR[ NP; X O0NPSTD��%1 �:! c�1jU 1 � MZr\=BQ<=BU MKNPQRr\9@NPO<D
O0NBag[ NP; cA?A=BU\9R[>aZDFOWN MZr\=BQ<=BU	MKNPQRr	n [CQRr

Θ = 0, R = T
n [CQRr	;C[CEIrVQ`9<=AZO<t]D�NPQ

R = 0
c

� O0NPU\9 X =BORS�[CUZE@Q<= $ � V

t = T, r = R, θ = Θ− ωT
⇒ r = t, θ = −ωt

� egc k���!

� r\Db=BO��Z[CQ&D E KNPQR[>=BU@[C9YQRr"\9
θ = −ωr n rZ[>t0rT[>9YQRr\D D E KNPQR[>=BU�X =BO&NPUT_WO<t0rZ[CSTD]aZDdNPU

9RMZ[CO0NP; c � r\D�QR[CSTD0\9<D]a��Vo N2MZr\=BQ<=BU =AZQ Q<=Tag[>9RQ0NPU\t]D�O'X O<=BS�N yg[>9 [>9
t = r

c

c
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	�� L7�!�+H'� ��4*�+���,( �
/:DFO<D`QRr\D`vGDF;>=VtF[CQjo@=PX~;C[CEIrVQA[>9&[>9<=BQRO<=BMZ[>tIHU�CZQ}QRr\D:DFS�[ Q<Q<DFO�� O<D]t]DF[Cv|DFO'ST= vGD]9Aa�\D`Q<=�QRr\D
ag[>9<t D 9�O<=BQ0NPQR[>=BU NB9�9Rr\= n U [CU � [CE�ZO<D
egcW�sc pYr\=BQ<=BU\9 NPO<D@DFS�[CQRQ<D]a�� O<D]t]D][CvGD]a [CU�� X O<=BS
=BMZM^=I9R[CQ<D ag[CO<D]tFQR[>=BU\9dc )~DFQ

t1
�^D2QRr\D�QRO0Ndv|DF; QR[CSTD =PX&M\r\=BQ<=BU\9Ln rZ[>t0r ST= vGD 	 ������QRr\D

O<=BQ0NPQR[>=BU~c

�
�

ω

�

6 S�[ Q<Q<DFO��.$`D]t]DF[Cv|DFO

� [CE�ZO<D egcW�UV � r\D
*gNPEIUKNBt'DR] D]tFQ aZDFST=BU\9RQRO0NPQ<D]9YQRr\D 03(7���<�3�<� ��4 � =PXKQRr\DA9<M^D]DFa =PXK;C[CEIrVQ
n r\DFU	STDdNB9�ZO<D]a	[CU N2O<=BQ0NPQR[CUZE@O<D X DFO<DFU\t]D�X O0NPSTDIc

� r\DFU
⇒ 2πr + rωt1 = ct1

⇒ t1 =
2πr

c− rω

� egc kI{�!

)~DFQ
t2

�^D�QRr\D�QRO0Ndv|DF; QR[CSTD X =BO�MZr\=BQ<=BU\9�ST= vV[CUZE NPE|NP[CU\9<Q�QRr\D�O<=BQ0NPQR[>=BU =PXAQRr\DTag[>90tIc
� r\D�ag[ ] DFO<DFU\t]D�[CU	QRO0NdvGDF;~QR[CSTD�[>9

A � ������ 	���� 	
���
	�� ��� ��� � � �����
��� ������� �
	���� ���

����� � � � ∆t = t1 − t2 = 2πr

(
1

c− rω −
1

c+ rω

)

=
2πr2rω

c2 − r2ω2

= γ2
4Aω

c2

� egc k���!

V � L7�!�<H'�N��4��+���,( �
ds2 = 0

	�� ���
 �����
� ������� � � � � � � 	

� ���������
ds2 = −

(
1− r2ω2

c2

)
c2dt2 + r2dθ2 + 2r2ωdθdt

;>DFQ
θ̇ =

dθ

dt

r2θ̇2 + 2r2ωθ̇ − (c2 − r2ω2) = 0

θ̇ =
−r2ω ±

√
(r4ω2 + r2c2 − r4ω2)

r2
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θ̇ = −ω ± rc

r2

= −ω ± c

r

� egc eIf�!

� r\D�9RM^D]D]a	=PX ;C[CEIrVQ�V
v± = rθ̇ = −rω ± c c = D�9<D]D�QRrKNPQb[CU	QRr\D�O<=BQ0NPQR[CUZETX O0NPSTD $E�'H

QRr\D�STDdNB9�ZO<D]a � t]=V=BO<ag[CUKNPQ<DL!bv|DF;>=Vt [CQ o =PX ;C[CEIrVQ`[>9`h�8 � [>9<=BQRO<=BMZ[>tIc � r\D�ag[ ] DFO<DFU\t]D�[CU
QRr\D�QRO0Ndv|DF; QR[CSTD�=PX QRr\D�QjnA= �^DdNPST9b[>9

∆t =
2πr

c− rω −
2πr

c+ rω

= γ2
4Aω

c2

� egc egzL!

��*sD]D�pYrZ[C; c � NPE\c 9<DFOR[>D]9`�gHZv|=B; c {�� z��IfPm"!AX =BO � [>t0r\DF;>9<=BU1D 9WNPORQR[>tF;>DL!

� ��� � �	� � ��� � � $�	�� � � � �
	J	�� ��� ���(&Y� � � ����� ��� + 	J� �(��� � � 	

?A=BU\9R[>aZDFO}NLMKNPORQR[>tF;>D ST= vs[CUZE�NP;>=BUZE�NL9RQRO0NP[CEIrVQ ;C[CU\D n [CQRrTvGDF;>=VtF[CQjo
u
NPU\aTNBt]t]DF;>DFO0NPQR[>=BU

a = du
dT

c�$`D]9<QbNBt]t]DF;>DFO0NPQR[>=BU [>9
â
c

⇒ a =
(
1− u2/c2

)3/2
â.

� egc eIk�!

_:9<9�ZSTDLQRrKNPQbQRr\D�MKNPORQR[>tF;>D�rKNB9bt]=BU\9RQ0NPUVQ`O<D]9RQ`NBt]t]DF;>DFO0NPQR[>=BU
â = g

c � rKNPQb[>9

du

dT
=
(
1− u2/c2

)3/2
g.

� egc eIe�!

= rZ[>t0r	=BU	[CUVQ<DFEIO0NPQR[>=BU n [CQRr
u(0) = 0

EI[Cv|D]9

u =
gT

(
1 + g2T 2

c2

)1/2 =
dX

dT

⇒ X =
c2

g

(
1 +

g2T 2

c2

)1/2

+ k

⇒ c4

g2
= (X − k)2 − c2T 2 � egc ePm"!

1jU [CQ<9 >\UKNP;bX =BORS QRr\D�N.�^= v|D	D E KNPQR[>=BU aZD]9<tFOR[Z�^D]9.N rVosM^DFO��^=B; N [CU QRr\D � [CUC@|= nb9�@V[
ag[ NPEIO0NPS NB9b9Rr\= n U	[CU�>\E�ZO<D�� egc {�! c
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� [CE�ZO<D	egc {�V;/`osM^DFO��^=B;C[>tdNP;C;Co NBt]t]DF;>DFO0NPQ<D]a O<D X DFO<DFU\t]D
X O0NPSTD]9@NPO<D 9<= tdNP;C;>D]a �^D]tdN.\9<D
QRr\D�;>=VtF[q=PX MKNPORQR[>tF;>D�QRO0N 9RD]tFQ<=BOR[>D]9b[CU�9RMKNBt]D i QR[CSTD�NPO<D�rVoVM^DFO��^=B; NBDIc

� r\D�MZO<=BM^DFObQR[CSTD�[CUVQ<DFORvINP;qNB9 STDdNB9�ZO<D]a �Vo N tF;>=VtB@
n rZ[>t0r X =B;C;>= nb9bQRr\DLMKNPORQR[>tF;>D�V

dτ =

(
1− u2

c2

)1/2

dT
� egc eIl�!

*"C�\9RQR[CQ�ZQR[>=BU	X =BO
u(T )

NPU\a [CUVQ<DFEIO0NPQR[>=BU n [CQRr
τ(0) = 0

EI[CvGD]9

τ =
c

g

NPO<t]9R[CUZr (gT
c

)

=BO
T =

c

g
sinh

(gτ
c

)

NPU\a
X =

c2

g
cosh

(gτ
c

)
+ k

� egc eI��!

= D:UK= n \9<DLQRrZ[>9 MKNPO<QR[>t ;>D�NB9 QRr\D�=BOR[CEI[CU�=PXY9RMKNBt]DL[CU NPU rVoVM^DFO��^=B;C[>tdNP;C;Co�NBt]t]DF;>D O NPQ<D]a
O<D X DFO<DFU\t]DLX O0NPSTDIc

R@S�TVU0W7X4W�YZU O �.F � 8�� � ���N( � ���+��� 2����+����(]�
� /K�_, �_2'&.� � I /&.� /0,\/�( �\2BL�2'&+�I � 2$I5/&H� /0,^2A*"!�\&4���"&3�4a���NL��% �I5��,"& /�(]&.���$2BL�2'&+�I ���"2!A/0,92'&'��,"&3�=�-2'& % ��,":�&.�KJ � �@#��I ��,"#d&.���"&�/0*�� ��!A!A�% ��G�"&+�A#F�=�4( ��=�,�!A�3(B�G�KI �$� 2�� /K� , �_2'&H� � J

)qDFQ QRr\D [CU\DFORQR[ NP;�X O0NPSTD rKNdv|D t]=V=BO<ag[CUKNPQ0DF9
(T,X, Y, Z)

NPU\a QRr\D+NBt]t]DF;>DFO0NPQ<D]a
X O0NPSTD rKNdv|D tF=V=BO<aZ[ U NPQ<D]9

(t, x, y, z)
c = D U\= n"aZDFU\=BQ<D QRr\D

X
i t]=V=BO<ag[CUKNPQ<D =PX�QRr\D

�j=BOR[CEI[CU�MKNPORQR[>tF;>D � �Vo
X0
c

1 +
gX0

c2
= cosh

gτ0
c

� egc e���!
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n r\DFO<D
τ0
[>92QRr\D.MZO<=BM^DFO�QR[CSTD.X =BO2QRrZ[>92MKNPORQR[>tF;>D	NPU\a

k
[>9290DFQ�Q0= −c2

g

c � � rKDF90D NPO<D
� �B;C;>DFObt]=V=BO<ag[CUKNPQ<D]9 c *sDFQRQR[CUZE

k = 0
EI[CvGD]9
$`[CU\ag;>DFO`t]=V=BO<ag[CUKNPQ<D]9 ! c

)qDFQ \9�aZDFU\=BQ<D@QRr\D.NBt]t]DF;>DFO0NPQ<D]a X O0NPSTD3�Vo
Σ
c � r\D.t]=V=BO<ag[CUKNPQ<D@Q<[ STD
NPQ2NPU+NPO i

�Z[CQRO0NPORo+M^=B[CUVQT[CU
Σ
[>9�aZD?>\U\D]a �Vo

t = τ0
c � rKNPQT[>9Tt]=V=BO<ag[CUKNPQ<D�tF;>=VtB@g9�[CU

Σ
O�ZU

[>aZDFUVQR[>tdNP;C;Co n [CQRr	QRr\D�9<Q0NPU\a\NPO<a	tF;>=VtB@ NPQ QRr\D��j=BO<[ EI[CU�MKNPORQR[>tF;>D��0c8)~DFQ ~X0
�^D�QRr\DLM^=I9<[ i

QR[>=BU	mBi vGD]tFQ<=BOW=PX QRr\D��j=BOR[CEI[CU	MKNPORQR[>tF;>D��0c&JLD]t]=BS�M^=I9<D]a	[CU QRr\D�; N.�^=BO0NPQ<=BORo
X O0NPSTDIHZQRrZ[>9
�^D]t]=BSTD]9

~X0 =

{
c2

g
sinh

gt

c
,
c2

g

(
cosh

gt

c
− 1

)
, 0, 0

}
� egc eI{�!

P
[>9qt0r\=I9<DFU29�\t0r�QRrKNPQ

P
NPU\a

P0
NPO<D&9R[CS Z;CQ0NPU\D]=A\9 [CU�QRr\D}NBt]t]DF;>DFO0NPQ<D]a�X O0NPSTD

Σ
c � r\D

ag[>9RQ0NPU\t]D � 9<D]D2>\E�ZO<D�� egc ��!�!&vGD]tFQ<=BO&X O<=BS
P0
Q<=
P
HVaZD]t]=BS�M^=I90D]a.[CUVQ<=2NPU.=BORQRr\=BU\=BO<S@NP;

t]=BST= vs[CUZE �KNB9R[>9�=PX'QRr\D �j=BOR[CEI[CU MKNPORQR[>tF;>D���[C9 ~X = (0, x̂, ŷ, ẑ)
n r\DFO<D

x̂, ŷ
NPU\a

ẑ
NPO<D

MZrVog9R[>tdNP; ag[>9RQ0NPU\t]D]9�STD]NB9�ZO<D]a 9R[CS Z;CQ0NPU\D]=A\9R;Co [CU
Σ
c � r\D�9<MKNBt]D�t]=V=BO<ag[CUKNPQ<D]9�[CU

ΣNPO<D�aZD?>\U\D]a��so

x ≡ x̂, y ≡ ŷ, z ≡ ẑ. � egc e���!

� r\D'M^=I9R[CQR[>=BUTv|D]tFQ<=BO =PX
P
[>9 ~X = ~X0+ ~̂X

c � r\D'O<DF; NPQR[>=BU\9<rZ[CM3�^DFQjnAD]DFU3�KNB9R[>9YvGD]tFQ<=BO<9
[CU;1 � NPU\a
QRr\D:t]=BST= vs[CUZE�=BORQRr\=BU\=BORS@NP;R�KNB9R[>9A[>9AEI[Cv|DFUD�Vo.N )q=BO<DFUVQ��LQRO0NPU\9RX =BORS@NPQR[>=BU
[CU	QRr\D:ysi ag[CO<D]tFQR[>=BU~c

~eµ̂ = ~eµ
∂xµ

∂xµ̂

= (~eT , ~eX , ~eY , ~eZ , )




cosh θ sinh θ 0 0
sinh θ cosh θ 0 0
0 0 1 0
0 0 0 1




� egc m|f�!

n r\DFO<D
θ
[>9 QRr\D �A0U4 ��L7��� � aZD?>\U\D]a��Vo

tanh θ ≡ U0

c

� egc m\zL!

U0
�^DF[CUZETQRr\D�v|DF;>=VtF[CQjo =PX QRrKD��j=BOR[CEI[CU�MKNPORQR[>tF;>D��0c

U0 =
dX0

dT0
= c tanh

gt

c

∴ θ =
gt

c

� egc m|k�!
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H!J

�

~X0

P0

~et̂

P

~eX̂

~̂X

~X

� [CE�ZO<D�egc ��V+*V[CS Z;CQ0NPU\DF[CQjo [CU rVosM^DFO��^=B;C[>tdNP;C; o NBt]t]DF;>DFO0NPQ<D]a O<D X DFO<DFU\t]D X O0NPSTD]9dc � r\D
v|D]tFQ<=BO ~̂X ;C[>D]9ANP;>=BUZE�QRr\D �j9R[CS Z;CQ0NPU\DF[CQjoT;C[ UKD �bn rZ[>t0r.S@N.@GD]9&QRr\D`90NPSTDWNPUZEI;>D`n [CQRr@QRr\D
7 ijN ys[>9`NB9baZ=VD]9

~et̂
n [CQRr�QRr\D�t � ijN yg[>9dc

*s=�QRr\D0�KNB9R[>9 v|D]tFQ<=BO<9btdNPU �^D�n OR[CQRQ<DFU NB9'X =B;C;>= nb9

~et̂ = ~eT cosh
gt

c
+ ~eX sinh

gt

c

~ex̂ = ~eT sinh
gt

c
+ ~eX cosh

gt

c
~eŷ = ~eY

~eẑ = ~eZ

� egc m|e�!

� r\D�D E  NPQR[>=BU ~X = ~X0 + ~̂X
tdNPU	U\= n �^D�aZD]t]=BS�M^=I9<D]a	[CU+1 � V

T~eT +X~eX + Y ~eY + Z~eZ =

c

g
sinh

gt

c
~eT +

c2

g

(
cosh

gt

c
− 1

)
~eX +

x

c
sinh

gt

c
~eT + x cosh

gt

c
~eX + y~eY + z~eZ

� egc mIm"!
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� rZ[>9bQRr\DFU~HZEI[Cv|D]9 QRr\D�t]=V=BO<ag[CUKNPQ<D�QRO0NPU\9 X =BORS@NPQR[>=BU\9

T =
c

g
sinh

gt

c
+
x

c
sinh

gt

c

X =
c2

g

(
cosh

gt

c
− 1

)
+ x cosh

gt

c

Y = y

Z = z

⇒ gT

c
=
(
1 +

gx

c2

)
sinh

gt

c

1 +
gX

c2
=
(
1 +

gx

c2

)
cosh

gt

ch:= n ag[Cvs[>ag[CUZETQRr\D�; NB9RQ QjnA=T=PX QRr\D�N.�^= vGD�D E  NPQR[>=BU\9bnADLEGDFQ

gT

c
=

(
1 +

gX

c2

)
tanh

gt

c

� egc m|l�!

9Rr\= n [CUZE
QRrKNPQ:QRr\D2t]=V=BO<ag[CUKNPQ<D t(ZORv|D]9WQ 
 t]=BU\9RQ0NPUVQ�NPO<D29RQRO0NP[CEIrVQ:;C[CU\D]9:[CU QRr\D � H 7 i
X O0NPSTDLMKNB9<9R[CUZE�QRrZO<=AZEIr	QRr\D�M^=B[CUVQ � 
 fgH 7 
 − c2

g

c uW9R[CUZE�QRr\DL[>aZDFUVQR[CQjo
cosh2 θ −

sinh2 θ = 1
nAD�EGDFQ

(
1 +

gX

c2

)2

−
(
gT

c

)2

=
(
1 +

gx

c2

)2 � egc m|��!

9Rr\= n [CUZE QRrKNPQ@QRr\D�t]=V=BO<ag[CUKNPQ<D t(ZORvGD]9Ty 
�t]=BU\9RQ0NPUVQ
NPO<D�rVoVM^D(�^=B; NBD�[CU QRr\D � H 7 i
ag[ NPEIO0NPS	c

� r\D�;C[CU\D�DF;>DFSTDFUVQ � QRr\D�STDFQROR[>tL!'EI[CvGD]9 V
ds2 � � 	��� ����	�� � 	�� �
��� 	�� � � � �

ds2 = −c2dT 2 + dX2 + dY 2 + dZ2

= −(1 + gx

c2
)2c2dt2 + dx2 + dy2 + dz2

� egc m"��!

h:=BQ<D�V = r\DFU	QRr\DLSTDFQRO<[Ct�[>9bag[ NPEG=BUKNP;qQRr\D0ZUZ[CQbvGD]tFQ<=BO<9WNPO<D�=BORQRr\=BEG=BUKNP; c
?};>=VtB@g9WNB9 O<D]9RQ [CU	QRr\D�NBt]t]DF;>DFO0NPQ<D]a�9Rog9RQ<DFS V

dx = dy = dz = 0, ds2 = −c2dτ2

⇓

−c2dτ2 = −(1 + gx

c2
)2c2dt2

⇓

dτ = (1 +
gx

c2
)dt

� egc m|{�!

/:DFO<D
dτ
[>9 QRr\D 47�A��4>�@�K�+� 2�� NPU\a

dt
QRr\D H'�[��� L7� (*0C�<� �+� 2�� c

_WU =A�\90DFORvGDFO [CU QRr\D�NBt]t]DF;>DFO0NPQ<D]a�9Rog9RQ<DFS
Σ
D ygM^DFOR[>DFU\t]D]9`N2EIO0Ndvs[CQ0NPQR[>=BUKNP;R>KDF;>a [CU

QRr\D
U\DFE|NPQR[Cv|D
yVi ag[CO<D]tFQR[>=BU~c = r\DFU
x < 0

QRr\DFU
dτ < dt

c � r\D t]=V=BO<ag[CUKNPQ<D	t ;>=VtB@g9
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X

cT

light t=constant

x=constant

g
-c 2

horizon

� [CE�ZO<D�egcCzdf�V � r\DLrsoVM^DFO��^=B;C[>tdNP;C;Co�NBt]tFDF;>DFO0NPQ<D]a�O<D X DFO<DFU\t]D�9Rog9RQ<DFS

QR[>tB@	D E KNP;C;Co X NB9<Qb[CU\aZDFM^DFU\aZDFUVQR;Co =PXYQRr\DF[COWM^=I9R[CQR[>=BU~c � rZ[>9W[CS�MZ;C[>D]9`Q<rKNPQ`QR[CSTD�MKNB9<9<D]9
9R;>= nADFO X%ZORQRr\DFO`aZ= n U	[CU�N EIO0Ndvs[CQ0NPQR[>=BUKNP; >KDF;>a c
?A=BU\9<[>aZDFOYNW9RQ0NPU\a\NPO<a2tF;>=VtB@�ST= vV[CUZE:[CU2QRr\D

x
i ag[CO<D]tFQR[>=BU�n [CQRr2vGDF;>=VtF[CQjo

v = dx/dt
c

� r\DFU

−c2dτ2 = −
(
1 +

gx

c2

)2
c2dt2 + dx2

= −
[(

1 +
gx

c2

)2
− v2

c2

]
c2dt2

� egc m ��!

/:DFU\t]D
dτ =

√(
1 +

gx

c2

)2
− v2

c2
dt

� egc lIf�!

� rZ[>9 D ysMZO<D]9<90D]9AQRr\D:t]=BS �Z[CU\D]a	D ] D]tFQ =PXqQRr\D:EIO0Ndvs[CQ0NPQR[>=BUKNP; i}NPU\a
QRr\D @V[CU\DFS@NPQR[>tLQR[CSTD
ag[C; NPQR[>=BU~c
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� ���2�� 	

= D@S \9RQ2rKNdvGD N	STDFQRr\=Va =PX`ag[ ] DFO<DFUVQR[ NPQR[>=BU QRrKNPQ2S@NP[CUVQ0NP[CU\92QRr\D NPUVQR['9RosS�STDFQRORo|H
QRr"\9bS@N.@V[CUZE@9�ZO<DLQRrKNPQbn rKNPQbnAD�DFU\a�ZM nb[ Q<r N X Q<DFO`ag[ ] DFO<DFUVQR[ NPQR[>=BU [>9b9RQR[C;C;wN�X =BORS	c
� ������� � ���  ��� ��� ��� �  ���� � � � � � � �
� r\D�D ysQ0D O<[C=BOWaZDFOR[CvBNPQR[Cv|D�=PX N�f i X =BORS	HZ[ c DIc&N 9<tdNP; NPO X<ZUKt Q<[C=BUqH

f
Hg[>9 EI[Cv|DFU �Vo V

df =
∂f

∂xµ
ωµ = f,µω

µ � m\cCzL!

n r\DFO<D
ωµ
NPO<D�t]=V=BO<ag[CUKNPQ<D �KNB9<[>9'X =BORST9LV

ωµ(
∂

∂xν
) = δµν

� m\c k�!

= DLQRr\DFU � [CU	EGDFU\DFO0NP; !AEGDFQ�V

ωµ = δµνω
ν =

∂xµ

∂xν
ων = dxµ

� m\c e�!

1jU tF=V=BO<aZ[ U NPQ<D �KNB9R[>9WnAD2tdNPU NP;Cn'Ndos9:n OR[CQ<D�QRr\D �KNB9R[>9`X =BORST9LNB9:D ygQ<DFOR[>=BOLaZDFOR[CvINPQR[CvGD]9
=PX QRr\D�t]=V=BO<ag[CUKNPQ<D]9 c � r\D�ag[ ] DFO<DFUVQR[ NP;

dxµ
[>9bEI[CvGDFU �Vo

dxµ(d~r) = dxµ
� m\c m"!

n r\DFO<D
d~r
[>9}NPU�[CU�>\UZ[CQ<D]9<[CS@NP;KM^=I9R[CQR[>=BUTv|D]tFQ<=BOdc

dxµ
NPO0D	� �,�g[CU�>\UZ[CQ<D]9R[CS@NP; E KNPUVQR[CQR[>D]9dc

1jU t]=|=BO0ag[CUKNPQ<D0�KNB9R[>9'QRr\D�D ygQ<DFOR[>=BObaZDFOR[CvINPQR[CvGD�=PXYN�Mgi X =BORS
α
n [C;C; rKNdv|D:QRr\D:X =B;C;>= n [CUZE

t]=BS�M^=BU\DFUVQbX =BORS V

d α =
1

p!
αµ1 · · · αµp,µ0dx

µ0 ∧ dxµ1 ∧ · · · ∧ dxµp � m\c l�!

n r\DFO<D
, µ0 ≡ ∂

∂xµ0

c J��*� �!-[�<�!�N�����XL7�!�N��"U0C�+�."�� �,� 0
p
� � ���N2 ���;0

(p+ 1)
� � ���N2 �

?A=BU\9<[>aZDFObQRr\D�D ysQ<DFOR[>=BOWaZDFOR[CvBNPQR[Cv|D�=PXYN Mgi X =BORS
α
c

dα =
1

p!
αµ1···µp,µ0dx

µ0 ∧ · · · ∧ dxµp . � m\c ��!

m �
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)qDFQ
(dα)µ0···µp

�^D�QRr\D:X =BORS t]=BS�M^=BU\DFUsQ<9W=PX
dα
c � r\DFo S \9RQdH��Vo aZD?>\UZ[CQR[>=BU~H-�^D

NPUVQR[>9RosS�STDFQROR[>t ZU\aZDFOWNPU NPO��Z[CQRO0NPORo [CUVQ<DFO<t0rKNPUZEGD�=PX [CU\ag[>t]D]9dc

dα =
1

(p+ 1)!
(dα)µ0···µpdx

µ0 ∧ · · · ∧ dxµp

n rZ[>t0r~H-�Vo � m\c ��! ⇒ =
1

p!
α[αµ1···µp,µ0 ]

dxµ0 ∧ · · · ∧ dxµp

∴ (dα)µ0···µp = (p+ 1)α[µ1···µp,µ0]
� m\cW��!

� r\DLX =BORS D E KNPQR[>=BU
dα = 0

[CU�t]=BS�M^=BU\DFUVQbX =BORS [>9

α[µ1···µp,µ0] = 0
� m\c {�!

������� � !�� \ ��8�� 8���� ���<�!� 47�A�[L ��H'� �,� 8 � � ���N2��;� ( O � �<470UH'���

α = αidx
i xi = (x, y, z)

dα = αi,jdx
j ∧ dxi

� m\c ��!

� % 2O/ � �"2'2A*�I5�5&4���"&
dα = 0

J]�@�"�$!A/K�_�G�-2A;/0,"#0��,":1!A/0I^;�/0,"�,9&3�Af�*��"&.� /0,E� 2
α[i,j] = 0 ⇒ αi,j − αj,i = 0

⇒ ∂αx
∂y
− ∂αy

∂x
= 0,

∂αx
∂z
− ∂αz

∂x
= 0,

∂αy
∂z
− ∂αz

∂y
= 0

� m\cCzdf�!

8@��� !�\!A/K�_�=�-2A;/0,�#�2�&B/
∇×~α = 0

� m\cCzIzL!

�����$/0*9&B���;��G/�#�*"!-&3/�(]�K,\/0*9&B���;�=/�#�*"!-& �
d2α ≡ d(dα)

d2α =
1

p!
αµ1···µp,ν1ν2dx

ν2 ∧ dxν1 ∧ · · · ∧ dxµp
� m\cCzdk�!

,ν1ν2 ≡
∂2

∂xν1∂xν2
� m\cCzde�!

� ��,�!A�

,ν1ν2 ≡
∂2

∂xν1∂xν2
=,ν2ν1≡

∂2

∂xν2∂xν1
� m\cCzFm"!
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2A*�I\I5�"&H� /0,g/�a���
ν1

��,"#
ν2

8@��� !�1��=�\2BL�I^I �-&4�6� !��D,
αµ1···µp,ν1ν2

�K,"# ��,9&.� 2BL�I^I5�4&4�6� !��,)&4�"�-+��92-� 2�8]�$:��-&��cY�W>U���
&����� � # S�� ��
 h a��%7� #E/0,�% L^( /K� ����
# 
��bTZS�# ��-l

d2α = 0
� m\cCzdl�!

�@��� 23!A/K�_�=�-2A;�/0,"#�2�&B/g&4�"� a��A!-&+/K�e�Af�*��"&H� /0,
∇ · (∇× ~A) = 0

� m\cCzd��!

)qDFQ
α

�^D�N2Mgi X =BORS�NPU\a
β

�^D�N E i X =BORS	c � r\DFU

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ � m\cCzL��!

� ����� � � � � �
��� ��� � �  ��� � ��� � ��

� r\D�EGDFU\DFO0NP;qQRr\D]=BORo =PX O<DF; NPQR[Cvs[CQjo t]=BUVQ0NP[CU\9:N H'�T"U0U�N��03(�H'� 47�N��(*H!��4 6�� n rZ[>t0r 9RQ0NPQ<D]9
QRrKNPQ NP;C;VD E KNPQR[>=BU\9wD ygMZO<D]9<9R[CUZE`; Ndnb9w=PXZUKNPQ�ZO<D S \9<Q~rKNdv|D QRr\D&90NPSTDYX =BORS [CORO<D]9RM^D]tFQR[Cv|D
=PXqQ<r\D:t]=V=BO<ag[CUKNPQ<D�9Ros9<Q<DFS [CU n rZ[>t0r QRr\DFo
NPO<DLaZDFOR[Cv|D]a c � rZ[>9'[>9 NBt0rZ[>DFv|D]aD�VoTnbOR[CQR[CUZE
NP;C; D E KNPQR[>=BU\9�[CU Q<DFORST9�=PX'Q<DFU\9<=BO<9dc )qD Q \9�9<D]D [ XAQRr\D�MKNPORQR[ NP;&aZDFOR[CvBNPQR[Cv|DT=PXAvGD]tFQ<=BO
t]=BS�M^=BU\DFUVQ<9 QRO0NPU\9 X =BORS NB9
Q<DFU\9<=BO t]=BS�M^=BU\DFUVQ<9 c �L[CvGDFU N v|D]tFQ<=BO ~A = Aµ~eµ =
Aµ

′
~eµ′

n [CQRr	QRr\D�QRO0NPU\9RX =BORS@NPQR[>=BU =PX �KNB9R[>9 EI[Cv|DFU��Vo

∂

∂xν′
=
∂xν

∂xν′
∂

∂xν
� m\cCzd{�!

*s=�QRrKNPQ

Aµ
′

,ν′ ≡
∂

∂xν′

(
Aµ

′
)

=
∂xν

∂xν′
∂

∂xν

(
Aµ

′
)

=
∂xν

∂xν′
∂

∂xν

(
∂xµ′

∂xµ
Aµ
)

=
∂xν

∂xν′
∂xµ′

∂xµ
Aµ,ν +

∂xν

∂xν′
Aµ

∂2xµ
′

∂xν∂xµ
� m\cCz���!

� r\D >\O<9RQ:Q<DFORS�t]=BORO<D]9RM^=BU\aZ9LQ<= NTQ<DFU\9<=BOR[ NP; QRO0NPU\9 X =BORS@NPQR[>=BU~c � r\D2D yg[C9<Q<DFU\t]D2=PX QRr\D
; NB9RQ`Q<DFORS�9Rr\= nb9`QRrKNPQ

Aµ,ν
aZ=VD]9`U\=BQdH\[CU�EGDFU\DFO0NP; HKQRO0NPU\9 X =BORS NB9bQRr\D�t]=BS�M^=BU\DFUVQ<9L=PX

N�Q<DFU\90=BOdc h:=BQ<DWQRrKNPQ
Aµ,ν
n [C;C;^QRO0NPU\9 X =BORS NB9'N�Q<DFU\9<=BO ZU\aZDFOA;C[CU\DdNPO'QRO0NPU\9 X =BORS@NPQR[>=BU\9

9�\t0r NB9 QRr\D )~=BO<DFUVQ���QRO0NPU\9 X =BORS@NPQR[>=BU\9dc
� r\DLMKNPORQR[ NP;~aZDFOR[CvBNPQR[Cv|D:S \9<Q �^D:EGDFU\DFO0NP;C[ �dD]a	9�\t0r	NB9AQ<= DFU\9�ZO<D:QRrKNPQ'nbr\DFU [CQ'[>9

NPMZMZ;C[>D]a	Q<= Q<DFU\90=BObt]=BS�M^=BU\DFUVQ<9`[CQbMZO<=Va�\t]D]9`Q<DFU\9<=BO`t]=BS�M^=BU\DFUVQ<9dc
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� �d���9a��\�)a��A!-&B/K� i��% # ?

~A = kr~eθ

�@�"�$!������,1� *�% �5( /K�V#���6� a��"&H� /0,):0� a��-29?
d

dτ
=

∂

∂xν
· dx

ν

dτ
= uν

∂

∂xν

d ~A

dτ
= uν (Aµ~eµ),ν

= uν
(
Aµ,ν~eµ +Aµ~eµ,ν

)

����� !���K,9:��C/�(^&4�"� a��A!-&+/K� i��% # 8�� &.� �C#0� 2A;�% ��!A�I �,9&F��% /0,9: �C!A/�/K�=#0�D,��9&B� � !*��Na�� � 2����;��G�-2'2O�A# +.L�?
∂ ~A

∂xν
= ~A,ν = Aµ,ν~eµ +Aµ~eµ,ν

�����$!���K,9:�����, ~A
8�� &.�^&.�"�)#0� 2A;K% �"!A�I5�,9&@�D,)&.�"�

θ
� #0���G�A!-&H� /0,d� 29?

∂ ~A

∂θ
= Aµ,θ~eµ +Aµ~eµ,θ

��/K�e/0*��ca��A!-&B/K� i��% # ��8�� &4�
Ar = 0

��8]�$:��-&
∂ ~A

∂θ
= Aθ,θ︸︷︷︸

=0

~eθ +Aθ~eθ,θ

�K,"#E2-�D,"!A�
Aθ,θ = 0

+��A!A�K*92O�
Aθ = kr

8]�)�,"# *K;)8�� &.�
∂ ~A

∂θ
= Aθ~eθ,θ = kr~eθ,θ
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� �d,"/98 ,"�A�A#1&B/d!9�K% !*�% �9&B� &4�"�$#���6� a��"&H� a��$/�(
~eθ

J � �d���Aa���?
x = r cos θ y = r sin θ

�c2-�D,9:
~eµ = ∂

∂xµ
8]�)!9�K,)8@�_� &B��?

~eθ =
∂

∂θ
=
∂x

∂θ

∂

∂x
+
∂y

∂θ

∂

∂y

= −r sin θ~ex + r cos θ~ey

~er =
∂

∂r
= cos θ~ex + sin θ~ey

� � a��-29?
~eθ,θ = −r cos θ~ex − r sin θ~ey

= −r(cos θ~ex + sin θ~ey) = −r~er
����� 2 :0� a��-2 *"2 iZ,��K%7% L�?

∂ ~A

∂θ
= −kr2~er

���K*92 ∂ ~A
∂θ 6= 0

�4a��,1� ( ~A = Aθ~eθ
�K,"#

Aθ,θ = 0
J

� ��� ��� ��� � � $ 	 &)� �D� ����� � � ��� 	
� r\D�t]= vINPOR[ NPUVQLaZDFOR[CvINPQR[CvGD�n'NB9W[CUVQRO<=Va�\t]D]a �Vo ?}rZOR[>9RQ<= ] DF;wQ<= �^D2N.�Z;>D�Q<=.ag[ ] D O0D UsQR[ i
NPQ<D2Q<DFU\9<=BO >KDF;>aZ9dc 1 Q:[>9LaZD?>\U\D]a [CU t]=V=BO<ag[CUKNPQ0D �KNB9R[>9 �Vo�EGDFU\DFO0NP;C[ �][CUZE QRr\D2MKNPORQR[ NP;C;Co
aZDFOR[CvINPQR[CvGD

Aµ,ν
Q<=@N aZDFOR[CvINPQR[CvGD�n OR[CQRQ<DFU NB9

Aµ;ν
NPU\a n rZ[>t0r	QRO0NPU\9RX =BORST9bQ<DFU\9<=BOR[ NP;C;Co|H

Aµ
′

;ν′ ≡
∂xµ

′

∂xµ
· ∂x

ν

∂xν′A
µ
;ν .

� m\c kIf�!

� r\D`t]= vBNPOR[ NPUVQ}aZDFOR[CvINPQR[CvGD`=PX^QRr\Dbt]=BUVQRO0N vBNPOR[ NPUVQ}vGD]tFQ<=BO&t]=BS�M^=BU\DFUVQ<9'NPO<D n OR[CQRQ<DFU
NB9�V

Aµ;ν ≡ Aµ,ν +AαΓµαν
� m\c kgzL!

� rZ[>9@D E  NPQR[>=BU aZD?>\U\D]9TQRr\D ?ArZOR[>9RQ<= ] DF;W9RoVS �^=B;C9
Γµαν
H&n rZ[>t0r NPO<D�NP;>9<= tdNP;C;>D]a QRr\D

�jt]=BUZU\D]tFQR[>=BU	t]=VDRQ@tF[>DFUVQ<9 [CU t]=V=BO<ag[CUKNPQ<D �KNB9R[>9 �Bc��\O<=BS QRr\D:QRO0NPU\9 X =BORS@NPQR[>=BU
X =BORS Z; NBD
X =BO QRr\D�QjnA= >\O09RQ Q<DFORST9 X =B;C;>= nb9 QRrKNPQbQRr\D�?}rZOR[>9RQ<= ] DF;q9RosS �^=B;>9 QRO0NPU\9 X =BORS�NB9�V

Γα
′

µ′ν′ =
∂xν

∂xν′

∂xµ

∂xµ′

∂xα
′

∂xα
Γαµν +

∂xα
′

∂xα
∂2xα

∂xµ′∂xν′

� m\c kIk�!

� r\Db?}rZOR[>9RQ<= ] DF;Z9RoVS �^=B;>9YaZ=WU\=BQ QRO0NPU\9 X =BORS NB9 Q<DFU\9<=BOYt]=BS�M^=BU\DFUVQ<9dc 1jQ [>9 M^=I9<9R[Z�Z;>DAQ<=
tdNPU\t]DF;gNP;C; ?}rZOR[>9RQ<= ] DF;V9RosS �^=B;>9 �VoLQRO0NPU\9RX =BORS�[CUZEW[CUVQ<=WN ;>=VtdNP;C;Co�?'NPORQ<D]9R[ NPU2t]=V=BO<ag[CUKNPQ<D
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9Rog9RQ<DFS n rZ[>t0r [>9 t]=Pi ST= vs[CUZE�[CU�N�;>=VtdNP;C;Co
U\=BUgi O<=BQ0NPQR[CUZETO<D X DFO<DFU\t]D:X O0NPSTDL[CU
X O<D]DWX NP;C; c
*"\t0r�t]=V=BO<ag[CUKNPQ<D]9:NPO<D0@sU\= n U NB9 � 03�*�<�+��03( H'�[��� L7� (*0C�<�!� c

1jU EGDFU\DFO0NP;`O<DF; NPQR[CvV[CQjo QRr\D]=BORo NPU [CU\DFORQR[ NP;bX O0NPSTD [>9TaZD?>\U\D]a NB9@N U\=BUgi O0=PQ NPQR[CUZE
X O0NPSTDT[CU X O<D]D�X NP;C; c � r\D ?}rZOR[>9RQ<= ] DF;A9RosS �^=B;>92NPO<D

0
� �dDFO<= !�[CU+N ;>=VtdNP;C;Co ?'NPORQ<D]9<[ NPU

t]=V=BO<ag[CUKNPQ<DW9<os9RQ0D S n rZ[>t0r.[>9&t]=Pi ST= vs[CUZE�[CU
N�;>=VtdNP;K[CU\DFORQR[ NP;KX O0NPSTDIc )~=VtdNP;R��N.\909R[ NPU
t]=V=BO<ag[CUKNPQ<D]9:NPO<D�[CU\ag[>tdNPQ<D]a	n [CQRr N �KNPOb= v|DFO QRrKDL[CU\ag[>t]D]9dH\EI[CvV[CUZE

Γᾱµ̄ν̄ = 0
� m\c kIe�!

_ QRO NPU\9 X =BORS@NPQR[>=BU	X O<=BS ;>=VtdNP; ��N.\9<9R[ NPU�t]=V=BO<ag[CUKNPQ<D]9`Q<=TNPUVo t]=V=BO<ag[CUKNPQ<D]9`;>DdNBaZ9bQ<=CV

Γα
′

µ′ν′ =
∂xα

′

∂xᾱ
∂2xᾱ

∂xµ′∂xν′

� m\c kPm"!

� rZ[>9YD E KNPQR[>=BUT9Rr\= nb9 QRrKNPQ QRr\Db?}rZOR[>9RQ<= ] DF;Z9RosS �^=B;>9YNPO<D'9RosS�STDFQROR[>tA[CU2QRr\DAQjnA=:;>= nADFO
[CU\ag[>t]D]9dHZ[>DIc

Γα
′

µ′ν′ = Γα
′

ν′µ′

� m\c kIl�!

������� � !�� \ � F� 8�� J��*� � ���N�����<� �B�@6B� ��2 �>�,6��;� ( 476�03(*� 4>�,6�0U�XH'�[��� L7� (*0C�<�!��
x = r cos θ, y = r sin θ

r =
√
x2 + y2, θ = arctan

y

x

∂x

∂r
= cos θ,

∂x

∂θ
= −r sin θ ∂r

∂x
=
x

r
= cos θ,

∂r

∂y
= sin θ

∂y

∂r
= sin θ,

∂y

∂θ
= r cos θ

∂θ

∂x
= −sin θ

r
,

∂θ

∂y
=

cos θ

r

Γrθθ =
∂r

∂x

∂2x

∂θ2
+
∂r

∂y

∂2y

∂θ2

= cos θ(−r cos θ) + sin θ(−r sin θ)
= −r(cos θ2 + sin θ2) = −r

Γθrθ = Γθθr =
∂θ

∂x

∂2x

∂θ∂r
+
∂θ

∂y

∂2y

∂θ∂r

= −sin θ

r
(− sin θ) +

cos θ

r
(cos θ)

=
1

r
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� r\D
EGD]=BSTD Q<OR[>t]NP;b[CUVQ<DFORMZO<DFQ0NPQR[>=BU =PX`Q<r\D
t]= vBNPOR[ NPUVQ�a\D O<[ vINPQR[Cv|D.n'NB92EI[Cv|DFU��Vo�)qDFvV[ i
?}[Cvs[CQ0Ngc
?A=BU\9<[>aZDFOLNTt(ZORv|D

S
[CU NPUVo � D E\cbt(ZORv|D]a !b9RMKNBt]DIc21jQ`[>9`MKNPO0NPSTDFQ<DFOR[ �dD]a �Vo

λ
H\[>DIc

xµ = xµ(λ)
c
λ
[>9b[CUVvBNPOR[ NPUVQ:NPU\a	t0r\=I9<DFU	Q<= �^D�QRr\D�t(ZORvGD�;>DFUZEIQRr~c

� r\D2Q0NPUZEGDFUVQLv|D]tFQ<=BO >KDF;>a =PX&QRr\D t(ZORvGD�[>9
~u = (dxµ/dλ)~eµ

c � r\D2t(ZORv|D�MKNB9<9<D]9
QRrZO<=AZEIr	N�v|D]t Q0=BO8>KDF;>a ~A c � r\D:t]= vINPOR[ NPUVQ'ag[CO<D]tFQR[>=BUKNP; aZDFOR[CvINPQR[Cv|D:=PX~QRr\DWvGD]tFQ<=BO >KDF;>a
NP;>=BUZETQRr\D�t(ZORv|DL[>9`aZD?>\U\D]a�NB9�V

∇~u ~A =
d ~A

dλ
≡ Aµ;ν

dxν

dλ
~eµ = Aµ;νu

ν~eµ
� m\c kI��!

� r\D v|D]tFQ<=BO<9 [CU6QRr\D v|D]tFQ<=BO;>KDF;>a NPO<D 90NP[>a6Q<=��^D
t]=BUZU\D]tFQ<D]a �Vo MKNPO0NP;C;>DF; QRO0NPU\9RM^=BORQ�NP;>=BUZE
QRr\D2t(ZORvGD
[ X

Aµ;νu
ν = 0

λ)A(

B

)∆λA +λ(

u

λ+∆λ

Q

P

A( λ+∆λ)

λ

�w[CE�ZO0D�m\cCz�V p NPO0NP;C;>DF;qQRO0NPU\9RM^=BORQbX O<=BS p Q<=��2c � r\D�v|D]tFQ<=BO ~B = Aµ;νuν∆λ~eµ

~u =
dxµ

dλ
~eµ

� m\c k���!

_bt]t]=BO<ag[CUZE@Q<= QRr\D�EGD]=BSTDFQROR[>tdNP;q[CUVQ0D O<MZO<DFQ0NPQR[>=BU =PX�)~DFvV[ i ?}[Cvs[CQ0NgH\QRr\D�t]= vINPOR[ NPUVQWag[CO<D]t i
QR[>=BUKNP;qaZDFOR[CvINPQR[Cv|D�[>9�V

∇~u ~A = Aµ;νu
ν~eµ = lim

∆λ→0

~A‖(λ+∆λ)− ~A(λ)

∆λ

� m\c kI{�!

n r\DFO<D ~A‖(λ+∆λ)
STDdNPU\9bQRr\D�vGD]tFQ<=BO ~A MKNPO0NP;C;>DF;qQRO0NPU\9RM^=BORQ<D]a X O<=BS Q

Q<=
P
c
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� ��� � � � � � 	 $B	 	 � �)#E� 	
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� rZ[>9`aZD?>\UZ[CQR[>=BU 90Ndog9'QRrKNPQbEGD]=VaZD]9R[>t�t(ZORvGD]9WNPO<DKD NB9b9RQRO0NP[CEIrVQWNB9 M^=I909R[Z�Z;>D DCc
1 X}v|D]tFQ<=BO<9�[CU N
v|D]tFQ<=BO0>KDF;Ca ~A(λ)

NPO<DTt]=BUZU\D]tFQ<D]a �Vo MKNPO0NP;C;>DF;C;&QRO0NPU\9RM^=BORQ �Vo N ag[>9Ri
MZ; NBt]DFSTDFUVQ�NP;C=BU\E
N�vGD]tFQ<=BO

~u
H\nAD�rKNdvGD

Aµ;νuν = 0
c �K=BO`EGDF=VaZD]9<[>t�t(ZORv|D]9dH\nAD�QRr\DFU

rKNdv|D�V

uµ;νu
ν = 0

� m\c k���!

n rZ[>t0r	[>9 Q<r\D � ��� 0 ����� � �%$�&�*,� � � �Kc

(uµ,ν + Γµανu
α)uν = 0

� m\c eIf�!

� r\DFU	nAD�NPO<D0\9R[CUZETQRrKNPQ d
dλ ≡ dxν

dλ
∂
∂xν = uν ∂

∂xν
V

duµ

dλ
= uν

∂uµ

∂xν
= uνuµ,ν

� m\c egzL!

� r\D�EGD]=VaZD]9R[>t�D E KNPQR[>=BU�tdNPU NP;>9<= �^D�n OR[CQRQ<DFU NB9�V

duµ

dλ
+ Γµανu

αuν = 0
� m\c eIk�!

u:9�KNP; U\=BQ0NPQR[>=BU V
˙ = d

dλ

uµ =
dxµ

dλ
= ẋµ

� m\c eIe�!

ẍµ + Γµαν ẋ
αẋν = 0

� m\c ePm"!

xAoLt]=BS�MKNPOR[CUZEWD E c m\c ePmbnb[ Q<r�QRr\D D E KNPQR[>=BU�=PXgST=BQR[>=BUP� m\c lIk�! X =BOqNAX O<D]D MKNPORQR[>tF;>D � n rZ[>t0r
nAD�aZD]a�\t]D]a X O<=BS QRr\D0)qNPEIO0NPU\EI[>NPU D E KNPQR[>=BU\9 !LHgnAD >\U\a QRr\D�D E KNPQR[>=BU\9bQ<= �^DL[>aZDFUgi
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� ,92O��>&.��,9:�&4�"� " ���_� 2'&B/ � �%e2BL�I +/0% 2

Γxtt = (1 + gx
c2
)g

(B�=/0I ����KI^;�% � � J ��J`k ��,9&B/ &.���:��A/�#��-2-� ! �Af�*��"&H� /0, (6/K� � a���=&H� !9��%:��A/�#K�-2-� !5!*��>a��\��,)���AL�;���+/0%`� !9��%�% L^��!A!A�% ��G�"&B�A#<�=�4( �� ��,"!A� (B�G�KI ���08]�$:��-&4?
ẍ+ (1 +

gx

c2
)gṫ2 = 0
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~̈r = ~̇v = (v̇i + Γijkv
jvk)~ei,8@�"��=� · ≡ d

dt

J
i
�
j
�V��,"#

k
��=�g2A;���!A� �D,"#0� !A�-29J � ,92O��>&.��,9:F&4�"� " �K�6� 2'&B/ � �%02BLKI +�/0% 2 ( /K�;�% ��,"��;/0% ���e!A/�/K�=#0��,��9&B�-2 h 2O�A�$����KI^;K% ��� J � J j l ��:0� a��-29?

~ainert = (r̈ − rθ̇2)~er + (θ̈ +
2

r
ṙθ̇)~eθ

������� � !�� \ �?O � O � J��*� 0UH'H'�T6��@�A0C�A����(M���$0 4*0U�A�+��H!6��3I)�A�T6�0C�+�."�� �<��� �*� � �3�<0C�+� (*�5� �!� �!� �@(*H'� � �A0325���
� ,92O��>&.��,9:�&.��� " �K�6� 2'&B/ � �%�2BL�I +/0% 2�(+�=/0I �����I\;�% � � J�
0J j ?

~arot = (r̈ − rθ̇2 − rω2 + Γrθtθ̇ṫ+ Γrtθ ṫθ̇)~er + (θ̈ +
2

r
ṙθ̇ + Γθrtṙṫ+ Γθtr ṫṙ)~eθ

= (r̈ − rθ̇2 − rω2 − 2rωθ̇)~er̂ + (rθ̈ + 2ṙθ̇ + 2ṙω)~eθ̂

= ~ainert − (rω2 − 2rωθ̇)~er̂ + 2ṙω~eθ̂��������,9:�*�% ��� a��% /�!�� &6L@/�(Z&.��� �=�4( ��=�,�!-� (+�G�KI ���0� 2
~ω = ω~ez

J � ����% 2O/\��,9&4�=/�#�*"!A�
~r = r~er

J�����5a��% /�!�� &6LE�G�% �9&.� a��5&+/d&4�"�d�=/&'�"&H�D,9:<�=�4(6��=�,"!A� (+� ��I5�\� 2 &4�"�,K?
~̇r = ṙ~er + r~̇ re

�c2-�D,9:d&4�"�$����;�=�-2'2-� /0,92 �D,^�����I\;�% � � J�
0J j ��8]�)!9��,^8@�6� &+� &.��� 2��929?
~̇r = ṙ~er + θ̇~eθ

� ,9&4�=/�#�*"!��D,9:1/K�>&4�"/0,"/K�_I ��%+��"2-� 29?
~eθ̂ =

1

r
~eθ

⇒ ~̇r = ṙ~er̂ + rθ̇~eθ̂
� ,92O��>&.��,9:�&.��� 25��,9&B/d&.�"�)����;��=�-2'2-� /0,$(6/K� &4�"�^�"!A!A�% �� �9&.� /0, � :0� a��-29?

~̈rrot = ~̈rinert + ~ω × (~ω × ~r) + 2~ω × ~v
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QjnA= M^=B[CUVQ<9dc:)~DFQ`N2MKNPORQR[>tF;>D�rKNdvGD�N�nA=BOR;>asi ;C[CU\D � [CU	9RMKNBt]D i QR[CSTDL! �^DFQjnAD]DFU	QjnA= M^=B[CUVQ<9
� DFv|DFUVQ<9 !

P1
NPU\a

P2
c )~DFQ�QRr\DTt(ZORvGD]9 �^D�a\DF90tFOR[Z�^D]a �Vo NPU [CUVvBNPOR[ NPUsQ�MKNPO0NPSTDFQ<DFO

λ� MZO<=BM^DFO`QR[CSTD
τ
[>92\9<D]a X =BObMKNPORQR[>tF;>D]9bn [CQRr N O<D]9RQ S@NB9<9?! c
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� r\D )wNPEIO0NPUZEGD i X<ZU\tFQ<[>=BU [>9`N�X%ZU\tFQR[>=BU�=PXYt]=V=BO<ag[CUKNPQ<D]9:NPU\a QRr\DF[CO`aZDFOR[CvINPQR[CvGD]9dH

L = L(xµ, ẋµ), ẋµ ≡ dxµ

dλ
.

� m\c eIl�!

� h:=BQ<D�V [ X
λ = τ

QRr\DFU
ẋµ
NPO<D�QRr\DLmBi v|DF;>=VtF[CQjo t]=BS�M^=BU\DFUVQ<9 !

� r\D NBtFQR[>=BUgi [CUVQ<DFEIO NP; [>9
S =

∫
L(xµ, ẋµ)dλ

c � r\D�MZOR[CU\tF[CMZ;>D =PX}D ysQRO<DFS@NP; NBtFQR[>=BU
�%/LNPS�[C;CQ<=BU\9 i MZOR[CU\tF[CMZ;>D !?V � r\D�nA=BOR;>asi ;C[CU\D�=PX&N�MKNPORQR[>tF;>D�[>9WaZDFQ<DFORS�[CU\D]a+�Vo QRrKD�t]=BU\ag[ i
QR[>=BUTQRrKNPQ

S
9RrKNP;C;C�^DbD ysQRO<DFS@NP;\X =BO&NP;C;\[CU�>\UZ[CQ<D]9R[CS@NP;KvBNPOR[ NPQR[>=BU\9&=PX t(ZORv|D]9Yn rZ[>t0r3@|D]D M

P1
NPU\a

P2
OR[CEI[>a HZ[>DIc

δ

∫ λ2

λ1

L(xµ, ẋµ)dλ = 0,
� m\c eI��!

n r\DFO<D
λ1
NPU\a

λ2
NPO<D�QRr\D�MKNPO0NPSTDFQ<DFO i vBNP;Z\D]9�NPQ

P1
NPU\a

P2
c2�K=BO:NP;C;wQRr\D�vINPOR[ NPQR[>=BU\9

P

P

1

2

ct

x
� [CE�ZO<DLm\c k�VYJ:[ ] DFO<DFUVQ nA=BOR;>asi ;C[CU\D]9`t]=BUZU\D]tFQR[CUZE

P1
NPU\a

P2
[CU	N � [CUC@|= nb9�@s[ ag[ NPEIO0NPS

QRr\DLX =B;C;>= n [CUZE.t]=BU\ag[CQR[>=BU NPMZMZ;C[>D]9�V

δxµ(λ1) = δxµ(λ2) = 0
� m\c e���!

= DLn OR[CQ<D 6>E c � m\c eI��!bNB9

δ

∫ λ2

λ1

Ldλ =

∫ λ2

λ1

[
∂L

∂xµ
δxµ +

∂L

∂ẋµ
δẋµ
]
dλ

� m\c eI{�!

p NPORQR[ NP;q[CUVQ<DFEIO0NPQR[>=BU =PX QRr\D�; NB9RQ Q0D O<S
∫ λ2

λ1

∂L

∂ẋµ
δẋµdλ =

[
∂L

∂ẋµ
δxµ
]λ2

λ1

−
∫ λ2

λ1

d

dλ

(
∂L

∂ẋµ

)
δxµdλ

� m\c e���!
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 �

J \D'Q0=LQRr\Dbt]=BU\ag[CQR[>=BU\9
δxµ(λ1) = δxµ(λ2) = 0

QRrKD >\O<9<QYQ<DFORS �^D]t]=BSTD]9 �dDFO<=Zc � r\DFU
nAD�rKNdvGD3V

δS =

∫ λ2

λ1

[
∂L

∂xµ
− d

dλ

(
∂L

∂ẋµ

)]
δxµdλ

� m\c m|f�!

� r\DTnA=BOR;>asi ;C[CU\D@QRr\DTMKNPORQR[>tF;>DTX =B;C;>= nb9�[>9�aZDFQ<DFORS�[CU\D]a��Vo QRr\D@t]=BU\ag[CQR[>=BU
δS = 0

X =BO
NPUVo
vBNPO<[>NPQ<[C=BU

δxµ
c�/:DFU\t]DIHZQRr\D�nA=BOR;>asi ;C[CU\D�=PX QRr\D�MKNPORQR[>tF;>D�S \9RQ
�^DLEI[Cv|DFU �Vo

∂L

∂xµ
− d

dλ

(
∂L

∂ẋµ

)
= 0

� m\c m\zL!

� r\D]9<D�NPO<D�QRr\D�t]= vBNPOR[ NPUVQ / �76��!� � �>0U�,�A03(*��� D E KNPQR[>=BU\9dc
� r\D�tdNPU\=BUZ[>tdNP;qST=BSTDFUVQ�ZS

pµ
t]=BUA9 ZE|NPQ<D]a	Q<=@N t]=V=BO<ag[CUKNPQ<D

xµ
[>9baZD?>\U\D]a NB9

pµ ≡
∂L

∂ẋµ
� m\c m|k�!

� r\D )qNPEIO0NPUZEGD i D E KNPQR[ =BU\9WtdNPU	U\= n �^D�n OR[CQRQ<DFU NB9

dpµ
dλ

=
∂L

∂xµ
=BO

ṗµ =
∂L

∂xµ
.

� m\c m|e�!

_ t]=V=BO<ag[CUKNPQ<D
n rZ[>t0r QRr\D )qNPEIO0NPUZEGD i X<ZU\t]QR[>=BU aZ=VD]9�UK=BQ�aZDFM^DFU\a+=BU [>9 @sU\= n U NB92N
H �1H!6 ��H H'�[��� L7� (*0C�<� c:/WDFU\t]DIH ∂L

∂xµ = 0
X =BO`N tFogtF;C[>t�t]=V=BO<ag[CUKNPQ<DIc �\O<=BS QRrZ[>9'X =B;C;>= nb9�V

� r\DbtdNPU\=BUZ[>tdNP;KST=BSTDFUVQ�ZS t]=BUA9 \E|NPQ<D]a�Q<=�N�tFostF;C[>t
t]=V=BO<ag[CUKNPQ<D�[C9WN H'��(����<03( �K����2����+����(

[>DIc
pµ = C

� t]=BU\9RQ0NPUVQ !'[ X
xµ
[>9btFogtF;C[CtIc

_ X O<D]D
MKNPORQR[>tF;>D [CU 9RMKNBt]D i QR[CSTD�� t(ZORvGD]a 9RMKNBt]D i QR[CSTD [CU\tF;Z\aZD]9TEIO0NdvV[CQ0NPQR[>=BUY!2rKNB9
QRr\D )qNPEIO0NPUZEGD�X%ZU\tFQR[>=BU

L =
1

2
~u · ~u =

1

2
ẋµẋ

µ =
1

2
gµν ẋ

µẋν
� m\c mIm"!

_WU [CUVQ<DFEIO0NP; =PX`QRr\DD)qNPEIO0NPUZEGD i D E KNPQR[>=BUK9 [>9 =A�ZQ0NP[CU\D]a+O<DdNBag[C;Co X O<=BS$QRr\D.mBi v|DF;>=|tF[CQjo
[>aZDFUVQR[CQjo�V

{
ẋµẋ

µ = −c2 X =BO`N MKNPORQR[>tF;>D�n [CQRr	O0DF9<Q i S@NB9<9
ẋµẋ

µ = 0
X =BO ;C[CEIrVQ � m\c m|l�!

� r\D�;C[CU\D i DF;>DFSTDFUVQW[>9�V

ds2 = gµνdx
µdxν = gµν ẋ

µẋνdλ2 = 2Ldλ2 .
� m\c m|��!

� r"\9'QRr\D )wNPEIO0NPUZEGD:X<ZU\tFQR[>=BU	=PX N�X O<D]DWMKNPORQR[>tF;>DL[>9'=A�ZQ0NP[CU\D]a
X O<=BS QRr\DW;C[CU\D i DF;>DFSTDFUVQdc
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flat surface:

P

Q

� [CE�ZO<DAm\c e�V 8WUTN � NPQY9�ZO X NBt]DIHBQRr\DAEGD]=VaZD]9R[>t't(ZORv|D}[>9 QRr\DAS�[CUZ[CS@NP;\ag[>9RQ0NPU\t]D �^DFQjnAD]DFU
p NPU\a �

sphere:

P

Q

�w[CE�ZO<D�m\c m-V&8WU N�9RMZr\DFO<DIHZQRr\D�EGD]=VaZD]9R[>t�t(ZORv|D]9`NPO<D�EIO<DdNPQ`tF[CO<tF;>D]9dc

� ��� � � �	�*$�	��(& $ ��+ �
� & � � �;��!
� ��+	!�$�� + ���2� � � � $ 	�� &)� �(�����
� �2�)&)$�	 ��� 	

� =�aZD]9<tFOR[Z�^DbQRr\DbST=BQR[>=BU
=PXqN:X O<D]D MKNPORQR[>tF;>DIHVnAD`9RQ0NPORQ8�Vo 90DFQRQR[CUZE ZMTQRr\Db;C[CU\D`DF;>DFSTDFUVQ
=PXbQ<r\D.9RMKNBt]D i QR[CSTD
[CU+QRr\D.t0r\=I90DFU+t]=V=BO<ag[CUKNPQ<D 9Ros9<Q<DFS	c � r\DFO<D NPO<D.t]=V=BO<ag[CUKNPQ<D]9T=BU
n rZ[>t0r	QRr\DLSTDFQROR[>t�aZ=VD]9 U\=BQbaZDFM^DFU\a c8�\=BObD y\NPS�MZ;>DIHZEI[CvGDFU�N yg[ NP;~9RosS�STDFQRORo.nADLS@Ndo
t0r\=V=I9<D QRr\D}NPUZEI;>D

θ
n rZ[>t0r�[C9 N tFogtF;C[>t&t]=V=BO<ag[CUKNPQ<D&r\DFO<D}NPU\a�QRr\D&t]=BUA9 ZE|NPQ<D � t]= vBNPOR[ NPUVQ !

[CS�MCZ;>9<D
Pθ
[>9LN@t]=BU\9<Q0NPUVQL=PX&QRr\D�ST=BQR[>=BU � QRr\D =BO��Z[CQ0NP; 9RMZ[CU =PX&QRr\D�MKNPORQR[>tF;>D�!Fc 1 X H [CU

NBaZag[CQR[>=BU~H&QRr\D
STD Q<OR[>t
[>92QR[CSTD
[CU\a\D M^DFU\a\D UsQ+� ���<0C�+����(�0U��� 2��!�<� ��H !�QRr\DFU
t
[>9TNP;C90=

tFogtF;C[CtWNPU\a
pt
[>9}NLt]=BU\9<Q0NPUVQ&=PX QRr\DbST=BQR[>=BU � QRr\D STD]t0rKNPUZ[>tdNP;^DFU\DFOREIo�=PX QRr\D MKNPORQR[>tF;>DL! c

_ ���<0C�+��H 25�'�<�N��H [>9 QR[CSTD i [CU\aZDFM^DFU\aZDFUsQ.NPU\a�ZU\t0rKNPUZEGD]a ZU\aZDFO QR[CSTD O<DFvGDFO<9 NP;
� [ c DIc

t → −t ! c _ 9RQ0NPQR[>=BUKNPORo STDFQROR[>t	t0rKNPUZEGD]a ZU\aZDFOTQR[CSTD O<DFv|DFO<90NP; c 6 yZNPS�MZ;>D]9
=PX�9<Q0NPQR[>t STDFQROR[>t]9	NPO<D � [CUC@|= nb9�@s[LNPUKa rVosM^DFO��^=B;C[>tdNP;C;Co6NBt]t]DF;>DFO0NPQ<D]a X O0NPSTD]9dc � r\D
O<=BQ0NPQR[CUZE.tFoV;C[CU\agOR[>tdNP;wt]=V=BO<ag[CUKNPQ<D�9Ros9<Q<DFS [>9`9RQ0NPQR[>=BUKNPORoGc
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� ��� ��� ��� ��� � � � � � � � ��� ��� � � ��� � � � ��� �������� � �� ��� � � � �

� r\D )qNPEIO0NPUZEGD�X<ZU\tFQR[>=BU X =BO`N2X O<D]D�MKNPORQR[>tF;>D�[>9�V

L =
1

2
g µν ẋ

µẋν � m\c m"��!

n r\DFO<D
g µν = g µν(x

λ)
cY_WU\a QRr\D )qNPEIO0NPUZEGD�D E KNPQR[>=BU\9WNPO<D

∂L

∂xβ
− d

dτ

(
∂L

∂ẋβ

)
= 0,

∂L

∂ẋβ
= g βν ẋ

ν ,

∂L

∂xβ
=

1

2
g µν,βẋ

µẋν .

� m\c m|{�!

d

dτ

(
∂L

∂ẋβ

)
≡
(
∂L

∂ẋβ

)•
= ġ βν ẋ

ν + g βν ẍ
ν

= g βν,µẋ
µẋν + g βν ẍ

ν .

� m\c m ��!

h:= n�H � m\c m ��!bNPU\a�� m\c m|{�!AQ<=BEGDFQRr\DFO`EI[CvGD�V

1

2
g µν,βẋ

µẋν − g βν,µẋµẋν − g βν ẍν = 0.
� m\c lIf�!

� r\D:9<D]t]=BU\a@Q<DFORS =BU.QRr\DW;>D X Q}rKNPU\a
9R[>aZDW=PX � m\c lIf�! S@Ndo3�^D`O<DFn OR[CQRQ<DFU
S@N.@s[CUZE \9<DW=PX
QRr\DLX NBtFQbQRrKNPQ

ẋµẋν
[>9`9RoVS�STDFQROR[>t�[ U

µν
HKNB9`NB9'X =B;C;>= nb9

g βν,µẋ
µẋν =

1

2
(g βµ,ν + g βν,µ)ẋ

µẋν

⇒ g βν ẍ
ν +

1

2
(g βµ,ν + g βν,µ − g µν,β)ẋµẋν = 0.

� m\c lgzL!

� [CUKNP;C;CoGH 9<[CU\t]D�nAD NPO<D�X O<D]D�Q<=.S Z;CQR[CMZ;Co�� m\c lgzL!bQRrZO<=A\EIr �so
gαβ
H^nAD2tdNPU [>9<=B; NPQ<D

ẍαQ<=�EGDFQ QRr\D�D E KNPQR[>=BU�=PX ST=BQR[>=BU	[CU N2MKNPORQR[>t(Z; NPOR;Co	DF;>DFE|NPUVQ:NPU\a	9R[CS�MZ;>DLX =BORS V

ẍα + Γαµν ẋ
µẋν = 0

� m\c lIk�!

n r\DFO<D�QRr\D � �*� �����<� ��@6B� ��2 �>�,6��
Γαµν
[CU�� m\c lIk�!bNPO<D�aZD?>\U\D]a��Vo

Γαµν ≡
1

2
gαβ(g βµ,ν + g βν,µ − g µν,β).

� m\c lIe�!

6>E KNPQR[>=BUP� m\c lIk�!baZD]9<tFOR[Z�^D]9WN �,�!�[L7�!�+��H t(ZORv|D�c
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� ��� � � �  � �  � � � � � ���� �	��� � � � � �� � � 

?A=BU\9R[>aZDFO�QjnA= QR[CSTDF;C[Z@GD�t(ZORv|D]9 �^DFQjnAD]DFU QjnA= DFv|DFUVQ<9L[CU 9RMKNBt]DFQR[CSTDIc 1 U >\E\c m\c l
QRr\DFo
NPO<D�agO0Ndn U	[CU N � [CUC@G= n`9�@V[~ag[ NPEIO0NPS n rZ[>t0r	O<D X DFO<9 Q<=@NPU	[CU\DFORQR[ NP;~O<D X DFO<DFU\t]DLX O0NPSTDIc

P

O

non-geodetic curve between O and P

X

geodetic curve

t

t

0

1

v(t)

cT

� [CE�ZO<D�m\c l�V � [CSTDF;C[Z@GD�t(ZORvGD]9b[CU	9<MKNBt]DFQR[CSTDIc

� r\D�9<MKNBt]DFQR[CSTD�ag[>9RQ0NPU\t]D0�^DFQjnAD]DFU 8 NPU\a p ��*sD]D >\E�ZO<D�m\c l�!AD E KNP;>9 QRr\DLMZO<=BM^DFO
QR[CSTD [CUVQ<DFORvINP;-�^DFQjnAD]DFUTQjnA=�DFv|DFUVQ<9}86NPU\aTp STDdNB9�ZO<D]aT=BU.NLtF;>=VtB@2ST= vs[CUZE�[CU@NL9�\t0r
n'Ndo|HgQRrKNPQb[CQb[>9 MZO<D]9<DFUVQ
�^=BQRr NPQ:8 NPU\a	p c

ds2 = −c2dτ2

⇒ τ0−1 =

∫ T1

T0

√
1− v2(T )

c2
dT

� m\c lPm"!

= D tdNPU 90D]D QRrKNPQ
τ0−1

[>9 S@N yg[CS@NP;�NP;>=BUZE QRr\D EGD]=VaZD]9R[>t t(ZORvGD n [CQRr
v(T ) = 0

c
�LD]=VaZD]9R[>t�t(ZORvGD]9b[CU�9RMKNBt]DFQR[CSTD�rKNdv|DLS@N yg[CS@NP;wag[>9RQ0NPU\t]D0�^DFQ nAD]DFU�QjnA=�M^=B[CUVQ<9dc *V[CS i
[C; NPOR[C;Co|HZ;>D Q
\9`NP;>90=�t]=BU\9R[>aZDFO`QjnA=�9<MKNBt]DF;C[Z@GD�t(ZORv|D]9�V

ds2 = −c2dT 2 + dx2 =
[
−c2

(dT
dx

)2
+ 1
]
dx2

s =

∫ x1

x0

ds =

∫ x1

x0

√
1− c2

(dT
dx

)2
dx

� m\c lIl�!

= D�9<D]D�QRrKNPQLNP;>9<=@9RMKNBt]DF;C[Z@GD�EGD]=VaZD]9R[>t�t(ZORvGD]9`rKNdv|D�S@N ys[CS@NP; ag[>9RQ0NPU\t]D �^DFQjnAD]DFU QjnA=
M^=B[CUVQ<9dc
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x

ct

O geodetic curvet
0

P 1t

v(t)
non-geodetic curve between O and P

� [CE�ZO<D�m\c ��V *VMKNBt]DF;C[Z@GD�t(ZORvGD]9b[CU	9<MKNBt]DFQR[CSTDIc

������� � !�� \ � 
� 8�� �%�T:��,�!�[L*�@�+��H'��� ( �<470UH'�'�+� 2��ZH'03( ����",� 470U�A0 �>��6�0U��� ( �<470UH'���
� :��A/�#K�-2-� !^!*��Na��"+�-&68]�A�,d& 8]/1�4a��,"& 2�� �K,"# 	 ���92^I � ����I5�K%�;�=/0;��e&.��I5��J " /0,"2-� #���&4�"�@% �92O& ���
;��=�-2'2-� /0, ��, � �A!-&.� /0,3k0J � /�( &.�"�@;�=/0;��>&.��I �3�D,9&+��Na��%-/�( � ;���>&H� !% �]8�� &4� ;/2-� &H� /0,
x

�K,"#Ea��% /�!�� & L
v

�D,\�^:��G�AaK� &'�9&.� /0,��K%�i��% #�8�� &4�\��!A!A�% ��G�"&H� /0,^/�( :�� �Aa�� & L\: J

dτ = dt

√
(
1 +

gx

c2
)2 − v2

c2����� 2]���
;��=�-2'2-� /0,@2A�"/98 2�&4���"& &.��� ;�=/0;���&.��I5� /�( &.�"�$;���>&.� !% � ;��=/�!A�A�A#�2�(6�"2'&B���&4�"�$��� :��"��*�;F�D,g&.���)i��% # &4�"� ;����=&H� !% ��� 2 � ��,�# � & ;��G/�!A�-�A#�252A% /98���� &4�"�)(_�92'&B��e&4�"�1;���>&.� !% �EI5/�a��-29J
" /0,92-� #��� i0:�*��=� � J �0Jd���"�<;��"&.� �E(+�=�A�F;���>&.� !% �^( /0%�% /98 2 +�-&68]�A�,1&4�"�d�4a��,9& 2�� �K,"# 	� 2g�<!A/0I\;��=/0I^� MA� +�-& 8��A�, I5/�a���,9: �"2^2A% /98@% L �"2 ;/2'2-�'+�% �<�D, 2A;���!A��� ��,</K�=#����&B/ �.�A�;&4�"�)a��% /�!�� &6Ld#��;���,�#��,"&@&H�DI �)#0�D% �"&H� /0,^2AI ��%7% � ��,�# I /�a��D,9:1&4���=/0*9:��<�=�-:0� /0,92^��� :��F*�;F��,&4�"�E:��G�9a�� &B�"&H� /0,��K%�i��% # ����,</K�=#����&+/C;�=�4a��,9&)&4�"�E2A% /98 ;��=/�!A�A�A#0�D,9: /�($;��G/0;���&.��I �d(_���#�/98@,�J��e/98]�4a���V� (Z&.�"�$;���>&H� !% �5I5/�a��-2]&+/d��� :��^*�; ��� & 2 a��% /K!�� & L +��A!-/0I5�-2]2O/d% ���>:�� &4���"& � &;��=/�!A�A�A#�2 2A% /98���]�9:K����,KJ �����\!A/0I\;��=/0I)� M-�"+�-&68]�A�, ���D,"�I5�"&H� !\��,"#<:�� �Aa�� &B�"&H� /0,��K%
&.��I5�#0�D% �9&.� /0,@8@��� !� :0� a��-2@I5� �K��I ��%�;�=/0;��Z&.��I5�)+�-&68]�A�,�� ��,�# 	 � 2 /�+9&'����,"�A#\( /K� &4�"�@&.��� !��!*��Na��g�D, i0: J � J��0J������ 2 � 2�&4�"�$!*��Na�� (6/0%7% /"8]�A# +.Ld�)(+�G�-�d;���>&H� !% � +�-& 8��A�,^&4�"�$�4a��,9&+2���K,"# 	 J

� �@2A���K%7%
,�/98 #��A#�*"!A�5&4�"�^I5�"&4�"�I5�"&H� !9��%����;��=�-2'2-� /0, /�( 8@���"&����"2 +�A�,$2H��� #g��+/�a���J�3�DI �%7� �.� :��A/�#��-2-� !)!*��Na��-2 ��=�$!*��Na��-2 8@� &4�EI5� �K��I ��% ;��G/0;��V&H�DI ���Z�DJ ��J
τ =

∫ τ1

0

√
−gµν ẋµẋνdτ

� 2 I � �K�DI5�K%�( /K�e�^:��A/�#��-2-� !$!*��Na���J�� /98]�4a���e&4�"�)��!-&H� /0,
J = −2

∫ τ1

0
Ldτ = −

∫ τ1

0
gµν ẋ

µẋνdτ
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The path of the particle

O P

g

� [CE�ZO<D�m\cW�UV � r\D�MKNPORQR[>tF;>D2ST= vGD]9 �^DFQjn'DFDFU QjnA=
DFvGDFUVQ<9�8 NPU\a p6NPQ >ZygD]a M^=B[CUVQ<9:[CU
QR[CSTDIc � r\DWMKNPQRr t0r\=I9<DFUD�VoTQRr\DWMKNPORQR[>tF;>D �^DFQjnAD]DFU�8 NPUKa.p+[>9A9�\t0r.QRrKNPQAQRr\DWMZO<=BM^DFO
QR[CSTD	Q0N.@|DFU �Vo QRr\D	MKNPORQR[>tF;>D+�^DFQjnAD]DFS QRr\D]9<D QjnA= DFv|DFUVQ<9T[>9.NB9@; NPOREGD NB9TM^=I9<9R[Z�Z;>DIc
� r"\9&QRr\D EG=GNP; =PX QRr\D MKNPORQR[>tF;>D`[>9 Q<=LX =B;C;>= n NLMKNPQRr.9�\t0r@QRrKNPQ [CQ<9}t]=BST= vV[CUZE29RQ0NPU\a\NPO<a
tF;>=VtB@g9 EG=VD]9}NB9YX NB9RQ}NB9 M^=I9<9R[Z�Z;>DIc 1 X QRr\D MKNPORQR[>tF;>DbX =B;C;>= nb9&QRr\D r\=BOR[ �d=BUVQ NP; ;C[CU\D2�^DFQjnAD]DFU
8 NPU\a p [CQ�EG=VD]9 NB929R;>= n ;Co NB9�M^=I909R[Z�Z;>D
NPU\a QRr\D @s[CU\DFS@NPQR[>tdNP;AQR[CSTD.ag[C; NPQR[>=BU [C9 NB9
9RS@NP;C;\NB9 M^=I9<9<[Z�Z;>DIc � r\DFU�QRr\D'9<;>= n [CUZE�aZ= n UT=PX [CQ<9Yt]=BST= vs[CUZE�9RQ0NPU\a\NPO<a�tF;>=VtB@g9Ya�\D'Q<=
QRr\D
@V[CU\DFS@NPQR[>tdNP; QR[CSTD`ag[C; NPQR[>=BU.[>9}NB9&9<S@NP;C; NB9 M^=I909R[Z�Z;>DIH �CZQ Q<r\D MKNPORQR[>tF;>D`[>9YX NPO&aZ= n U
[CU QRr\DLEIO0Ndvs[CQ0NPQR[>=BUKNP;R>KDF;Ca	NPU\a [CQ<9'MZO<=BM^DFO Q<[ STDLEG=VD]9b9R;>= n ;CoTX =BO'QRrKNPQ O<DdNB9<=BU~c p NPQRr\9
X%ZQRr\DFO2ZM	;CDdNBaZ9bQ<=TN2EIO<DdNPQ<DFO`O0NPQ<D�=PX MZO<=BM^DFObQR[CSTDIc x ZQ`N.�^= v|DLQRr\D�t(ZORvGD�agO0Ndn U NB9
N
QRrZ[>tB@ ;C[CU\DIH~QRr\D @s[CU\DFS@NPQR[>tdNP;&QR[CSTD�ag[C; NPQR[>=BU n [C;C;&aZ=BS�[CUKNPQ<DIH NPU\a QRr\D MZO<=BM^DFO�QR[CSTD
MZO<=Vt]D]D]aZ9`ST=BO<D�9R;>= n ;Co|c

� 2 I � �K�DI5�K%�( /K�c&4�"� 2H�KI �$!*��Na��-2 �K,"#1&.��� 2 :0� a��-2@�K,\�9�92-� ��c!9�K% !*�% �9&.� /0,KJ
� , &.�"�@!9�92O��/�(c�@a����=&H� !9��%�!*��>a��$��,5�\�ALK;���+�/0%`� !9�K%7% L �"!A!A�% ��G�9&B�A#1�=�4(6���G�,"!A� (B�G��I5� &4�"�

���9:�� ��,9:0� ��,1� 2
L =

1

2

(
−
(
1 +

gx

c2

)2
ṫ2 +

ẋ2

c2

)
� m\c lI��!

�c2-�D,9:d&4�"� �Z*�% �� � ���9:��G�K,9:��^�-f *��9&.� /0,"2$,�/98 :0� a��-2
ẍ+ (1 +

gx

c2
)gṫ2 = 0

8@��� !�E� 2 &4�"�)�-f *��9&.� /0,g/�( &4�"� :��A/�#��-2-� !$!*��>a��d��,^������I\;�% � � J ��J j J
� �D,"!A�52A;���!A�-&H��I5�^� 2 � �"& �0&4�"� �Af�*��"&H� /0,E�=�;��=�-2O�,9&+2�2'&4�G��� :��9&�%`�D,"�-2@�D, 2A;���!A�-&H�DI ��J �����;��=/O[+�A!-&.� /0,�/�(g2A*"!��!*��Na��-2 �D,9&B/ &4�"� &4���=�A� 2A;��"!A�C/�(E����+�� &4�G���>L �D,"��>&.� �K% (B�G�KI �-2<:0� a��-22'&4�G��� :��9& ;��9&4�92 ��,$k �_2A;��"!A���Z��,)�"!A!A/K�=#���,"!A�58�� &.� � �48 &B/0,�� 2 j 2'&3% �48 J � /98]�4a����;��=/O[+�A!-&H�D,9:� &g�D,9&+/ �K, ��!A!A�% ��G�"&+�A# (+� ��I5�d8@�"��G�1&4�"� ;����=&H� !% �1�K% 2O/C���"2d� �"/K�6� MA/0,9&B�K% I5/&H� /0, �]��,"#&'� ����,":d&4�"���e�48 &B/0,�� �K, %`�DI)� & �0/0,"� i ,"#�2�&4�"�d;����G��+/0%`� !d;��"&4�\/�(�;�=/O[ �A!-&.��% �gI /&.� /0,KJ
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������� � !�� \ � 
�.F � � 470C�+��036 �,�!�[L*�@�+��H'�KL7�!�+H'� ���>�@L � ( � ��� � �!�Y�@�A�T(�H!� � �A0325� �,� 0 � �3�<0C�+� (*�5L ���+H � �
� , �0� :�*��=� � J � � 8]�^2O�A�g�F�G/&B�"&H�D,9: #0� 2O!�J � �^!9�K,d2O�A�)&68]/1:��A/�#��-2-� !\!*K�Na��-2 +�-&68]�A�,

P1�K,"#
P2

J]�����$#K�929�"�A# %`��,"�g� 2 &.��� :��A/�#��-2-� !5(6/K�c&.�"��,"/0, �O�=/&'�9&.��,9:1#0� 2O!�J �@�"�$/&4�"��V!*K�Na��� 2\�F:��A/�#K�-2-� !�(6/K�b&.�"�Fk �_2A;���!A� /�(@� �=/&B�"&.��,9: �=�4( ��=�,�!-�E(B�G��I5��J � � !9��,<2O�A�E&.���9&$&4�"�:��A/�#��-2-� !\� 2b!*K�Na��A#F�D,A8���=#g8@�"�,)&4�"�5#0� 2O!)� 2@�G/&B�"&H�D,9: J ���"�5!*K�Na��g���92 &+/g!*��Na��)W>U�� 
�� �2-��,�!A�)&4�"�1I �9�"2A*��6��,": �=/�#�2 ��=�1% /0,9:��� &4�"��=� h +�A!9�K*92O�d/�( ��/��=�,9& M � !A/0,9&4�G��!-&H� /0,�l4J ���K*92 �&4�"� I^��,��DI^*�I #0� 2'&B�K,"!A� +��-& 8]�A�,
P1

�K,"#
P2

8��D%7% +� ��!��� �.a��A# +.L ��, ��,98����=# % L�+�,"&!*��Na���J
� �<8���%�%c2A�"/98 &.��� 2<I5�"&4�"�I5�"&H� !9��%�% L �@*92-��,": &4�"� ���":��G��,":0� �K, �Af�*��"&H� /0,929J ���"� %`�D,"��% �I5�,9& ( /�� &4�"� 2A;��"!A�

dt = dz = 0
/�( &4�"�d�=/&'�"&H�D,9:<�=�4(6��=�,"!A� (+�G�KI �g� 2

2

ω

P1

P

�0� :�*��=� � J � ? � �A/�#K�42A� !�!*��Na��-2 /0, �\,"/0, �O�=/&'�"&H�D,9: h #K�"2A�"�A# %`�D,"�"l �K,"#1�G/&B�"&H�D,9: h 2O/0%7� #�%`�D,"�"l#0� 2O!�J

dl2 = dr2 +
r2dθ2

1− r2ω2

c2���9:�� ��,9:0� ��,^(B*�,"!-&H� /0,K?
L =

1

2
ṙ2 +

1

2

r2θ̇2

1− r2ω2

c2
� �58��D%7%���% 2O/F*92H� &4�"�g� #K�,9&H� & L
?

ṙ2 +
r2θ̇2

1− r2ω2

c2

= 1
� m\c l���!

h � � :�/&�&4��� 2�(B�=/0I *"2-��,9:
~u · ~u = 1

l � � 2O�A� &.���9&
θ

� 2 !4L�!%`� ! h ∂L∂θ = 0
l � ��I\;�% L��D,9: ?

pθ =
∂L

∂θ̇
=

r2θ̇

1− r2ω2

c2

= constant

����� 2 :0� a��-29?
θ̇ =

(
1− r2ω2

c2
)pθ
r2

=
pθ
r2
− ω2pθ

c2
� m\c lI{�!
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� ,92O��>&.��,9: � J � � ��,9&B/ � J � �0?
ṙ2 = 1 +

ω2p2θ
c2
− p2θ
r2

� m\c l���!

����� 2 :0� a��-2 *"23&.�"�)�Af�*��"&H� /0,\/�( &.�"�$:��A/�#��-2-� !)!*��Na��-+�-&68]�A�,
P1

��,�#
P2

?
ṙ

θ̇
= ±dr

dθ
=
r2
√

1 +
ω2p2

θ

c2
− p2

θ

r2

pθ
(
1− r2ω2

c2

) � m\c �If�!

� /0*�,"#����NL�!A/0,"#0� &H� /0,929?

2

θ

r

geodesic

r
0

P1

P

� [CE�ZO<D�m\c ��V �LD]=VaZD]9R[>t�t(ZORv|D]9b=BU N O<=BQ0NPQR[CUZE@ag[>90tIH t]=|=BO0ag[CUKNPQ<D]9

ṙ = 0, r = r0,
(6/K�

θ = 0
� ,92O��>&.��,9:�&.��� 25��,9&B/ � J � � :0� a��-29?

pθ
r0

=

√

1 +
p2θω

2

c2
� m\c �gzL!

�Z�9���_�G�K,9:0�D,9: � J�
�� �N*92-�D,9: � J�
 j :0� a��-29?
dr

r
√
r2 − r20

− ω2

c2
rdr√
r2 − r20

=
dθ

r0
� ,9&B�-:��G�9&.��,":d&4��� 2�L�� �% #�29?

θ = ±r0ω
2

c2

√
r2 − r20 ∓ arccos

r0
r

������� � !�� \ � 
� O � � ���N�����<� �B�@6B� ��2 �>��6��K� ( 0 ���14>�@���>��6 ��H!036 6 � 0UH!H'�@6��!� 0C�<�@L � �!� �!� �@(*H'� � �A0325�������� " ���6� 2'&B/ � �%2BL�I +/0% 2�8]��=�)#��4i ,"�A# �D, �0f�*��"&H� /0, h � J � � l4J
Γαµν ≡

1

2
gαβ(g βµ,ν + g βν,µ − g µν,β).
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x

ct

P
g

O

non-geodetic curve between O and P
geodetic curve

2

1

HIGH
LOW

� [CE�ZO<D�m\cCzdf�V)P&DFORQR[>tdNP;~QRrZO<= n [CU	QRr\D�NBtFt]DF;>DFO0NPQ<D]a�O<D X DFO<DFU\t]D X O0NPSTDIc

� ,)&4��� 23�����I\;�% �

gtt = −
(
1 +

gx

c2

)2
c2, gxx = gyy = gzz = 1

�K,"#1/0,�% L^&4�"� &+��_I ∂gtt
∂x

!-/0,"&.�6� +�*9&B�-2 &B/
Γαµν

J]�@��*923&4�"�$/0,�% L ,"/0, �6a��K,�� 2A����,9: " ���_� 2'&B/ � �%2BLKI +/0% 2���=�

Γtxt = Γttx =
1

2
gtt
(
∂gtt
∂x

)

=
1

2gtt

∂gtt
∂x

=
2
(
1 + gx

c2

)
g

2
(
1 + gx

c2

)2
c2

=
1(

1 + gx
c2

) g
c2

Γxtt = −
1

2
gxx

(
∂gtt
∂x

)

= −1

2

{
−2
(
1 +

gx

c2

) g

c2
c2
}

=
(
1 +

gx

c2

)
g
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ds2 = −
(
1 +

gx

c2

)2
c2dt2 + dx2 + dy2 + dz2

� m\c �Ik�!

� ��>&.� !9�K% I /&.� /0,d�DI^;�%7� �-2b&4���"&
dy = dz = 0

�K,"#1&.�"� ��":��G�K,9:��$(+*�,"!-&.� /0,"+�A!A/0I5�42
L =

1

2
g µν ẋ

µẋν

= −1

2

(
1 +

gx

c2

)2
c2ṫ2 +

1

2
ẋ2

8@�"��=�<&4�"�<#�/&+2 ��I\;�% L #0� � ��=�,"&H� �9&.� /0, 85J � J &^&4�"� ;����=&H� !% ��� 2 ;��=/0;���3&.��I5���
τ

J � ,"# &4�"���,�� &.� ��%�!A/0,"#�� &.� /0,92@��=��?
x(0) = 0, ẋ(0) = (u0, ux, 0, 0)

= γ(c, v, 0, 0),
n r\DFO<DIH

γ =
(
1− v2/c2

)−1/2
.

� ���"& � 2 &4�"�dI � �K�DI^*�I �"��� :��9& �c�E�G�9�"!�"�A# +.Lg&.�"��;���>&H� !% ���
� �48 &+/0,�� ��,d#��-2O!�6��;9&.� /0,K? 1

2mv
2 = mgh⇒ h = v2

2g

J
�Z�% �9&.� aK� 2'&.� ! #��-2O!�6�D;9&.� /0,K?

t
� 2 �C!.L�!%`� ! !A/�/K�=#0�D,��9&B� ⇒ x0 = ct

� 21!4L�!%`� ! ��,�#
p0 =

constant
J

p0 =
∂L

∂ẋ0
=

1

c

∂L

∂ṫ
= −c

(
1 +

gx

c2

)2
ṫ

� m\c �Ie�!

� /98 &4�"�����6a��% /�!�� &6LE� #K�,9&H� & LE� 2
~u · ~u = g µν ẋ

µẋν = −c2 � m\c �Pm"!

2O/
−1

2

(
1 +

gx

c2

)2
c2ṫ2 +

1

2
ẋ2 = −1

2
c2

� m\c �Il�!

�K,"#E:0� a��,^&.���9&�&4�"�dI � �K�DI^*�I �"��� :��9&5�E� 2 �G�A��!�"�A#E8@���,
ẋ = 0

8]�$:��-&
(
1 +

gh

c2

)2

ṫ2x=h = 1.
� m\c �I��!

� /98 � 2-��,"!A�
p0

� 25�E!A/0,92'&B�K,9& /�( &.�"� I5/&H� /0, �V� &$;��=�-2O��Na��-2\� &+2)��,�� &H� ��%�a��K%7*"�\&4���=/0*":��"/0*9&&4�"���Z� :��9& h �DJ ��J
p0 = −cṫ(0) = −γc

l �K,"# ;���>&H� !*�% ��_% Lg�9&
x = h

�

(4.63)⇒ p0 = −γc = −c
(
1 +

gh

c2

)2

ṫx=h
� m\c ����!

�0�D,���%�% L �#0� a�� #0��,9: �Af�*��"&H� /0, h � J 
 
�l +.L3�Af�*��"&H� /0, h � J�
 ��lV�K,"# 2A*�+92'&.� &4*9&.��,9: +���!��3��,��Af�*��"&H� /0,
h � J�
 
�l�:0� a��-2

h =
c2

g
(γ − 1)

� m\c �I{�!
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� ,)&4�"���e�48 &B/0,�� ��, %7��I)� & h � J�
 � l +�A!A/0I5�-2

h =
c2

g

(
1

(1− v2/c2)1/2 − 1

)
u
c2

g

(
1 +

1

2

v2

c2
− 1

)
⇒ h u

v2

2g

������� � !�� \ � 
� 
 � J��*� � :�� (��<470U� 0UL*�T-����
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�D,9: &B/ i ,"# &4�"� " �K�6� 2'&B/ � �%�2BLKI +/0% 2 � 8@��� !� ��,Aa�/0% a��-2)#0� � ��=�,9&.� �"&H� /0,�/�( +�� �2-� 2)a��A!-&+/K�>29J �@��� 2g!A/�/K�=#0�D,��9&B� &4�G�K,92B(6/K�_I5�"&H� /0, I5� �.�-2\&.��� 2g�9�92BL ��2-�D,"!A�
~eX , ~eY , ~eT

��=�!A/0,92'&'��,"&4J���� � ��=�,9&.� �"&H� /0,�?
∇t~et = −rω2 cos(θ + ωt)~eX − rω2 sin(θ + ωt)~eY

� m\c {Il�!

�����$!A/0,�,"�A!-&.� /0,g!A/����d!�� �,9& 2 ��=� h 2O�A�d;��":�� 
 ��l
∇ν~eµ ≡ Γαµν~eα

� m\c {I��!

� / � &B/ !9��% !*�% �"&+�
Γαµν

� &4�"� �6� :��"&d���K,"# 2-� #��1/�(@�Af J � J � �����92\&B/ +.L ����;��G�-2'2O�A#�+.L &4�"�
+��"2-� 2 &4���"& 8��^���=�)#0� � ��=�,9&.� �"&H�D,9: J
�ZL1��,92A;��A!-&H� /0, ��&.�"���6� :��"&@����,"# 2-� #��g� 2 −rω2~er

J�����9& � 2 ∇t~et = −rω2~er
:0� a���,9:

Γrtt = −rω2 J�����$/&4�"���,"/0,"M-��G/ " ���6� 2'&+/ � �%�2BLKI +�/0% 29?

Γθrt = Γθtr =
ω

r
,Γθθr = Γθrθ =

1

r
Γrθt = Γrtθ = rω,Γrθθ = −r

� ��� � � + + ��	 & $ ��+ 	 �0��� 	 $�� + &�	
Γα

µν

��+ � 	 & � � 	 &�� ��� 	 �0��� �
	 $�� + &�	

cαµν
$ + � � $�� � ��+	+	$���+�� &)�2� 	 $*��+ �(� ����� 	 � �
	J�

� r\D�t]=BS�S ZQ0NPQ<=BO
=PXLQjnA= vGD]tFQ<=BO<9dH
~u
NPU\a

~v
HAD ygMZO<D]9<9<D]a �so t]= vBNPOR[ NPUVQ.aZ[ O0DFtFQR[>=BUKNP;

aZDFOR[CvINPQR[CvGD]9b[>9 EI[Cv|DFU��Vo�V

[~u,~v] = ∇~u~v −∇~v~u
� m\c {���!

)~DFQ
~u = ~eµ

NPU\a
~v = ~eν

c = DLQRr\DFU	rKNdv|D�V

[ ~eµ, ~eν ] = ∇µ ~eν −∇ν ~eµ.
� m\c {I{�!

u:9R[CUZE�QRr\D�aZD?>\UZ[CQR[>=BU\9W=PX QRr\D�t]=BUZU\D]tFQR[>=BU NPUKa 9<QRO�\tFQ�ZO<D�t]=VDRQ@tF[>DFUVQ<9`nAD�EGDFQ�V

cαµν ~eα = (Γανµ − Γαµν) ~eα
� m\c {���!
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� r"\9b[CU�N Q<=BO<9R[>=BU X O<D]D�9RMKNBt]D
cαµν = Γανµ − Γαµν

� m\c �If�!

1jU H'� �,�AL � (�0C�<� �*0U�A��� nADLrKNdv|D

~eµ =
∂

∂xµ
, ~eν =

∂

∂xν
� m\c �gzL!

_WU\a QRr\DFO<D X =BO<D�V

[ ~eµ, ~eν ] = [
∂

∂xµ
,
∂

∂xν
]

=
∂

∂xµ
(
∂

∂xν
)− ∂

∂xν
(
∂

∂xµ
)

=
∂2

∂xµ∂xν
− ∂2

∂xν∂xµ
= 0

� m\c �Ik�!

6>E KNPQR[>=BU � m\c �Ik�!�9RrK= nb9�QRrKNPQ
cαµν = 0

H NPU\a QRrKNPQ QRr\D
t]=BUZU\D]tFQR[>=BU t]=VDRQ@tF[>DFUVQ<9 [CU
6>E KNPQR[>=BU�� m\c �If�!AQRr\DFO<D X =BO<D�NPO<D�9RosS�STDFQROR[>tdNP;~[CU N t]=V=BO<ag[CUKNPQ<D �KNB9<[>9�V

Γανµ = Γαµν
� m\c �Ie�!

� ��� � � # �2� $���+ & � $��D� � � + &)$��(&)$*��+ �
� #
��	�&)�2� 	�� ���2� � 	 � + � &Y� + �
	)�2� 	

� ��� ��� � � � �
��� ��� ���� �  ���� � � � � � � � � � � �� ������� ��� ��� �
� ��� ��� �
��� ��� � ���

∇ν ~A = ∇ν(Aµ ~eµ)
= ∇νAµ ~eµ +Aα∇ν ~eα

� m\c �Pm"!

∇νAµ = ~eν(A
µ) , ~eν =Mµ

ν

∂

∂xµ
,

� m\c �Il�!

n r\DFO<D
Mµ

ν
NPO<D�QRr\DTDF;>DFSTDFUVQ<9�=PX N QRO0NPU\9 X =BORS@NPQR[>=BU S@NPQROR[ y �^DFQjn'D]D U+N t]=V=BO<ag[CUKNPQ<D

�KNB9R[>9 { ∂
∂xµ }

NPU\a NPU NPO��Z[CQRO0NPORo �KNB9<[>9 {~eν} c �E1 X
~eν
rKNBa��^D]DFU N�t]=V=BO<ag[CUKNPQ<DD�KNB9R[>9

v|D]tFQ<=BOdHZnADLnA=AZ;>a	rKNdvGD�EG=BQRQ<DFU
~eν(A

µ) = ∂
∂xν (A

µ) = Aµ,ν
! c

∇ν ~A = [~eν(A
µ) +AαΓµαν ] ~eµ

� m\c �I��!

R@S�TVU0W7X4W�YZU \ � � � 8�� � �T"U0U�N��03(��KL*�@� ��"U0C�+��"�� �,� 0 "��!H �<�,��������$!A/�a���6� �K,9& #K��6� a��"&H� a��$/�(��)a��A!-&+/K����,\�K,g���+�� &4�G��NL"+��"2-� 25� 23#��4iZ,��A# +.L
?
∇ν ~A ≡ Aµ;ν~eµ

� m\c ����!

� /�?
Aµ;ν = ~eν(A

µ) +AαΓµαν

where ∇ν~eα ≡ Γµαν~eµ

� m\c �I{�!



� � � �*0U4��<�@� \ � � �T"U0U� ��03(��K# ����@�A�T(��+��0U�<����(

� ��� � � � � � �
��� ��� � ��� �  ���� � � � � � � � � � � ����� �
R@S�TVU0W7X4W�YZU \ � � �.F � � �T"U0U�N��03(��KL7��� �!H �+����(�036 L*�@� ��"U0C�+��",� ���$0 �,(*��� � ���N2 &7�T6�L��
� � a��,$� a��A!-&+/K� i��% # ~A

�K,"#��$/0,"� �6( /K� I i��% #
α
��&.���@!A/�a���6� ��,"&�#0�D�=�A!-&H� /0,��K%�#K��6� a��"&H� a�� /�(

α
�D,)&.�"�)#0���G�A!-&H� /0,)/�( &.�"� a��A!-&+/��

~u
� 23#��4iZ,��A# +4L�?

(∇~uα)( ~A ) ≡ ∇~u[α( ~A )︸ ︷︷ ︸
αµAµ

]− α(∇~u ~A)
� m\c ����!

)~DFQ
α = ωµ

�<�KNB9<[>9WX =BORS ! H
ωµ(~eν) ≡ δµν

NPUKa ;>DFQ ~A = ~eν
NPU\a

~u = ~eλ
c = D�QRr\DFU

rKNdv|D�V

(∇λωµ)(~eν) = ∇λ[ωµ(~eν)︸ ︷︷ ︸
δµν

]− ωµ(∇λ ~eν)
� m\cCzdfIf�!

� r\D't]= vINPOR[ NPUVQ ag[CO<D]tFQR[>=BUKNP;KaZDFOR[CvINPQR[CvGD ∇λ =PX NWt]=BU\9<Q0NPUVQ 9<tdNP; NPOJ>KDF;>a [>9 �dDFO<=ZH ∇λδµν =
0
c = D�QRr\DFO<D X =BO<D�EGDFQ�V

(∇λωµ)(~eν) = −ωµ(∇λ ~eν)
= −ωµ(Γανλ ~eα)
= −Γανλωµ( ~eα)
= −Γανλδµα
= −Γµνλ

� m\cCzdfgzL!

� r\D@t]=BUVQRO0NBtFQR[>=BU��^DFQjnAD]DFU N	=BU\D i X =BORS$NPU\a N��KNB9R[>9�v|D]t Q0=BO�EI[CvGD]9�QRr\D@t]=BS�M^=BU\DFUVQ<9
=PXwQRr\D:=BU\D i X =BORS	H

α(~eν) = αν
c 6>E KNPQR[>=BU�� m\cCzdfgzL!&Q<DF;C;>9 \9AQRrKNPQ'QRr\D

ν
i t]=BS�M^=BU\DFUVQb=PX

∇λωµ
[>9bD E KNP; Q<= −Γµνλ H\NPU\a QRrKNPQbnAD�QRr\DFO<D X =BO<D�rKNdvGD

∇λωµ = −Γµνλων
� m\cCzdfIk�!

6E KNPQR[>=BU � m\cCzdfIk�!&EI[Cv|D]9}QRr\D:ag[CO<D]tFQR[>=BUKNP;~aZDFOR[CvINPQR[CvGD]9'=PXqQRr\D �KNB9<[>9&X =BO<ST9dc u:9R[CUZE�QRr\D
MZO<=Va�\tFQW=PX ag[ ] DFO<DFUVQR[ NPQR[>=BU�EI[Cv|D]9

∇λα = ∇λ(αµωµ)
= ∇λ(αµ)ωµ + αµ∇λωµ

= ~eλ(αµ)ω
µ − αµΓµνλων

� m\cCzdfIe�!

R@S�TVU0W7X4W�YZU \ � � � O � � �T"U0U�N��03(��KL*�@� ��"U0C�+��"�� �,� 0 ��(���� �Y���N2 ������1!A/�a���6� �K,9&)#K��6� a��"&.� a��1/�( �</0,"� �6( /K� I
α = αµω

µ � 2)&.�"��G�4( /K�=�E:0� a��, +.L �0f�*��"&.� /0,
h � J j � ��l +�% /98 ��8@�"�,�8]�5% �-&

µ→ ν
�D, &4�"� i �>2'&c&B��_I /0,3&4�"�5�6� :��9& ����,�#$2-� #��@��, h � J j ��k�l4?

∇λα = [ ~eλ(αν)− αµΓµνλ]ων
� m\cCzdfPm"!
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�����g!-/�a���6� ��,"&@#K��6� a��"&.� a��g/�( &.�"�g/0,"� �6(6/K�_I !A/0I^;�/0,"�,9& 2
αµ

��=�g#��,"/&B�A# +4L
αν;λ

��,"#��=�$#��4i ,"�A#,+.L
∇λα ≡ αν;λων

� m\cCzdfIl�!

� &b&4�"�,)( /0%�% /98 2 &4���9&
αν;λ = ~eλ(αν)− αµΓµνλ

� m\cCzdfI��!

1jQ&[>9&nA=BORQRr
Q<=�U\=BQ<DWQRrKNPQ
Γµνλ
[CU 6>E KNPQR[>=BU � m\cCzdfI��!&NPO<D`U\=BQ ?}rZO<[C9<Q<= ] DF; 9RoVS �^=B;C9 c 1 U

t]=V=BO<ag[CUKNPQ<D �KNB9<[>9 nADLEGDFQ�V

αν;λ = αν,λ − ανΓµλν
� m\cCzdf���!

n r\DFO<D
Γµλν = Γµνλ

NPO<D�?}rZOR[>9RQ<= ] DF;q9RoVS �^=B;>9 c
� ��� ��� �  �  � ��
���� � � � � � � ��� �� � � ����� � � ����� �  � � �����

R@S�TVU0W7X4W�YZU \ � � �?\ � � �T"U0U�N��03(��KL*�@� ��"U0C�+��"�� �,� 0 �<�T(��<�,���
��-&

A
�K,"#

B
+�)&68]/E&+�,"2O/K�>2@/�( ����+�� &4�G���NLF�G�K, ��J ���"�^!A/�a���6� ��,9&�#0�D�=�A!-&H� /0,���%
#���_� a��"&H� a���K% /0,9: �"+��"2-� 2�a��-!-&B/K�

~eα
/�(]�^&B�,92O/K�

A⊗B /�(]���+�� &4�G��NL1�G��, �g� 23#��4i ,"�A#,+.L�?
∇λ(A⊗B) ≡ (∇λA)⊗B +A⊗ (∇αB)

� m\cCzdfI{�!

= DLn [C;C;P\9<D � m\cCzdfI{�!'Q<= >\U\a QRr\D�X =BORS Z; N X =BObQRr\D�t]= vINPOR[ NPUVQWaZDFOR[CvINPQR[CvGD�=PX QRr\D�t]=BS i
M^=BU\DFUVQ<9`=PX N2Q<DFU\90=BOb=PX O0NPUC@ k�V

∇αS = ∇α(Sµνωµ ⊗ ων)
= (∇αSµν)ωµ ⊗ ων + Sµν(∇αωµ)⊗ ων + Sµνω

µ ⊗ (∇αων)
= (Sµν,α − SβνΓβµα − SµβΓβνα)ωµ ⊗ ων

� m\cCzdf���!

n r\DFO<D
Sµν,α = ~eα(Sµν)

c J:D?>\UZ[CUZE@QRr\D�t]= vINPOR[ NPUVQ`aZDFOR[CvINPQR[CvGD
Sµν;α

�Vo

∇αS = Sµν;αω
µ ⊗ ων � m\cCzIzdf�!

nAD�EGDFQ

Sµν;α = Sµν,α − SβνΓβµα − SµβΓβνα
� m\cCzIzIzL!

�K=BO QRr\D�STDFQROR[>t�Q<DFU\9<=BObnADLEGDFQ

gµν;α = gµν,α − gβνΓβµα − gµβΓβνα
� m\cCzIzdk�!

�\O<=BS

gµν = ~eµ · ~eν
� m\cCzIzde�!



� � � �*0U4��<�@� \ � � �T"U0U� ��03(��K# ����@�A�T(��+��0U�<����(

nAD�EGDFQ�V

gµν,α = (∇α ~eµ) · ~eν + ~eµ(∇α ~eν)
= Γβµα ~eβ · ~eν + ~eµ · Γβνα ~eβ
= gβνΓ

β
µα + gµβΓ

β
να

� m\cCzIzFm"!

� rZ[>9bSTDdNPU\9bQRrKNPQ
gµν;α = 0

� m\cCzIzdl�!

*s=�QRr\DLSTDFQRO<[Ct�Q<DFU\9<=BOb[>9`N � t]= vBNPOR[ NPUVQ ! t]=BU\9RQ0NPUVQ`Q<DFU\9<=BOdc

� ��� ��� ��� �2�)&Y��+ 	 ��+	+ ��	�&)$ ��+
R@S�TVU0W7X4W�YZU \ � �� 8�� /�-[�<�!�N�����XL7�!�N��"U0C�+�."�� �,� 0 �*0U�+���;",�@H �<���K�

d~eµ ≡ Γνµα~eν ⊗ ωα
� m\cCzIzd��!

6 ygQ<DFOR[>=BO`aZDFOR[CvINPQR[Cv|D�=PXYN vGD]tFQ<=BO2>KDF;>aRV

d ~A = d(~eµA
µ) = ~eν ⊗ dAν +Aµd~eµ

� m\cCzIzL��!

1jU�NPO��Z[CQRO0NPORo;�KNB9R[>9�V

dAν = ~eλ(A
ν)ωλ

� m\cCzIzd{�!

�%1jU	t]=V=BO<ag[CUKNPQ<D �KNB9R[>9dH
~eλ(A

ν) = ∂
∂xλ

(Aν) = Aν,λ
!

EI[Cvs[CUZE-V

d ~A = ~eν ⊗ [~eλ(A
ν)ωλ] +AµΓνµλ~eν ⊗ ωλ

= (~eλ(A
ν) +AµΓνµλ)~eν ⊗ ωλ

� m\cCzIz���!

d ~A = Aν;λ~eν ⊗ ωλ
� m\cCzdkIf�!

R@S�TVU0W7X4W�YZU \ � ��.F � � ��(*(*�!H �+���,( �Y�,� 25�
Ων

µ

�
�����$!A/0,�,"�A!-&.� /0,^(6/K�_I@2

Ωνµ
��=� j �6(6/K�_I@2 ��#��4i ,"�A#,+.L�?

d~eµ ≡ ~eν ⊗ Ωνµ

Γνµα~eν ⊗ ωα = ~eν ⊗ Γνµαω
α = ~eν ⊗ Ωνµ

� m\cCzdkgzL!

Ωνµ = Γνµαω
α � m\cCzdkIk�!



\ � � J��*� � 0U�A�<03( H'�,(7(��@H �+���,( � �

� r\D�D ysQ0D O<[C=BOWaZDFOR[CvBNPQR[Cv|D]9`=PX QRr\D�t]=BS�M^=BU\DFUVQ<9W=PX QRr\D�STDFQROR[>t�Q<DFU\9<=BOLV

dgµν = d(~eµ · ~eν) = ~eµ · d~eν + ~eν · d~eµ
� m\cCzdkIe�!

n r\DFO<D�QRr\D�STDdNPUZ[CUZE.=PX QRr\D�aZ=BQ [>9baZD?>\UKDFa NB9'X =B;C;>= nb9�V

R@S�TVU0W7X4W�YZU \ � �� O � �[H'036�0U� 4*� �[L7�*H � �>�'� : �@�@( ",�@H �<��� 03(�L 8 � �Y���N2 ������52H!A�K% ��];��=/�# *"!-& +�-&68]�A�,d�$a��A!-&B/K�
~u

��,�# � h a��A!-&+/K�6� ��% lb/0,"�5(6/K�_I
A = Aµν~eµ ⊗ ων� 23#��4i ,"�A#,+.L�?

~u ·A ≡ uαAµν(~eα · ~eµ)ων
� m\cCzdkPm"!

u:9R[CUZE�QRrZ[>9`aZD?>\UZ[CQR[>=BU~H\nADLEGDFQ�V

dgµν = (~eµ · ~eλ)Ωλν + (~eν · ~eγ)Ωγµ
= gµλΩ

λ
ν + gνγΩ

γ
µ

� m\cCzdkIl�!

)~= nADFOR[CUZE
NPU	[CU\aZD y EI[Cv|D]9

dgµν = Ωµν +Ωνµ
� m\cCzdkI��!

1jU�NPU	=BORQRr\=BU\=BORS@NP;��KNB9R[>9 >KDF;>a QRr\DFO<D�[>9 � [CUC@|= nb9�@s[ i STDFQROR[>t�V

gµ̂ν̂ = ηµ̂ν̂
� m\cCzdk���!

n rZ[>t0r	[>9bt]=BU\9<Q0NPUVQdc � r\DFU	nAD�rKNdv|D V

dgµ̂ν̂ = 0⇒ Ων̂µ̂ = −Ωµ̂ν̂
� m\cCzdkI{�!

n r\DFO<D�nAD�n OR[CQ<D
Ων̂µ̂ = Γν̂µ̂α̂ω

α̂ c�1jQ'X =B;C;>= nb9bQRrKNPQ
Γν̂µ̂α̂ = −Γµ̂ν̂α̂

c
1jQ`NP;>9<=2X =B;C;>= nb9 QRrKNPQ

Γt̂
îĵ
= −Γt̂̂iĵ = Γît̂ĵ = Γî

t̂ĵ

Γî
ĵk̂

= −Γĵ
îk̂

� m\cCzdk���!

?'NPORQ0NPU\9�z]9<Qb9RQRO�\tFQ�ZO<D�D E KNPQR[>=BU � nb[ Q<r\=AZQbMZO<=V=PX?!?V

dωρ =
1

2
cρµνω

µ ∧ ων

= −1

2
(Γρνµ − Γρµν)ω

µ ∧ ων

= −Γρνµωµ ∧ ων

= −Ωρν ∧ ων

� m\cCzdeIf�!

dωρ = −Ωρν ∧ ων
NPU\a

dωρ = Γρµνω
µ ∧ ων � m\cCzdegzL!
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1jU	t]=|=BO0ag[CUKNPQ<D �KNB9R[>9dHZnADLrKNdv|D
ωρ = dxρ

c
� r"\9dH

dωρ = d2xρ = 0
c

= D@NP;>9<= rKNdv|D
cρµν = 0

H NPU\a+?:z�[>9�O<D]a�\t]D]a Q<=�NPU [>aZDFUVQR[CQjo|c � rZ[>9�X =BORS@NP;C[>9RS tdNPU
U\=BQ
�^D \90D]a [CU�t]=V=BO<ag[CUKNPQ<D �KNB9R[>9 �

������� � !�� \ � � � 8�� J��*� � 0U�+�<03(�� H'��(*(*�!H �+���,(M� ( 03( ���A� ����(��,� 25036 �70U�+���;&7�T6�L � ( 476�03(*� 4>�,6�0U�XH'�[��� L7� (*0

ds2 = dr2 + r2dθ2

� ,9&4�=/�#�*"!��D,9: +��"2-� 2\(6/K�_I@21�D, �K, /K�=&.�"/0,�/K�_I5�K% +��"2-� 2\i��% # h 8@�����G�F&4�"� I5�4&4�6� ! � 2
gr̂r̂ =

gθ̂θ̂ = 1
l4?

ds2 = gr̂r̂ω
r̂ ⊗ ωr̂ + gθ̂θ̂ω

θ̂ ⊗ ωθ̂ = ωr̂ ⊗ ωr̂ + ωθ̂ ⊗ ωθ̂

⇒ ωr̂ = dr, ωθ̂ = rdθ
� ��&B��6� /K�c#�� � ��=�,9&H� �9&.� /0,$:0� a��-29?

dωr̂ = d2r = 0, dωθ̂ = dr ∧ dθ = 1

r
ωr̂ ∧ ωθ̂

" j ?
dωµ̂ = −Ωµ̂ν̂ ∧ ων̂

= −Ωµ̂r̂ ∧ ωr̂ − Ωµ̂
θ̂
∧ ωθ̂

� �d���9a��)&.���9&
dωr̂ = 0

�08@��� !�^:0� a��-29?
Ωr̂
θ̂
= Γr̂

θ̂θ̂
ωθ̂

� m\cCzdeIk�!

2-��,�!A�
ωθ̂ ∧ ωθ̂ = 0

J h Ωr̂r̂ � � +�A!9��*"2O�)/�( &.���)�K,9&H� 2BLKI^I5�-&.�NL
Ων̂µ̂ = −Ωµ̂ν̂

J7l
� �)�K% 2O/<���Aa���?

dωθ̂ = −1
rω

θ̂ ∧ ωr̂ J " j ?
dωθ̂ = −Ωθ̂r̂ ∧ ωr̂ − Ωθ̂

θ̂︸︷︷︸
=0

∧ωθ̂

Ωθ̂r̂ = Γθ̂
r̂θ̂
ωθ̂ + Γθ̂r̂r̂ω

r̂ � m\cCzdeIe�!

:0� aK��,9:
Γθ̂
r̂θ̂

= 1
r

J
� �d���9a���?

Ωr̂
θ̂
= −Ωθ̂r̂

J �c2-��,":��Af�*��"&H� /0,92 � J j k � ��,"# � J j k�kg8]�$:��-&-?
Γθ̂r̂r̂ = 0

⇒ Γr̂
θ̂θ̂

= −1

r:0� aK��,9:
Ωr̂
θ̂
= −Ωθ̂r̂ = −1

rω
θ̂ J
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M

±
1

±

p

�

λ

λ+∆λ

~A(λ)

~AQP (λ+∆λ)

∇~u ~A∆λ

~u

~A(λ+∆λ)

� [CE�ZO<D�lgcCz�V p NPO0NP;C;>DF;qQRO0NPU\9RM^=BORQW=PX ~A
� r\D�t]= vINPOR[ NPUVQbag[CO<D]tFQR[>=BUKNP;qaZDFOR[CvBNPQR[Cv|D�=PX N�v|DFtFQ<=BO >KDF;>a ~A NP;>=BUZE@N�v|D]tFQ<=BO ~u n'NB9aZD?>\U\D]a NPU\a [CUVQ<DFORMZO<DFQ<D]a	EGD]=BSTDFQROR[>tdNP;C;Co [CU�9<D]tFQR[>=BU	m\c kgHKNB9'X =B;C;>= nb9

∇~u ~A =
d ~A

dλ
= Aµ;νu

ν~eµ

= lim
∆λ→0

~AQP (λ+∆λ)− ~A(λ)

∆λ

� lgcCzL!

)~DFQ ~AQP �^D QRr\D�MKNPO0NP;C;>DF; QRO0NPU\9RM^=BORQ<D]a =PX ~A X O<=BS � Q<= p c � r\DFU Q<=D>\O<9RQ�=BO<aZDFO�[CU
∆λ
nADLrKNdv|D�V ~AQP = ~AP + (∇~u ~A)P∆λ

NPU\a
{gz
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-
~A

6

~A‖

:

3

µ
º

� [CE�ZO<D lgc k�V p NPO0NP;C;>DF;ZQRO0NPU\9<M^=BORQY=PX NWv|D]tFQ<=BO NP;>=BUZE�N`QROR[ NPUZEI;>Db=PX NPUZEI;>D]9
90◦
[>9 O<=BQ NPQ<D]a

90◦

~APQ = ~AQ − (∇~u ~A)Q∆λ
� lgc k�!

� =T9<D]t]=BU\a	=BO<aZDFOb[CU
∆λ
nAD�rKNdv|D�V

~APQ = (1−∇~u∆λ+
1

2
∇~u∇~u(∆λ)2) ~AQ

� lgc e�!

1 X ~APQ [C9bMKNPO0NP;C;>DF;~QRO0NPU\9<M^=BORQ<D]a X<ZORQRr\DFO`=BU	Q<= R nAD�EGDFQ

~APQR = (1−∇~u∆λ+
1

2
∇~u∇~u(∆λ)2)

· (1−∇~v∆λ+
1

2
∇~v∇~v(∆λ)2) ~AR

� lgc m"!

1 Xwn'DLMKNPO0NP;C;>DF;qQRO0NPU\9RM^=BORQ ~A NPO<=AZU\a QRr\D�n r\=B;>D�M^=B;CosEG=BU	nAD�EGDFQ�V

~APQRSTP = (1 +∇~u∆λ+
1

2
∇~u∇~u(∆λ)2)

· (1 +∇~v∆λ+
1

2
∇~v∇~v(∆λ)2)

· (1−∇[~u,~v](∆λ)
2) · (1−∇~u∆λ+

1

2
∇~u∇~u(∆λ)2)

· (1−∇~v∆λ+
1

2
∇~v∇~v(∆λ)2) ~AP

� lgc l�!

?'NP;>t(Z; NPQR[CUZE.Q<=Tkgc =BO<aZDFOb[CU
∆λ
EI[Cv|D]9�V

~APQRSTP = ~AP + ([∇~u,∇~v]−∇[~u,~v])(∆λ)
2 ~AP

� lgc ��!
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λ+∆λ

$
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�

(∇~u∆λ~v −∇~v∆λ~u)∆λ
= [~u,~v]∆λ2

∇~v∆λ~u∆λ

∇~u∆λ~v∆λ

~u(P )∆λ

~AP

~uPQ∆λ

~APQ

~AQ
∇~v ~A

~v(P )∆λ

~vPT∆λ

~v(T )∆λ

~u(Q)∆λ

� [CE�ZO<D�lgc e�V ��D]=BSTDFQROR[>tdNP;C;Co	[CS�MZ;C[CD]a t(ZORvINPQ�ZO<D�X O<=BS U\=BUgi �dDFO<=.ag[ ] DFO<DFU\t]D]9E�^DFQjnAD]DFU
v|D]tFQ<=BO<9&NP;>=BUZE�N�t(ZORvGD � MKNPO0NPSTDFQ<DFOR[ �dDda3�Vo

λ
! NPU\a�QRr\DF[CO MKNPO0NP;C;>DF;\Q<O0NPU\9RM^=BORQ<D]a@D E Z[CvVi

NP;>DFUVQ<9

� r\DFO<D [>9TN vINPOR[ NPQR[>=BU =PXWQRr\D v|DFtFQ<=BO ZU\aZDFO�MKNPO0NP;C;>DF;bQRO0NPU\9RM^=BORQ@NPO<=AZU\a Q<r\D tF;>=I9<D]a
M^=B;CosEG=BU V

δ ~A = ~APQRSTP − ~AP = ([∇~u,∇~v]−∇[~u,~v]) ~AP (∆λ)
2 � lgcW��!

= DLU\= n [CUVQRO<=Va�\t]D�QRr\D $b[>DFS@NPUZU1D 9`t(ZORvINPQ�ZO<D�Q<DFU\9<=BO NB9LV

R( , ~A, ~u,~v) ≡ ([∇~u,∇~v]−∇[~u,~v])( ~A)
� lgc {�!

� r\D t]=BS�M^=BU\DFUVQ09T=PXWQRr\D�$b[>DFS@NPUZU t(ZORvBNPQ�ZO<D Q<DFU\90=BO [>9�aZD?>\U\D]a��Vo+NPMZMZ;CoV[CUZE QRr\D
Q<DFU\9<=BO`=BU �KNB9R[>9 v|D]tFQ<=BO<9dH

Rµναβ~eµ ≡ ([∇α,∇β]−∇[~eα,~eβ ])(~eν)
� lgc ��!

_WUVQR[ i 9RoVS�STDFQRO<o.X =B;C;>= nb9 X O<=BS QRr\D�aZD?>\UZ[CQR[>=BU V
Rµνβα = −Rµναβ

� lgcCzdf�!

� r\DLD ygMZO<D]9<9R[>=BU
X =BOAQ<r\D:vBNPOR[ NPQR[>=BU	=PX ~A ZU\aZDFO'MKNPO0NP;C;>DF; QRO0NPU\9<M^=BORQ`NPO<=AZU\a QRr\D:M^=B;Co|i
EG=BU~H 6>E c
� lgcW��! HKtdNPU	U\= n �^DLn OR[CQRQ<DFU NB9�V

δ ~A = R( , ~A, ~u,~v)(∆λ)2

= R( , Aν~eν , u
α~eα, v

β~eβ)(∆λ)
2

= ~eµR
µ
ναβA

νuαvβ · (∆λ)2

=
1

2
~eµR

µ
ναβA

ν(uαvβ − uβvα)(∆λ)2

� lgcCzIzL!
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µ

6

~v∆λ

~u∆λ

∆~S = ~u× ~v(∆λ)2

∆S

� r\D�NPO<DdN�=PX QRr\D�MKNPO0NP;C;>DF;C;>=BEIO0NPS aZD?>\U\D]a��Vo
QRr\D�vGD]tFQ<=BO<9
~u∆λ

NPU\a
~v∆λ

[>9

∆~S = ~n× ~v(∆λ)2.
u:9R[CUZE�QRrKNPQ

(~u× ~v)αβ = uαvβ − uβvα .
nAD�tdNPU	n OR[CQ<D 6>E c
� lgcCzIzL!bNB9�V

δ ~A =
1

2
AνRµναβ∆S

αβ~eµ .
� lgcCzdk�!

� r\D t]=BS�M^=BU\DFUVQ<9w=PXgQRr\D�$`[>DFS@NPUZU�Q<DFU\9<=BOqD ysMZO<D]909<D]a �Vo:QRr\D tF=BU\U\D]t Q<[C=BUZi NPU\a�9RQRO�\tFQ�ZO<D i
t]=VDRQ@tF[>DFUVQ<9:NPO<D�EI[CvGDFU �^DF;>= n V

~eµR
µ
ναβ = [∇α,∇β ]~eν −∇[~eα,~eβ ]~eν

= (∇α∇β −∇β∇α − cραβ∇ρ)~eν
= ∇α∇β~eν −∇β∇α~eν − cραβ∇ρ~eν� �W=���Z; i t]=BUZU\DdtFQR[>=BU !
= ∇αΓµνβ~eµ −∇βΓµνα~eµ − c

ρ
αβΓ

µ
νρ~eµ

= (∇αΓµνβ)~eµ + Γµνβ∇α~eµ
− (∇βΓµνα)~eµ − Γµνα∇β~eµ − cραβΓµνρ~eµ

= ~eα(Γ
µ
νβ)~eµ + ΓρνβΓ

µ
ρα~eµ

− ~eβ(Γµνα)~eµ − ΓρναΓ
µ
ρβ~eµ − c

ρ
αβΓ

µ
νρ~eµ .

� lgcCzde�!

� rZ[>9bEI[CvGD]9 � [CU NPO��Z[CQRO0NPORo;�KNB9<[>9 !?V

Rµναβ = ~eα(Γ
µ
νβ)− ~eβ(Γµνα)

+ ΓρνβΓ
µ
ρα − ΓρναΓ

µ
ρβ − c

ρ
αβΓ

µ
νρ .

� lgcCzFm"!

1jU	t]=|=BO0ag[CUKNPQ<D �KNB9R[>9bD E c � lgcCzFm"!'[>9 O<D]a�\t]D]a Q<=CV

Rµναβ = Γµνβ,α − Γµνα,β + ΓρνβΓ
µ
ρα − ΓρναΓ

µ
ρβ ,

� lgcCzdl�!

n r\DFO<D
Γµνβ = Γµβν

NPO<D�QRr\D�?}rZOR[>9RQ<= ] DF;q9RosS �^=B;>9dc
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Rµν =
1

2
Rµναβω

α ∧ ωβ � lgcCzd��!

1jU\9<DFORQR[CUZETQRr\D�t]=BS�M^=BU\DFUVQ<9:=PX QRr\D $b[>DFS@NPUZU�Q<DFU\9<=BO X O<=BS D E c � lgcCzFm"!'EI[CvGD]9

Rµν = (~eα(Γ
µ
νβ) + ΓρνβΓ

µ
ρα −

1

2
cραβΓ

µ
νρ)ω

α ∧ ωβ � lgcCzL��!

� r\D�t]=BUZU\D]tFQR[>=BU	X =BORST9�V

Ωµν = Γµναω
α � lgcCzd{�!

6 ygQ<DFOR[>=BO`aZDFOR[CvINPQR[Cv|D]9b=PX �KNB9R[>9'X =BORST9�V

dωρ = −1

2
cραβω

α ∧ ωβ � lgcCz���!

6 ygQ<DFOR[>=BO`aZDFOR[CvINPQR[Cv|D]9b=PXYt]=BUZU\D]tFQR[>=BU	X =BORST9 � ?:z�V
dωρ = −Ωρα ∧ ωα

! V

dΩµν = dΓµνβ ∧ ωβ + Γµνρdω
ρ

= ~eα(Γ
µ
νβω

α ∧ ωβ − 1

2
cραβΓ

µ
νρω

α ∧ ωβ
� lgc kIf�!

� r\D�t(ZORvINPQ�ZO<DLX =BORST9btdNPU	U\= n �^DLnbOR[CQRQ<DFU NB9�V

Rµν = dΩµν +Ωµλ ∧ Ωλν
� lgc kgzL!

� rZ[>9b[>9W?'NPORQ0NPU\9WkPU\a	9RQRO�\tFQ�ZO<D�D E KNPQR[>=BU~c
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λ

µe

eν

N

u

� [CE�ZO<D2lgc m-V � r\D�EGD]=BSTDFQRORo�=PX}NT9�ZO X NBt]DIc = D�9<D]D�QRr\D�U\=BORS@NP; vGD]tFQ<=BOLNPU\a�QRr\D ZUZ[CQ
v|D]tFQ<=BO<9b=PX QRr\D�Q0NPUZEGDFUVQbMZ; NPU\D�=PXYN M^=B[CUVQ`=BU	QRr\D�9�ZO X NBt]DIc

1jS@NPEI[CU\D`NPU.NPO��Z[CQRO0NPORo�9�ZO X NBt]D DFS �^D]aZaZD]aT[CU.NPU 6 \tF;C[>ag[ NPU
e�ag[CSTDFU\9R[>=BUKNP; 9RMKNBt]DIc
��*sD]D >\E�ZO<D�lgc m"! cA?A=V=BO<ag[CUKNPQ<D�v|D]tFQ<=BO<9b=BU	QRr\D�9�ZO X NBt]D V

~eu =
∂

∂u
,~ev =

∂

∂v

� lgc kIk�!

n r\DFO<D0 NPU\a v NPO<D�t]=V=BO<ag[CUKNPQ<D]9W=BU	QRr\D�9�ZO X NBt]DIc
) [CU\D�DF;CDFSTDFUVQW=BU	QRr\D�9�ZO X NBt]D�V

ds2 = gµνdx
µdxν

� lgc kIe�!

n [CQRr
x1 = u

NPU\a
x2 = v

c
� z]9RQ X<ZU\a\NPSTDFUVQ0NP;~X =BORS !
� r\D�ag[CO<D]tFQR[>=BUKNP;waZDFOR[CvINPQR[Cv|DF9`=PX QRr\D0�KNB9R[>9 v|D]tFQ<=BO<9`NPO<D�n OR[CQRQ<DFU

~eµ,ν = Γαµν~eα +Kµν
~N, α = 1, 2

� lgc kPm"!

�:O<D]D(@�[CU\ag[>t]D]9YO�ZU QRrZO<=AZEIr�QRr\D'9�ZO X NBt]DAt]=V=BO<ag[CUKNPQ<D]9dH ~N [>9YN ZUZ[CQ v|D]tFQ<=BOY=BORQRr\=BEG=BUKNP;
Q<=�QRr\D�9�ZO X NBt]DIc
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� r\D.D E KNPQR[>=BU N.�^= vGD@[>92tdNP;C;>D]a ��N.\9<9<DqD E KNPQR[>=BU~c = D@rKNdvGD�V
Kµν = ~eµ,ν · ~N

c 1jU
t]=V=BO<ag[CUKNPQ<D �KNB9<[>9dHgnAD�rKNdvGD

~eµ,ν = ∂2

∂xµ∂xν = ∂2

∂xν∂xµ = ~eν,µ
c:1 Q'X =B;C;>= nb9 QRrKNPQ

Kµν = Kνµ
� lgc kIl�!

)~DFQ
~u

�^D�QRr\D ZUZ[CQWQ0NPUZEGDFUVQWv|D]tFQ<=BOWQ<=.NTt(ZORv|D�=BU�QRr\D�9�ZO X NBt]DIH\MKNPO NPSTD Q<OR[>9<D]aF�Vo
λ
c

J:[ ] DFO<DFUVQR[ NPQR[CUZE
~u
NP;>=BUZETQRrKD�t(ZORv|D�V

d~u

dλ
= uµ;νu

ν~eµ + Kµνu
µuν︸ ︷︷ ︸

� �	�����	�	� ��� � � � � � � � ���

~N
� lgc kI��!

= D�aZD?>\U\D
κg
NPU\a

κN
�Vo�V

d~u

dλ
= κg~e+ κN ~N

� lgc k���!

κg
[>9:tdNP;C;>D]a EGDF=VaZD]9<[>t�t(ZORvINPQ�ZO<D c

κN
[>9:tdNP;C;>D]a�U\=BORS@NP;wt(ZORvINPQ�ZO<D � D ygQ<DFORUKNP; t(ZORvBN i

Q�ZO<DL! c
κg = 0

X =BO EGD]=VaZD]9R[>t�t(ZORvGD]9`=BU QRr\D�9�ZO X NBt]DIc

κg~e = uµ;νu
ν~eµ = ∇~u~u

κN = Kµνu
µuν

_WU\a V
κN =

d~u

dλ
· ~N

� lgc kI{�!

= D�NP;>9<= rKNdv|DLQ<rKNPQ
~u · ~N = 0

NP;>=BUZETQRrKDLn r\=B;>D�t(ZORvGDIc J:[ ] D O0D UsQR[ NPQR[>=BU�EI[CvGD]9LV

d~u

dλ
· ~N + ~u · d

~N

dλ
= 0

� lgc k���!

EI[Cv|D]9�V

κN = −~u · d
~N

dλ

� lgc eIf�!

n rZ[>t0r	[>9btdNP;C;>D]a = DF[CUZE|NPORQ<DFU1D 9WD E KNPQR[>=BU~c
κg
NPU\a

κN
Q<=BEGDFQRr\DFOAEI[Cv|D:N�t]=BS�MZ;>DFQ<DLaZD]9<tFOR[CMZQR[>=BU =PXqQRr\D`EGD]=BSTDFQRORo.=PXwN�9�ZO X NBt]D

[CU N � NPQTe ag[CSTDFU\9R[>=BUKNP;b9RMKNBt]DIc = D NPO<D U\= n EG=B[CUZE Q0= t]=BU\9<[>aZDFO EGD]=VaZD]9R[>t t(ZORv|D]9
QRrZO<=AZEIr@NWM^=B[CUVQ =BU QRr\D 9�ZO X NBtFDIc � NPUZEGDFUVQYv|D]tFQ<=BO

~u = uµ~eµ
n [CQRr

~u ·~u = gµνu
µuν =

1
c J:[CO<D]tFQR[>=BU\9 n [CQRr�S@N yg[CS ZS NPU\a S�[CUZ[CS ZS vBNP;Z\D]9 X =BOYQRr\D'U\=BORS@NP;\t(ZORvINPQ�ZO<D]9&NPO<D
X =AZU\a HA�Vo�D ygQRO<DFS@NP;C[ �][CUZE

κN
ZU\aZDFOYQRr\D't]=BU\ag[CQR[>=BU

gµνu
µuν = 1

c = D}QRr\DFU�9<=B;Cv|D}QRr\D
vINPOR[ NPQR[>=BU�MZO<=A�Z;>DFS

δF = 0
X =BOqNPO��Z[CQRO0NPORo

uµ
H n r\DFO<D

F = Kµνu
µuν−k(gµνuµuν−1)

c
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δF = 0
X =BO`NPO��Z[CQRO0NPORo
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� lgc egzL!

�K=BO QRrZ[>9`9Rog9RQ<DFS =PX D E KNPQR[>=BU\9bQ<=�rKNdvGD�U\=BU �dDFO<=T90=B;ZZQR[>=BU\9dHZnAD�S \9RQ rKNdv|D�V

aZDFQ
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k2
aZDFQ

(gµν)− (g11K22 − 2g12K12 + g22K11)k +
aZDFQ

(Kµν) = 0
� lgc ePm"!
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9RosS�STD Q<OR[>t

K12 = K21)
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= Kµνu
µuν − kgµνuµuν
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NPU\a

~v
c 6>E c lgc egz�EI[Cv|D]9�V

Kµνu
ν = kgµνu
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Kµνu
νvµ = k1gµνu

νvµ

= k1uµv
µ = k1(~u · ~v)

Kµνv
νuµ = k2gµνv
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EI[Cv|D]9
(k1 − k2)(~u · ~v) = Kµν(u

νvµ − vνuµ)
= 2Kµνu

[νvµ]
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Kµν
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µ
NPU\a

ν
c *s= nAD2EGDFQ�V

(k1 − k2)(~u · ~v) = 0
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~ea = (~e1, ~e2, ~N) , ~eµ = {~e1, ~e2}
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d~eν = ~ea ⊗ Ωaν
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Ωµν = Γµναωα

NPO<D2QRr\D2t]=BUZU\D]tFQR[>=BU X =BORST9L=BU QRr\D29�ZO X NBt]DIH [ c DIc�QRr\D2[CUVQROR[CU\9R[>t
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Ω3
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αω
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� lgc m|e�!
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Rµναβω

α ∧ ωβ = −Ωµ3 ∧ Ω3
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1jU\9<DFORQR[CUZE QRr\D t]=BS�M^=BU\DFUVQ<9�=PX}QRr\D D ysQROR[CU\9<[>t t]=BUZU\D]tFQR[>=BU X =BORST9dH nAD2EGDFQ�V � n r\DFU nAD
O<DFSTDFS �^DFO`QRr\D�NPUVQR[q9RosS�STDFQRORo =PX
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Rµναβ
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Rµναβ = Kµ
αKνβ −Kµ

βKνα
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= DLU\= n ;>= nADFObQRr\D >\O<9RQ [CU\aZD yRV

Rµναβ = KµαKνβ −KµβKνα
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Rµναβ
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K = κN1 · κN2 =
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=
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~eµR
µ
ναβA

ν = (∇α∇β −∇β∇α −∇[ ~eα, ~eβ ])(~A)
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~eµR
µ
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ν = (Aµ;βα −A
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n r\DFO<D
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d2 ~A =
1

2
RµναβA

ν ~eµ ⊗ ωα ∧ ωβ
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d ωµ = −Ωµν ∧ ων
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Rµν = d Ωµν +Ωµλ ∧ Ωλν
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Poincaré′s
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d Ωµν ∧ ων +Ωµλ ∧ Ωλν∧ ω
ν = 0

� lgc lI{�!
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Rµναβω
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Rµναβ +Rµαβν +Rµβνα+ = 0
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= 0 c;d Y}�Kf

��.BX8�! O��2?�1~_.h56-#78*,��*69<(+*,-#78*,� c 7G"%��*, #7G�B"�"% ]5O4�7G-a$Bf

ρ
D~v

Dt
= −~∇p *, 

ρ

(
∂vi

∂t
+ vj

∂vi

∂xj

)
= − ∂p

∂xi
c;d Y �'f

Z\I���r'pHr_�6������o���r�pRsT�H� sOr'pH�Ooh��782v5�2#$'(j(+�!-# #78/M-3�!��23*, v*69i ]56�B��|U-#Ih56-
EB�123/! #7GPR�12>(�56-3�! #7C56XH/]Ih56 ]5,/!-3�! #782#-#78/12TY

Tµν =




T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33


 c;d Y}�Kf

c ≡ 1

� �
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T 00  3�!lB 3�123�!�'-32?�!���! #"%$yEB�!��2#7G-a$_Y
T i0

 3�!lB 3�123�!�'-32>(+*,(+�!�'-#.B(�EB�!��2#7G-a$KY
T ii

 3�!lB 3�123�!�'-32VlB 3�1232#.B 3� c T ii > 0
f Y

T ii
 3�!lB 3�123�!�'-32?2#-# 3�1232 c T ii < 0

f Y
T ij

 3�!lB 3�123�!�'-32?2#I��O56 \9;*, 3/1�12 c i 6= j
f!Y

������� � !�� 
������ �"!#�[pHr_�6��� ��oR��r�pRsT�H� sOr'pH�Ooh�%${oh� �'& r)(jsOoRpHt � p+*��Ht��-,

T 00 = ρ T i0 = ρvi

T ij = ρvivj + pδij
c;d Y d f
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7 M 7;E 1 AS6 QT?)Q 6 QR143 EU6 ?)JWV#3:? A 1 7=<2H / E /@? EXE /21 H=C@Y ?@3 6 ?)Q E B)143 6 Y ? EU6 Y 1 7 ?4351�351=B <2H 1=B E#CZ8 ?43 E[6 ?KJ
B)143 6 Y ? E[6 Y 1 7 I�\]/21-B 6 Y 143_^)14Q H 1 C V E /21 A�CFA 14Q E`<)A 14Q2143_^4M E 14Q 7DC 3a> Tµν;ν /@? 7�b0H=CFA�84C Q214Q Ec7 >
C Q21TV C 3�1W? H / Y ?)J < 1 C V µ I

\0/21Td=143 C4E / H=CFAe84C Q214Q ET6 7
T 0ν

;ν = T 0ν
,ν = T 00

,0 + T 0i
,i

=
∂ρ

∂t
+
∂(ρvi)

∂xi

c;d YLf%f

.0/ 6 H /hg`M H=CFA�8 ?@3 6 7DC Q E#C�i 1`. EcC Q 6 ?KQj/=MRB	3 C B4MKQ@? A�6 HP7k6lAe8 J 6 1 7�E /R? E T 0ν
;ν m � 6 7nE /21

H=C Q E[6 Q <G6 E Mo1=p < ? EU6 C QKI�\0/ 6 7 1=p < ? E[6 C Qn3:1 8 351 7 14Q Ec7qE /21 H=C Q 7 143 Y ? EU6 C Q C V914Q2143_^4MWI
\0/21 i E / H=CFAe84C QR14Q EOC V E /21rB 6 Y 143_^)14Q H 1 6 7

T iν,ν = T i0,0 + T ij,j

=
∂(ρvi)

∂t
+
∂(ρvivj + pδij)

∂xj

= ρ
∂vi

∂t
+ vi

∂ρ

∂t
+ vi

∂ρvj

∂xj
+ ρvj

∂vi

∂xj
+
∂p

∂xi

c;d YtsKf

Q C .0>u? H=H=C 3:B 6 QW^ EcCvE /21 H=C Q E[6 Q <)6 E M�1=p < ? EU6 C Q

∂(ρvi)

∂xi
= −∂ρ

∂t

⇒ T iν,ν = ρ
∂vi

∂t
+ vi

∂ρ

∂t
− vi∂ρ

∂t
+ ρvj

∂vi

∂xj
+
∂p

∂xi

= ρ
Dvi

Dt
+
∂p

∂xi

∴ T iν;ν = 0⇒ ρ
Dvi

Dt
= − ∂p

∂xi

c;d Y � f

.0/ 6 H / 6 7rwu< J 143ax 7 1=p < ? E[6 C Q C V A�C4E[6 C QKIOy E 1[z 8 351 7;7 1 7OE /21 H=C Q 7 143 Y ? EU6 C Q C V A{CFA 14Q E`<)A I
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Z\I��+�1~'.h56-#78*,��2
Tµν;ν = 0

56 3�k"K�!���! ]56X�����lB 3�12]2#78*,��2N9W*, F�!���! #"%$�56��EU(+*,(+�!�'-#.B(
/1*,��23�! #4%56-#78*,� Y
���	�
��� �����������m���������
� lR�! 9;�1/!-�D�.B78Ej782L5?D�.B78Ej@A7G-#I+��*i4'782]/1*%2#7G-a$k56��Ej782�"%7G4K�!�+P'$�-#I��>�!���! #"%$'&)(+*,(+�!�'-#.B(
-3�!��23*, 

Tµν = (ρc2 + p)uµuν + pgµν c;d YGe �Kf@AI��! 3�
ρ
56��E

p
56 3�>-#I��>(�5,232LEB�!��2#7G-a$+56��E+-#I��V2#-# 3�1232 !K 3�12#lR�1/!-#7G4_�!XG$�!_(+�O5,2#.B 3�1E�7G�+-#I��

D�.B78EB2> 3�12#-\9W ]56(+�"!
uµ

56 3�N-#I��F/1*,(jlR*,���!�'-32?*69	-#I��i�,&)4K�!X8*'/!7G-a$b*69	-#I��[D�.B78EzY
wa�b5S/1*,(+*T4'7G�B"+*, #-#I�*,��*, #(�56X Ph5,2#782 -#I��N/1*,(jlR*,���!�'-32>*69H-#I��[�,&)4_�!X8*'/!7G-a$y56 3�

uµ̂ =
(c, 0, 0, 0)

Y�Z\I��!�m-#I��F�!���! #"%$'&)(+*,(+�!�'-#.B( -3�!��23*, >782A"%7G4_�!�bP�$

Tµ̂ν̂ =




ρc2 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


 c;d YGe%eTf

@AI��! 3�
p > 0

782AlB 3�12]2#.B 3�F56��E
p < 0

782A-3�!��2#78*,� Y
Z\I��! 3��56 3�i-#IB 3�1�FEJ7$# �! 3�!�'-V-a$'lR�12V*69<lR�! 9;�1/!-AD�.B78EB2>-#Ih56-?56 3�i.�23� 9 .BX)Y
e%Y]�<�H�1si*, A��*,�J&) 3�!XC56-#7G4�782#-#78/i"_5,2A782\"%7G4_�!�bP'$

p = 0
56��Ey-#I��i�!���! #"%$_&)(+*,(+�!(S-#.B(

-3�!��23*, 
Tµν = ρc2uµuν

Y
|JY>� � �	t � sTt o�p *, z.BXG-# ]5 &) 3�!XC56-#7G4�782#-#78/`"_5,2 782z"%7G4K�!�FP'$i5 -# ]5,/1�!X8�1232 �!���! #"%$'&)(+*,(+�!(�-#.B(
-3�!��23*,  !B7)Y��%Y

Tµµ = 0
Y�wa-\9W*,XGX8*T@>2>-#Ih56-

p = 1
3ρc

2 Y
�JYAq � n_�<�H��r'pHr_�6���&% w)9J@ �L5,232#.B(+��-#Ih56- �h*\4_�!X8*'/!7G-a$i/O56�FPR��(+�O5,2#.B 3�1EF 3�!XC56-#7G4_�!XG$
-3*N4%5,/!.B.B('!K-#I��!� 56XGX�-#I��>/1*,(jlR*,���!�'-32�*69 -#I��A�!���! #"%$'&)(+*,(+�!�'-#.�(x-3�!��2]*, �(�.�23-
PR�)( *, 3�!�'-+*!&)7G�'4%56 #7C56��-OYLwa-\9W*,XGX8*T@>2A-3Ih56-

Tµν ∝ gµν
Y�w{9H4%5,/!.B.B( 782>EB� > ���1EM5,2V5

lR�! 9W�1/!-AD�.B78Eb@\�N"K�!-
p = −ρc2 23*k-#I�56- Tµν = pgµν = −ρc2gµν

Y

,.-�/ 021436587 � 143:9;5 �=<��?>�� 7 <��R� 7 � 365�@ �
Z\I�� > �!X8Em�1~'.h56-#78*,��2?56 3�:5,232#.B(+�1Eb-3*kIh5O4_�N-#I��N9;*, #('%

23lh5,/1� &)-#7G(+�F/!.B #4%56-#.B 3� ∝ (+*,(+�!�'-#.B(k&{�!���! #"K$y-]� �h23*, 
� X823*A!�7G-A782AE�� (�56�hEB�1Eb-#Ih56->�!���! #"%$b56��Ey(+*,(+�!�'-#.B( /1*,��23�! #4%56-#78*,�M2#I�*,.BX8Ev9;*,XGX8*T@�5,2
5+/1*,��23�1~'.��!��/1��*69�-#I�� > �!XGE��1~'.h56-#78*,� YAZ\IB782VlB.B-32?-#I��i9;*,XGX8*T@A7G�B"v/1*,��2#-# ]567G�'-32[*,�M-#I��
/!.B #4%56-#.B 3�i-3�!��23*,  %`wa-A(�.�2#->PR�F5j2#$�(j(+� -3 #78/B!hEJ7G4K�! #"K�!��/1�i9W 3�1�N-3�!��23*, V*69	 ]56�B�b|JY

C 7C56��/]IB7)��2?|6�hEy78EB�!�'-37^- $?%
Rµναβ;σ +Rµνσα;β +Rµνβσ;α = 0 c;d YGeO|Kf

/1*,�'-# ]5,/!-#78*,�Q*69
µ
56��E

α ⇒
Rµνµβ;σ −R

µ
νµσ;β +Rµνβσ;µ = 0

R νβ;σ −R νσ;β +Rµνβσ;µ = 0
c;d YGeO�Kf
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���Nt pH�1sOr�tWp��G���At r�������� � � sTt o�pH�

9W.B #-#I��! V/1*,�'-# ]5,/!-#78*,��*69
ν
56��E

σ
"%7G4K�12

Rσβ;σ −Rσσ;β +Rσµσβ:µ = 0

Rσβ;σ −R ;β +Rσβ;σ = 0

∴ 2Rσβ;σ = R ;β

c;d YGe!�'f

Z\I'.�2 !B@ �iIh5O4K�F/O56X8/!.BXC56-3�1Em-#I��FEJ7G4_�  3"K� �h/!�:*69	-#I����>78/1/!7z-3�!��2]*,  !

Rσβ;σ =
1

2
R ;β c;d YGeO�Kf

=[*T@ @\�i.�23�i-#IB782V����lB 3�1232378*,�m-3*,"K�!-#I��! V@A7G-#IM-#I��N9;5,/!->-#Ih56-V-#I��i(+�!-# #78/F-3�!��23*, V782>/1*6&
4%56 #7C56�'-\56��E EB7^4_�! #"K�!��/1�V9W 3�1�V-3*�/1*,��2#-# #.�/!-A5F���!@ EJ7G4_�! #"K�!��/1�V9W 3�1�V/!.B #4%56-#.B 3�?-3�!��23*, OY

Rσβ;σ −
1

2
R ;β = 0 c)d Y^e d f

�i�1�!lB7G�B"�7G�b(j7G��Em-#Ih56-
(gσβR);σ = gσβR;σ

@\�N(�.BXG-#7GlBXG$ c;d YGe d f P�$ gβα -3*j"K�!-

gβαR
σ
β;σ − gβα

1

2
R ;β = 0

(
gβαR

σ
β

)
;σ
− 1

2

(
gβαR

)
;β

= 0
c;d YGe2f%f

7G�'-3�! 3/]Ih56�B"%7G�B"
σ
56��E

β
7G�b-#I�� >  32#->-3�! #( *69<-3I��NXC5,2#-V�1~_.h56-37G*,� %
(
gσαR

β
σ

)
;β
− 1

2

(
gβαR

)
;β

= 0

⇒
(
Rβα −

1

2
δβαR

)

;β

= 0
c;d YGeWsKf

2#7G��/1�
gσαR

β
σ � δσαR

β
σ � Rβα

Y���*k-#Ih56-
Rβα − 1

2δ
β
αR

782A-#I��iEJ7G4K�! #"K�!��/1�N9W 3�1�N/!.B #4%56-#.B 3�
-3�!��23*, VEB�12#7G 3�1EzY

Z\IB782:-3�!��23*, :782:/O56XGX8�1E�-#I�����7G��23-3�!7^��-3�!��23*, S56��E�7G-32:/1*T4%56 #7C56�'-�/1*,(jlR*,���!�'-32k56 3�
EB�!��*,-3�1EmP'$

Eαβ
Y�Z\Ih56-V7G2

Eαβ = R αβ −
1

2
g αβR c;d YGe � f

&��	� � ��
�����
Eµν;ν = 0 → ���1~_.h56-#78*,��2 !H"%7G4�7G�B"�*,�BXG$ d �1~_.h56-#78*,��2:9W 3*,( E µν

!
@AIB78/]IM2]�!/!.B ]�!2?5S9  3�1�F/]I�*,78/1�F*69�/!*'*, 3EB7^��56-3�:2#$J2#-3�!(mY

,.-�� 021436587 � 143:9;5�� ����� ��� <S� 7�14@ 3�5

��7G��2#-3�!7G� ��2 > �!X8Em�1~'.h56-#78*,��2 %

Eµν = κTµν c;d Y}|"�Kf




���'�[tWpH�1sOr'tWp-�G���	r���� rK� � � sTt o�pH� ���

*, 

Rµν −
1

2
gµνR = κTµν c;d Y}|JeTf

� *,�'-# ]5,/!-#78*,��"%7G4K�12 %

R− 1

2
4R = κT ,

@AI��! 3�
T ≡ T µµ

R = −κT
c;d Y}|%|Kf

Rµν =
1

2
gµν(κT ) + κTµν , c;d Y}|%�Kf

Z\I'.�2>-#I�� > �!X8Em�1~_.h56-#78*,��2>(�5O$vPR�i@A #7G-#-3�!�M7G�b-#I��N9;*, #(

Rµν = κ(Tµν −
1

2
gµνT ) c;d Y}|6�'f

wa�b-#I��F=?�!@A-3*,�B7C56�MXG7G(j7G->-#I��i(+�!-# #78/F(�5O$vPR�N@A #7G-#-3�!�

ds2 = −
(
1 +

2φ

c2

)
dt2 + (1 + hii)(dx

2 + dy2 + dz2) c;d Y}|%�Kf

@AI��! 3�`-#I��`=[�!@A-3*,�B7C56�:lR*,-3�!�'-#7C56X |φ| ¿ c2
Y =��L56X823*AIh5O4_�

T00 À Tkk
56��E

T ≈ −T00
Y

Z\I��!�m-#I��
00
&{/1*,(jlR*,���!�'-[*69<-#I�� > �!X8Em�1~'.h56-#78*,��2>PR�1/1*,(+�12

R00 ≈
κ

2
T00 c;d Y}| d f

��.B #-#I��! #(+*, 3�F@ �iIh5O4_�

R00 = Rµ0µ0 = Ri0i0

= Γi00,i − Γi0i,0

=
∂Γk00
∂xk

=
1

c2
∇2φ c;d Y}|)f%f

�'7G��/1�
T00 ≈ ρc2

�!~RY c;d Y}| d f /O56��PR�`@A #7G-#-3�!� ∇2φ = 1
2κc

4ρ
Y � *,(jlh56 #7G�B"[-#IB782H�1~'.h56-#78*,�

@A7G-#Iy-#I��[=[�!@A-3*,�B7C56�yXC5O@ *69 "% ]5O4�7G-]56-#78*,�b*,�yX8*'/O56XR9W*, #('% ∇2φ = 4πGρ
!'@ �N23�1�?-#Ih56-

κ = 8πG
c4
Y

wa�m/!XC5,232#78/O56X 4%5,/!.B.B( @ �NI�5O4K� %
Tµν = 0

!B@AIB78/]Im"%7G4_�!2

Eµν = 0
*, 

Rµν = 0 . c;d Y}|GsKf
Z\I��123��56 3�b-#I��	�{4%5,/!.B.B( > �!X8E �1~_.h56-#78*,��2�
]Y =?*,-3�b-#Ih56-

Rµν = 0
EB*'�12�����A7G(jlBXG$

Rµναβ = 0
Y
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8 3 6 Q H@6l8 J 1�. 6 E /o? HPE[6 C Q ∫

R
√−gd4x , c;d Y}| � f

.0/214351 R√−g 6 7�E /21��G?2^	3:?)Q2^)1 BK14Q 7P6 E M=I��rQ21 A ?`M]?KJ 7DC�6 Q H J < B)1q? 7DC�� H ?KJLJ 1=B HPC47WA�C J C ^ 6 H ?)J
H=C Q 7;E ?)Q E Λ � ∫

(R+ 2Λ)
√−gd4x c;d Y}�"�Kf

\]/R1��	14J Bn1=p < ? E[6 C Q 7 . 6 E / H=C47=A�C J C ^ 6 H ?)J H=C Q 7;E ?)Q E ?@3:1

Rµν −
1

2
gµνR+ Λgµν = κTµν c;d Y}�JeTf
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k9;*,X^X8*T@V2
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56�M�!���! #"%$_&)(+*,(+�!�'-#.�( -3�!��23*, 

Tµν = ρuµuν c;d Y}�%|Kf
@AI��! 3�

ρ
782�-#I��V 3�12#- EB�!��2#7G-a$+*69 -#I��?EB.�2#- 5,2�(+�O5,2#.B 3�1E P'$�56�v*,P�23�! #4_�! \56-� 3�12#-L7G� -#I��

EJ.�2#-?56��E
uµ
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Rµν − 1

2
gµνR = κρuµuν c;d Y}�%�Kf
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(ρuµuν);ν = 0 c)d Y��6�'f
*, 

(ρuνuµ);ν = 0 c)d Y��%�Kf
@ �F��*T@� 3�!"_56 3EM-#I��:~_.h56�'-#7G-a$b7G�m-#I��Flh56 3�!�'-#Ih�!23782[5,2[5klB 3*'EJ.�/!-[*69

ρuν
56��E

uµ
Y�C $

-#I��i #.BX8�N9W*, VEJ7$# �! 3�!�'-#7C56-#7G�B"y5SlB 3*'EJ.�/!-V@ �i"K�!-
(ρuν);νu

µ + ρuνuµ;ν = 0 c)d Y�� d f




� � �e� r��O��r_o�<r_�Tt n � oh�OsT� � � sOr�� � � � nKo�pH�OrK� �Hr'pHnKr�o�$>s � r�	r���� rK� � � sTtuoRp � ���

�'7G��/1�j-#I��k9W*,.B &)4_�!X8*'/!7G-a$g*69>56�'$g*,P�� �1/!-FIh5,2:5v(�56"%��7^-3.�EB���1~_.h56X`-3*y-#I��j4_�!X8*'/ 7G- $g*69
XG7G"%I'->@ �iIh5O4_�

uµu
µ = −c2 c;d Y}�)f%f

�[7$# �! 3�!�'-#7C56-#78*,��"%7G4K�12

(uµu
µ);ν = 0 c;d Y}�GsKf

�[2#7G�B"8!�56"_567G�
!B-3I��N #.BX8�N9;*, >EJ7$#z�! 3�!�'-#7C56-#7G�B"v5klB 3*'EJ.�/!- !�@ �N"K�!-

uµ;νu
µ + uµu

µ
;ν = 0 c;d Y}� � f

�� 3*,( -#I��+ #.BX8�j9W*, : ]56782#7G�B"Q56��7G��EB����56��E�-#I��j9W 3�1�1EB*,( *69>/]Ih56�B"%7G�B"g5b2#.B(j(�56-#78*,�
7G��EB���v9W 3*,(

α
-3*
µ
!B2 5O$�!J@ �i"K�!-

u µ;νu
µ = uµuµ;ν = gµαuαuµ;ν = uαg

µαuµ;ν = uαu
α
;ν = uµu

µ
;ν c;d Y � �Kf

Z\I'.�2�-#Ih�\-a@ *i-3�! #(+2`*69 �1~RY c;d Y}� � f�56 3�>�!~'.h56X)Y	w{-	9;*,XGX8*T@>2�-#Ih56-L�O5,/]I+*69 -#I��!(x56 3�>�1~_.h56X
-3* *O�! 3*BY ��*k@\�NIh5O4_�

uµu
µ
;ν = 0 c;d Y ��eTf

��.BXG-#7GlBXG$'7G�B" �1~�Y c;d Y}� d f\P'$ uµ, @ �i"K�!-

(ρuν);νuµu
µ + ρuνuµu

µ
;ν = 0 c;d Y �_|Kf

�[2#7G�B"��1~�Y c;d Y}�)f%fj7G��-#I�� >  32#-+-]�  3('!A56��E �1~�Y c;d Y ��eTfj7G��-#I��mXC5,2#-+-3�! #('!\@AIB78/]I -#I��!�
4%56�B782#I��12 !J@ �i"K�!-

(ρuν);ν = 0 c;d Y �_�Kf
Z\I'.�2>-#I�� >  32#-A-3�! #( 7G�M�1~RY c;d Y}� d f 4%56�B782#I��12V56��Eb@ �i"K�!-

ρuνuµ;ν = 0 c;d Y �%�'f
�'7G��/1�

ρ 6= 0
@ �N(�.�23-AIh5O4_�

uνuµ;ν = 0 c;d Y �_�Kf
Z\IB782S782	� .�23-�-#I�� "K�1*'EB�12#78/y�1~_.h56-#78*,� Y � *,��/!XG.�2#78*,�
%�
 �� ����� ����/	��� ������� � / ����� ��� /

� � � ,!�#" .%$��&� � � / �(')$���� �#�*�,+%$�� �&�&-.�/� /0� ��12�3$�� ���546+%$��('�/7- �����#� /8+ � ��,�� �54 � �349� � ,5� /��:-
- .)��1�� / �;� /�+�$9-*��< �&�(�,�>=



� �������	��
 �

 ��� ������� ����� � ��� ����� � � �!�"� ����# �

$ -&% ' �  )( �A�+* 5 �  61 ��� 9	5 �-, 7 �	� 14@ � 5�@ �4< 7�14@ 3

Z\IB782\782>5�2]*,XG.B-#78*,�b*69H-#I��[4%5,/!.B.B(/.h�!X8Eb�1~_.�56-#78*,��2
Eµν = 0

9W*, >5S2#-]56-#78/N2#lBI��! #78/O56XGXG$
2#$�(j(+�!-# #78/L2#lh5,/1�!-#7G(+�%Y�0?���L/O56�:-3I��!� - ' � ��/.� -#I���9;*,XGX8*T@A7G�B">9;*, #( *69J-#I��`XG7G���L�!X8�!(+�!�'-
c �!(jlBX8*T$�7G�B"+.B�B7G-32V2]*k-#Ih56-V/ � eTf�!

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2

dΩ2 = dθ2 + sin2 θdφ2
c f�YGeTf

Z\I��123�[/1*'*, 3EJ7G�h56-]�!2V56 3�[/]I�*%2]�!�y23*�-#Ih56- -#I��i56 3�O5�*69<5�23lBI��! 3�?@A7G-#Iv ]5,EB7^.h2
r
782
4πr2

Y
1`I'$�2#78/O56X EJ782#-]56��/1�V7G�  ]5,EJ7C56X EJ7G 3�1/!-#78*,�
!J/1*, # 3�12#lR*,��EJ7G�B"k-3*�5:/1*'*, 3EJ7G�h56-3�NEJ782#-]56��/1�

dr
!J782

dlr =
√
grrdr = eβ(r)dr

Y
2[�! 3�i9;*,XGX8*T@>2[5+2#-3�!l'@A7823�S56XG"K*, #7G-#IB(�-3*�EB�!-3�! #(j7G����-#I��:/1*,(jlR*,���!�'-32N*69�-#I�����7G�J&

2#-3�!7G�m-3�!��23*, >P'$ .�237G�B"j-#I�� � 56 #-]56�m9W*, #(�56XG7823('%

e%Y �?237^��"+*, #-#I�*,��*, #(�56X Ph5,23782 c 78�%Y`23*,XG4'7G�B" Eµ̂ν̂ = 0
f�@ �3.���E

ωt̂ = eα(r)dt , ωr̂ = eβ(r)dr , ωθ̂ = rdθ , ωφ̂ = r sin θdφ c f�Y}|Kf

|JY � *,(jlB.B-#7G�B"+-#I��N/1*,�B���1/!-#78*,�b9;*, #(+2\P'$v56lBlBXG$�7G�B" � 56 #-]56� ��2Fe%Y`2#-# #.�/!-#.B 3�i�1~_.h5 &
-#78*,��2

dωµ̂ = −Ωµ̂ν̂ ∧ ων̂ c f�Y}�Kf

dωt̂ = eαα′dr ∧ dt
= eαα′e−βωr̂ ∧ e−αωt̂

= −e−βα′ωt̂ ∧ ωr̂

= −Ωt̂r̂ ∧ ωr̂

c f�Y �'f

∴ Ωt̂r̂ = e−βα′ωt̂ + f1ω
r̂ c f�Y}�Kf

e �"�



� � ��� n � ( � ���_�On � t ���-�G�kr��zsOr_�,t oh� �Oou�W� sTt o�p ����

�JY>ZH*jEB�!-3�! #(j7G���:-#I��[9 &;9W.B��/!-#78*,��2A@\�F56lBlBXG$v-3I��F56�'-#7^&{23$'(j(+�!-# #$

Ω µ̂ν̂ = −Ω ν̂µ̂ c f�Y d f
Z\IB782A"%7G4_�12 %

Ωr̂
φ̂
= −Ωφ̂r̂ = −

1

r
e−βωφ̂

Ωθ̂
φ̂
= −Ωφ̂

θ̂
= −1

r
cot θωφ̂

Ωt̂r̂ = +Ωr̂
t̂
= e−βα′ωt̂

Ωr̂
θ̂
= −Ωθ̂r̂ = −

1

r
e−βωθ̂

c f�YLf%f

��Y	���N-#I��!�blB 3*'/1�1�1Eb-3*jEB�!-3�! #(j7G���F-#I��i/!.B #4%56-#.B 3�N9W*, #(+2 P'$y56lBlBXG$�7G�B" � 56 #-]56� ��2
|6��Em2#-# #.�/!-#.B 3�F�1~'.h56-#78*,��2

Rµ̂ν̂ = dΩµ̂ν̂ +Ωµ̂α̂ ∧ Ωα̂ν̂ c f�YtsKf
@AIB78/]Im"%7G4_�12 %

Rt̂r̂ = −e−2β(α′′ + α′2 − α′β′)ωt̂ ∧ ωr̂

Rt̂
θ̂
= −1

r
e−2βα′ωt̂ ∧ ωθ̂

Rt̂
φ̂
= −1

r
e−2βα′ωt̂ ∧ ωφ̂

Rr̂
θ̂
=

1

r
e−2ββ′ωr̂ ∧ ωθ̂

Rr̂
φ̂
=

1

r
e−2ββ′ωr̂ ∧ ωφ̂

Rθ̂
φ̂
=

1

r2
(1− e−2β)ωθ̂ ∧ ωφ̂

c f�Y � f

�JY C�$b56lBlBXG$�7G�B"+-#I��N9W*,XGX8*T@A7G�B"� 3�!XC56-#78*,�

Rµ̂ν̂ =
1

2
Rµ̂
ν̂α̂β̂

ωα̂ ∧ ωβ̂ c f�YGe �Kf
@ �).��hEy-#I��F/1*,(jlR*,���!�'-32?*69��>78�!(�56�B� ��2V/!.B #4%56-#.B 3�F-3�!��23*, OY

d Y � *,�'-# ]5,/!-#78*,�M"%7G4_�12A-#I��F/1*,(jlR*,���!�'-32?*69��>78/1/!7)��2>/!.B #4%56-#.B 3�F-3�!��23*, 

Rµ̂ν̂ ≡ Rα̂µ̂α̂ν̂ c f�YGe%eTf
f�Y � ���!@�/1*,�'-# ]5,/!-#78*,��"%7G4K�12 �V78/1/!7)��2>/!.B #4%56-#.B 3�F2]/O56X856 

R ≡ Rµ̂µ̂ c f�YGeO|Kf



� ��� ��� �	� sOr'� � � ��� r�� n � ( � ���_�On � t ��� � � � nKrKsTtW��r

sJY>Z\I��F/1*,(jlR*,���!�'-32?*69<-#I��F��7G��23-3�!7G�m-3�!��23*, V/O56�m-#I��!�mPR�N9;*,.B��E

Eµ̂ν̂ = Rµ̂ν̂ −
1

2
ηµ̂ν̂R , c f�YGeO�Kf

@AI��! 3�
ηµ̂ν̂ = diag(−1, 1, 1, 1) Y ���N-#I��!�mIh5O4_�"%

Et̂t̂ =
2

r
e−2ββ′ +

1

r2
(1− e−2β)

Er̂r̂ =
2

r
e−2βα′ − 1

r2
(1− e−2β)

Eθ̂θ̂ = Eφ̂φ̂ = e−2β(α′′ + α′2 − α′β′ + α′

r
− β′

r
)

c f�YGe!�'f

���m@\56�'-�-3*�23*,XG4_�b-#I��M�1~_.h56-#78*,��2
Eµ̂ν̂ = 0

Y ���b"K�!- *,�BXG$�|g7G��EB�!lR�!��EB�!�'-
�1~_.h56-#78*,��2 !h56��Em/]I�*'*%23�i-3*j23*,XG4_�N-#I�*%23�"%

Et̂t̂ = 0
56��E

Er̂r̂ = 0 c f�Y^eO�Kf
C�$b5,EBEJ7G�B"+-3I��F|j�1~_.h56-#78*,��2>@\�N"K�!- %

Et̂t̂ + Er̂r̂ = 0

⇒ 2

r
e−2β(β′ + α′) = 0

⇒ (α+ β)′ = 0⇒ α+ β = K1 c /1*,��2#- f c f�YGe d f
���N��* @ Ih5O4_�"%

ds2 = −e2αdt2 + e2βdr2 + r2dΩ2 c f�YGe2f%f
C�$y/]I�*'*%2#7G�B"v5k2#.B7G-]56PBX8�F/1*'*, 3EJ7G�h56-3�:-#7G(+�"!B@ �F/O56�M5,/]IB78�!4_�

K1 = 0⇒ α = −β
�'7G��/1�k@ �kIh5O4K�

ds2 = −e2αdt2 + e−2αdr2 + r2dΩ2 !z-#IB782N(+�O56��2i-#Ih56- grr =
− 1
gtt

Y ���`2#-#7GXGXKIh5O4_��-3*>23*,XG4_��*,���`(+*, 3�`�1~'.h56-#78*,�:-3*A"K�!- -#I��`/1*,(jlBX8�!-3��23*,XG.B-#78*,�
!
56��Em/]I�*'*%23�i-#I��F�1~_.h56-#78*,�

Et̂t̂ = 0
!J@AIB78/]IM"%7G4K�12

2

r
e−2ββ′ +

1

r2
(1− e−2β) = 0

Z\IB782>�1~'.h56-#78*,�M/O56�mPR�i@A #7G-#-3�!�
%
1

r2
d

dr
[r(1− e−2β)] = 0

∴ r(1− e−2β) = K2 c /1*,��23- f
c f�YGeWsKf

w)9<@ �F/]I�*'*%23�
K2 = 0

@ �i"K�!-
β = 0

"%7G4'7G�B"
α = 0

56��E

ds2 = −dt2 + dr2 + r2dΩ2 , c f�YGe � f



� � ��� n � ( � ���_�On � t ���-�G�kr��zsOr_�,t oh� �Oou�W� sTt o�p ��� �

@AIB78/]IM782>-#I�� ��7G�B�K*T@>23�'7 2#lh5,/1� &)-#7G(+��EB�123/! #7GPR�1EM7G�M23lBI��! #78/O56XH/1*'*, 3EJ7G�h56-3�12OYAw{�
"K�!���! ]56X;!

K2 6= 0
56��E

1− e−2β = K2

r ≡ K
r

!J"%7G4�7G�B"

e2α = e−2β = 1− K

r56��E
ds2 = −(1− K

r
)dt2 +

dr2

1− K
r

+ r2dΩ2 c f�Y}|"�Kf
���S/O56� .���E�� P'$M"K*,7G�B"v-3* -#I��k=?�!@A-3*,�B7C56�gXG7G(j7G-OY ���S/156X8/!.BXC56-3�k-#I���"% ]5O4�7G-]5 &

-#78*,�h56X 5,/1/1�!X8�! ]56-#78*,� c -#Ih56- 782 !'-#I��N5,/1/1�!X8�! ]56-#78*,�m*69<5F9W 3�1�?lh56 #-#78/!X8�[7G��2#-]56�'-]56��*,.�2#XG$y56- 3�12#-FfA7G�Q-#I���XG7G(j7G-i*69 5+@ �O56� .h�!X8EQ*69 5+l�56 #-#78/!XG�+56-N5 EJ782#-]56��/1�
r
9W 3*,( 5 2#lBI��! #78/O56X

(�5,232
M
Y�=[�!@A-3*,�B7C56�
%

g =
d2r

dt2
= −GM

r2
c f�Y}|JeTf

���Q56�'-#78/!7Glh56-3�Q-#Ih56-
r >> K

Y Z\I��!� -#I���lB 3*,lR�! v-#7G(+�
τ
*69S5�lh56 #-37G/!X8�Q@A7GXGX[PR�

56lBlB 3* �J7G(�56-3�!XG$b�1~'.h56Xz-3*j-#I��F/1*'*, 3EJ7G�h56-3�F-#7G(+�"!�237G��/1�
dτ =

√
1− K

r dtZ\I��:5,/1/1�!X8�! ]56-#78*,�Q*69�5klh56 #-#78/!X8�i7G��� &{2#lh5,/1�"!B782>"%7^4_�!�mP'$ -#I��i"K�1*'EB�12#78/:�1~_.h56-#78*,�
%
d2xµ

dτ2
+ Γµαβu

αuβ = 0

uα =
dxα

dτ

c f�Y}|%|Kf

�h*, �5blh56 #-#78/!X8�+7G��23-]56�'-]56��*,.�2#XG$�56-: 3�12#-F7G� 5y@ �O56� .h�!X8E !H@ �+Ih5O4_�
dτ ≈ dt

Y �[2#7G�B"
uµ = (1, 0, 0, 0)

!J@ �i"K�!- %
g =

d2r

dt2
= −Γrtt c f�Y}|%�Kf

Z\IB782 �1~_.h56-37G*,�v"%7G4_�12 5FlBI'$�2378/O56Xh7G��-3�! #lB 3�!-]56-#78*,�b*69
Γrtt

5,2L-#I��V"% ]5O4�7G-]56-#78*,�h56Xz5,/1/1�!X8�! &
56-#78*,� Y�Z\IB782>782?5k(�56-#I��!(�56-#78/O56XH@\5O$y-3*+���JlB 3�1232A-#I��FlB #7G��/!7GlBX8�:*69��1~'.B7G4%56XG�!��/1�"%�Z\I��
"% ]5O4�7G-]56-#78*,�h56XR5,/1/1�!X8�! ]56-#78*,�v/O56�+PR�A-# ]56��2#9W*, #(+�1E+-3* � !_2#7G��/1�A-#I�� � IB #782#-3* #z�!Xh2#$�(�PR*,X82
56XG@\5O$J2�/156��PR�+-# ]56��2 9;*, #(+�1E�-]* �bX8*'/O56XGXG$ !H7G� 5y9  3�1�!XG$g9;56XGXG7G�B"���*,�J&) 3*,-]56-#7G�B"�9  ]56(+�"!
7)Y��%YL5SX8*'/O56X 7G���! #-#7C56X 9W ]56(+�%Y

Γrtt =
1

2
grα︸︷︷︸

1
grα

(∂gαt
∂t︸ ︷︷ ︸
=0

+
∂gαt
∂t︸ ︷︷ ︸
=0

−∂gtt
∂xα

)

= − 1

2grr

∂gtt
∂r

gtt = −(1−
K

r
)
! ∂gtt
∂r

= −K
r2

g = −Γrtt = −
K

2r2
= −GM

r2"%7G4K�12
K = 2GM

*, A@A7G-#I�/"%
K =

2GM

c2

c f�Y}|6�'f



� � � ��� �	� sOr'� � � ��� r�� n � ( � ���_�On � t ��� � � � nKrKsTtW��r

Z\I��!�m@ �iIh5O4_�N-#I��iXG7G���F�!X8�!(+�!�'-?*69<-#I��F���J-3�! #78*, ��/]I'@\56 +*O23/]IB7GX8Em(+�!-# #78/"%
ds2 = −(1− 2GM

c2r
)c2dt2 +

dr2

1− 2GM
c2r

+ r2dΩ2 c f�Y}|%�Kf

RS ≡ 2GM
c2

782>-#I�����/]I'@A56 +*O23/]IB7GX8Em ]5,EJ7G.�2V*69`5S(�5,232 � Y
���O56� .h�!X8E %

r >> RS
Y

�h*, A-#I��F�O56 #-#I
%
RS ∼ 0.9cm

�h*, A-#I��F2#.B�
%
RS ∼ 3km� 2#-]56��E�56 3Ey/!X8*'/]�v56-  3�12#- 7G�v-#I�����/]I'@\56 +*O23/]IB7GX8Eb2#lh5,/1�!-#7G(+�N2#I�*T@>2A5:lB 3*,lR�! \-#7G(+�

τ
%

dτ =

√
1− RS

r
dt c f�Y}| d f

��*+-#I��F/1*'*, 3EJ7G�h56-3�S/!X8*'/]��2?2#I�*T@A7G�B"�- !�56 3�i-#78/]��7G�B"�@A7G-#IM-#I��:2]56(+�F ]56-3�:5,2V-#I��F23-]56�J&
E�56 3E�/!X8*'/]��2i9;56 N9W 3*,( � Y � *'*, 3EJ7G�h56-3� /!X8*'/]��2:56 3�j #.B�B�B7G�B"M�1~'.h56XGXG$�9;5,23-N��*b(�56-#-3�! 
@AI��! 3�?-#I��!$ 56 3�%Y	w{9z-3I��!$jIh5,EJ� � - !�-#I��?23lh56-#7C56XREJ782#-]56��/1�?PR�!-a@ �1�!�b2#7G(�.BXG-]56��*,.�2\�!4_�!�'-32
@A7G-#IU"%7G4_�!��2#lh56-#7C56X`/1*'*, 3EJ7G�h56-3�12 ! @ *,.BX8EUEB�!lR�!��E�*,�U-#I��k-#7G(+�j*69 -#I��k(+�O5,2#.B #7G�B"M*69
-#I��SEJ782#-]56�h/!�%YiZ\I��!�g-#I���(+�!-# #78/S@ *,.BX8EQPR��-#7G(+�SEB�!lR�!��EB�!�'-OYFZ\7G(+�S782?��*,-[ #.B�B�B7G�B"
56->-#I�����/]I'@A56 +*O23/]IB7GX8Em ]5,EJ7G.�2OY

���������
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|z1| �
-#I��i ]5,EJ7G.�2V*69��L56 #-#I ��2?*, #PB7G-

� 15× 1010m
z2 �

-#I��i ]5,EJ7G.�2V*69 ���! 3/!.B #$ ��2V*, #PB7G-
� 5.8× 1010m

b � R¯ = 7× 108m

"%7G4_�j5yEB�!XC5O$Q*69
1.1 × 10−4s

Y�wa��5,EBEJ7G-#78*,��-3*y-#IB782F*,���k(�.�2#-:56XG2]*A! *69 /1*,.B 32]�"!z-]56�_�
7G�'-3*v5,/1/1*,.B�'-i56(+*,�B"v*,-#I��! ?-#IB7G�B"K2?-#I�����#z�1/!-32?*69`-#I���/!.B #4,56-#.B 3�S*69`23lh5,/1� -37^(+�����O56 
-#I�� �'.B��56��EM56-#(+*%2#lBI��! #78/:��#z�1/!-32>*,�M�L56 #-#I Y

$ -�, � �A� 7�1 � �3� 7 � ������� 7?@ � 1 � 5 143 ' �  )( �>� * 5 �  �1 ��� ��� 5 &k�>�H�

L =
1

2
g µνẊ

µẊν

= −1

2

(
1− Rs

r

)
ṫ2 +

1
2 ṙ

2

1− Rs
r

+
1

2
r2θ̇2 +

1

2
r2 sin2 θφ̇2

c f�Y}�%�Kf

�'7G��/1�
t
782V5k/!$J/!XG78/F/1*'*, 3EJ7G�h56-3�

−pt = −
∂L

∂ṫ
=

(
1− Rs

r

)
ṫ = constant = E c f�Y}� d f

@AI��! 3�
E
782z-#I���lh56 #-#78/!X8�%��2H�!���! #"%$i5,2 (+�O5,2#.B 3�1EFP'$N56�:*,P�23�! #4_�! �� 9;56 H5O@\5O$�� c r À Rs

f Y
� X823*

φ
782V5k/!$J/!XG78/F/1*'*, 3EJ7G�h56-3�:23*k-#Ih56-

pφ =
∂L

∂φ̇
= r2 sin2 θφ̇ = constant c f�Y}�)f%f

@AI��! 3�
pφ
782A-#I��ilh56 #-#78/!X8�%��2V*, #PB7G-]56X<56�B"%.BXC56 V(+*,(+�!�'-#.B(mY
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�g56��7G�B"b.�23�j*69\-#I��j�,&)4K�!X8*'/!7G-a$g78EB�!�'-#7G-a$ ~U2 = g µνẊ
µẊν = −1 @ �j-# ]56��2 9;*, #(-#I��:56PR*T4K�i-3*j"K�!-

−
(
1− Rs

r

)
ṫ2 +

ṙ2

1− Rs
r

+ r2θ̇2 + r2 sin2 θφ̇2 = −1 c f�Y��GsKf

@AIB78/]IM*,�M2#.BP�2#-#7G-#.B-37G*,�m9W*, 
ṫ = E

1−Rs
r

56��E
φ̇ =

pφ
r2 sin2 θ

PR�1/1*,(+�12

− E2

1− Rs
r

+
ṙ2

1− Rs
r

+ r2θ̇2 +
p2φ

r2 sin2 θ
= −1 c f�Y�� � f

=[*T@.!J 3� 9;�! #7G�B"+Ph5,/]�v-3*j-#I��.( 56"% ]56�B"K�:�1~'.h56-#78*,�

d

dτ

(
∂L

∂Ẋµ

)
− ∂L

∂Xµ
= 0 c f�Y d �Kf

@ �i"K�!- !J9W*, 
θ

(r2θ̇)• = r2 sin θ cos θφ̇2

=
p2φ cos θ

r2 sin3 θ

c f�Y d eTf

��.BXG-#7GlBXG$'7G�B"�-#IB782AP'$
r2θ̇

@ �N"K�!-

(r2θ̇)(r2θ̇)• =
cos θθ̇

sin3 θ
p2φ c f�Y d |Kf

@AIB78/]I
!�*,�m7G�'-3�!"% ]56-#78*,�
!h"%7G4K�12

(r2θ̇)2 = k −
( pφ
sin θ

)2 c f�Y d �Kf
@AI��! 3�

k
782A-#I��F/1*,��2#-]56�'-V*69	7G�'-3�!"% ]56-#78*,� Y

C\�1/O56.�23�?*69 -#I��V23lBI��! #78/O56X�"K�1*,(+�!-# #$+@ �[56 3�A9W 3�1�>-3*�/]I�*'*%23�[5F/1*'*, 3EJ7G�h56-3�[23$�2#-3�!(
2#.�/]Iy-#Ih56-A-#I��Nlh56 #-#78/!X8�N(+*T4_�12\7G�y-#I��i�1~_.h56-3*, #7C56X lBXC56���F56��Eb56X8*,�B"j-#I��i�1~_.�56-3*, >56-V5
"%7G4_�!�M-#7G(+�

t = 0
YAZ\Ih56-?782

θ = π
2

56��E
θ̇ = 0

56-?-#7G(+�
t = 0

YAZ\IB782[EB�!-3�! #(j7G���12[-#I��
/1*,��2#-]56�'-?*69<7G�'-3�!"% ]56-#78*,�g56��E

k = p2φ
2#.�/]Ib-#Ih56-

(r2θ̇)2 = p2φ

(
1− 1

sin2 θ

)
c f�Y d �'f

Z\I�� � 2��b782N���!"_56-#7G4K��9;*, i56XGX
θ 6= π

2

YFw{-?9;*,XGX8*T@>2[-#Ih56-N-#I��Slh56 #-#78/!X8�j/O56�B��*,-FEB�!4'7C56-3�
9W 3*,( 7G-32�*, #7G"%7G�h56X c �1~_.h56-3*, 37856Xufj-# ]5�� �1/!-3*, #$_Y � X82]*A!�2#7G��/1�b-#IB782+lh56 #-#78/!.BXC56 /]I�*,78/1�M*69
-# ]5��#�1/!-3*, #$g@\5,2S56 #PB7G-# ]56 #$U@ ��/O56��/1*,��/!XG.�EB�"!	~'.B7G-3�j"K�!���! ]56XGXG$ !<-#Ih56-S56�'$g(+*,-#78*,� *69
9W 3�1�Nlh56 #-#78/!X8�12V7^��5k23lBI��! #78/O56XGXG$y23$'(j(+�!-# #78/i"% ]5O4�7G-]56-#78*,�h56X .h�!X8Eb782>lBXC56�h56 >(+*,-#78*,� Y
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� �u� �	� ��� ������� ��� ���& 
	�������
� ��������������

− E2

1− Rs
r

+
ṙ2

1− Rs
r

+
p2φ
r2

= −1 c f�Y d �Kf

-#Ih56->782

ṙ2 = E2 −
(
1− Rs

r

)(
1 +

p2φ
r2

)
c f�Y d%d f

Z\IB782i/1*, # 3�12#lR*,��EB2i-3*b56�g�!���! #"%$Q�1~'.h56-#78*,�g@A7G-#I�56�U��#z�1/!-#7G4K�SlR*,-3�!�'-#7C56X
V (r)

"%7G4K�!�
P'$

V 2(r) =

(
1− Rs

r

)(
1 +

p2φ
r2

)

ṙ2 + V 2(r) = E2

⇒ V =

√

1− rs
r

+
p2φ
r2
−
Rsp2φ
r3

u 1− 1

2

Rs
r

+
1

2

p2φ
r2

c f�Y d f%f

=[�!@A-3*,�B7C56�MlR*,-3�!�'-#7C56X
VN

782>EB� .����1EmP'$v.�2#7G�B"+-#I��NXC5,23->����l� 3�1232#78*,�b7G�

VN = V − 1⇒ VN = −GM
r

+
p2φ
2r2

c f�Y d sKf
Z\I��mlR*%232#7GPBX8�m-# ]5��#�1/!-3*, #78�12 *69ilh56 #-#78/!X8�12�7G� -#I�����/]I'@\56 +*O23/]IB7GX8E � &{2#lh5,/1��56 3�M2#I�*T@A�
23/]I��!(�56-#78/O56XGXG$g7G� �<7G"%.B 3� f�Y}�b5,2N9W.B��/!-#78*,��2:*69 lR*%2#7G-#78*,��56��E��!���! #"%$g*69\-#I��klh56 #-#78/!X8�
7G�m-#I��i=[�!@A-3*,�B7C56�MXG7G(j7G-OY

ZH*k-]56�_�[7G�'-3*+5,/1/1*,.B�'-A-#I��N 3�!XC56-#7G4�782#-#78/i��#z�1/!-32\-#I��F56PR*T4_�[lB78/!-#.B 3�i(�.�2#-\PR�N(+*'E�&
7 .h�1EzY ���N7G�'-# 3*'EJ.�/1�:EJ7G(+�!��2#78*,�BX8�12]2>4%56 #7C56PBX8�12

X =
r

GM

56��E
k =

pφ
GMm

c f�Y d � f
Z\I��ilR*,-3�!�'-#7C56X

V 2(r)
��*T@ -]56�_�N-#I��N9;*, #(

V =

(
1− 2

X
+
k2

X2
− 2k2

X3

)1/2

c f�YLfB�Kf

�h*, 
r
�1~'.h56Xz-3*j-#I�� ��/]I'@\56 +*O23/]IB7GX8Em ]5,EJ7G.�2 c X = 2

f @ �NIh5O4_�

V (2) =

√
1− 1 +

k2

4
− 2k2

8
= 0 c f�Ytf�eTf

�h*, 
k2 < 12

lh56 #-#78/!X8�12V@A7GXGXz9;56XGX 7G�b-3*T@\56 3EB2
r = 0

Y
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�<7G"%.B 3�kf�Y}� %m=?�!@A-3*,�B7C56� lh56 #-#78/!X8�b-# 5�� �1/!-3*, #78�12 56 ]�v9W.B��/!-#78*,��2�*69[-#I��blR*%2#7G-#78*,� 56��E
�!���! #"%$ *69[-#I��vlh56 #-#78/!X8�%Y =[*,-3�v-#I��bnKr'pRsO�,t�$a�H� � ��� � �6�6t r'�'Y �[.��v-3*Q-#IB782jlh56 #-#78/!X8�12
@A7G-#I

pφ 6= 0
/O56�B��*,-[56 # #7G4K�:56-

r = 0
Y

� ��oh���<tus�rK� � � sTt o�p 782�*,���+@AIB78/]I /1*,�B���1/!-32
r
56��E

φ
Y��*b9;*, :(+*,-#78*,��7G��-#I��

�1~'.h56-3*, #7C56X lBXC56���i9W*, A@ �O56�J2 .h�!X8EB2>@ �iIh5O4_�
dφ

dt
=

pφ
mr2

• ≡ d

dτ
=

pφ
mr2

d

dφ
c f�YLf,|Kf

wa�'-# 3*'EJ.�/!7G�B"�-#I��N���!@  ]5,EJ7C56XH/1*'*, 3EJ7G�h56-3�
u ≡ 1

r

*,.� >�1~'.h56-#78*,��2>-# ]56��2 9;*, #( -3*
du

dφ
= − 1

r2
dr

dφ
= − 1

r2
mr2

pφ

dr

dt
= −m

pφ
ṙ

⇒ ṙ = −pφ
m

du

dφ

c f�YLf,�Kf

�'.BP�2#-#7G-#.B-#78*,�m9W 3*,( 56PR* 4K�N9W*, 
ṙ
7G�m-#I��i�!���! #"%$b�1~'.h56-#78*,�m$'78�!X8EB2>-#I��F*, #PB7G-V�1~_.�56-#78*,�
!

(
du

dφ

)2

+ (1− 2GMu)

(
u2 +

m2

p2φ

)
=
E2

p2φ
. c f�YLf �'f

�[7$# �! 3�!�'-#7C56-#7G�B" -#IB782 !J@\�).���E
d2u

dφ2
+ u =

GMm2

p2φ
+ 3GMu2 c f�YLf,�Kf

Z\I��iXC5,2#-A-]�  3( *,�b-#I���� 2�� 782V5S 3�!XC56-#7G4�782#-#78/F/1*, # 3�1/!-#78*,��-3�! #(mY
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�<7G"%.B 3� f�Y d % � I��!�� 3�!XC56-#7G4'7823-#78/+��# �1/!-32�56 3�k7G��/!XG.�EB�1E�-#I��! 3�j782i��*bX8*,�B"K�! �5vXG7G(j7G-:-3*-#I��[4,56XG.��12\-#Ih56-
r
/O56�y-]56�_�N56��Ey/1*,XGXC56l�23�[-3*j5�2#7G�B"%.BXC56 #7G-a$ 782 � lR*%232#7GPBX8� �,Y`=[*,-3�?-#Ih56-

V 2 782AlBX8*,-#-3�1EmI��! 3�%Y

$ - $ � �]� 5�5�1 �H� � 7 � 587�5 @+* 0 143�5A7 � 1 3 9;5 $V� 3 �	� � � 7� � @ ��� @+* �R��� �
� 7�1 > 1�7 �

� � � �	� � ���� � �  �;��	�2 �?������
 � � �� ��� 
�=�

2N5 9W�!X8��56��E �i�O56-#7G�B"v(+�O5,2#.B 3�1EM-#I��:EJ7$#z�! 3�!��/1�:7G�M-#7G(+�:23I�*T@A��*,�M(+*T4�7G�B"v56��E�2#-]5 &
-#78*,�h56 #$g56-3*,(j78/j/ X8*'/]�J2OYFZ\IB782N@\5,2iEB*,���SP'$mD�$'7G�B"m56 3*,.B��Eg-#I��k�L56 #-#IU7G�g-#I��k�L5,2#- &
���12#- EJ7G 3�1/!-#78*,�b/1*,(jlh56 #7G�B"k-#I��?-#7G(+�[*,�v-#I��[/!X8*'/]�+7G�v-#I��?lBXC56���?@A7G-#Iv-#I��?-#7G(+�[*,�b5
/!X8*'/]�y*,�m-#I��i"% 3*,.B��EzY

Z\I��`lB 3*,lR�! H-#7G(+�`7G�'-3�! #4,56X'(+�15,23.B 3�1E:*,�S5A/!X8*'/]�N(+*T4�7G�B"V@A7G-#IS5\4_�!X8*'/!7G-a$
vi = dxi

dt7G��56�M56 #PB7G-# ]56 #$b/1*'*, 3EJ7G�h56-3��2#$�23-3�!(�@A7G-#IM(+�!-# #78/i-3�!��23*, 
gµν

782A"%7G4_�!�bP'$

dτ = (−gµν
c2
dxµdxν)

1
2 , dx0 = cdt

= (−g00 − 2gi0
vi

c
− v2

c2
)

1
2dt

v2 ≡ gijvivj

c f�YLf d f
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�h*, V5jEJ7C56"K*,�h56X (+�!-# #78/i-3�!��23*, c gi0 = 0
f @ �N"K�!-

dτ = (−g00 −
v2

c2
)

1
2dt , v2 = gii(v

i)2 c f�YLfGf%f
���S��*T@ X8*'*,�g56-:56�g78EB�O56XG7 *O�1E�237G-#.h56-#78*,�U@AI��! 3��5 lBXC56���SD�78�12:56-F/1*,��2#-]56�'-:56XG-#7G-#.�EB�
56��Eb@A7G-#IM/1*,��2#-]56�'-?2#lR�1�1Em56X8*,�B"�-#I��F�1~_.h56-3*, OY

dτ = (1− RS
r
− v2

c2
)

1
2dt , r = R+ h c f�YLf4sKf

ZH*j-#I��NX8*T@\�12#-V*, 3EB�! >7G� RS
r

56��E v2

c2
@ �i"K�!-

dτ = (1− RS
2r
− 1

2

v2

c2
)dt c f�YLf � f

Z\I��F2#lR�1�1Em*69<-3I��N(+*T4�7G�B"�/!X8*'/]�v782
v = (R+ h)Ω + u c f�Yts"�Kf

@AI��! 3�
Ω
782\-#I��i56��"%.BXC56 A4_�!X8*'/ 7G- $v*69H-#I��i�L56 #-#IM56��E

u
782\-#I��i2#lR�1�1Eb*69H-#I��NlBXC56���%Y �

23�! #78�12V� �Jlh56��2#78*,��56��Eb.�2]�i*69<-#IB782>4,56XG.��N9;*, 
v
"%7G4K�12

∆τ = (1− GM

Rc2
− 1

2

R2Ω2

c2
+
gh

c2
− 2RΩu+ u2

2c2
)∆t , g =

GM

R2
−RΩ2 c f�YtsJeTf

u > 0
@AI��!�yD�$�7G�B"j7G�y-#I��iEJ7G 3�1/!-#78*,�M*69H-#I��i�L56 #-#I ��2A ]*,-]56-#78*,�
!B7)Y �%Y`�O5,2#-a@\56 3EB2TY �h*, >5

/!X8*'/]�v-#Ih56->782AX8� 9W->*,�m-#I��:567G #lR*, #- c 23-]56-#78*,�h56 #$�! h = u = 0
f�@ �i"K�!-

∆τ0 = (1− GM

Rc2
− 1

2

R2Ω2

c2
)∆t c f�Yts%|Kf

ZH*j-#I��NX8*T@\�12#-V*, 3EB�! >-#I��i 3�!XC56-#7G4K�FEJ7$#z�! 3�!��/1�F7G�b-# ]5O4_�!X -#7G(+�i782

k =
∆τ −∆τ0

∆τ0
∼= gh

c2
− 2RΩu+ u2

2c2
c f�Yts%�Kf

���O5,2#.� 3�!(+� ��-32 %
Z  ]5O4K�!X -#7G(+�"%

∆τ0 = 1.2× 105s c 5kXG7G-#-#X8�F*T4K�! ?|6�%I�fZ  ]5O4K�!XG7G�B" �O5,2#-a@\56 3EB2 %
ke = −1.0× 10−12Z  ]5O4K�!XG7G�B"�@ �12#-a@\56 3EB2 %
kw = 2.1× 10−12

(∆τ −∆τ0)e = −1.2× 10−7s ≈ −120ns
(∆τ −∆τ0)w = 2.5× 10−7s ≈ 250ns

� � � ��� � 8� �A��������� � �� ����
�	��� � ������ ��B� �����
Z\I��:*, #PB7G-?�1~'.h56-#78*,�m9W*, [5klBXC56���!-?*, #PB7G-#7G�B"y5j23-]56 V*69	(�5,2]2

M
782>"%7G4_�!�MP'$y�1~'.h56-#78*,�

c f�YLf,�Kf�!
d2u

dφ2
+ u =

GMm2

pφ2
+ ku2 c f�Yts6�'f
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@AI��! 3�
k = 3GM

Y ���N@A7GXGX PR�i2#XG7G"%I'-#XG$v(+*, 3�i"K�!���! ]56X;!h56��EM56XGX8*T@
k
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u0 =
GMm2

pφ2
+ ku0

2 c f�Yts%�Kf
� 7G-#IQ5+2#(�56XGX lR�! #-#.B #Ph56-#78*,�Q9  3*,( -#I���/!7G 3/!.BXC56 ?(+*,-#78*,�

u
782?/]Ih56�B"K�1EMP'$

u1
!h@AI��! 3�

u1 ¿ u0
Y`ZH*kX8*T@ �123->*, 3EB�! V7G�

u1
@ �iIh5O4_�

d2u1
dφ2

+ u0 + u1 =
GMm2

pφ2
+ ku0

2 + 2ku0u1 c f�Yts d f
*, 

d2u1
dφ2

+ u1 = 2ku0u1 ⇔ d2u1
dφ2

+ (1− 2ku0)u1 = 0 c f�Y s)f%f
�h*, 

ku0 ¿ 1
-#I��F�!~'.B7GXG7GPB #7G.B( *, #PB7G->782>23-]56PBX8�F56��Eb@ �i"K�!-?5SlR�! #78*'EJ78/:23*,XG.B-#78*,�
%

u1 = εu0 cos[
√

1− 2ku0(φ− φ0)] c f�YtsGsKf
@AI��! 3�

ε
56��E

φ0
56 3�F7G�'-3�!"% ]56-#78*,�g/1*,��2#-]56�'-32OY

ε
782V-#I�� �#-*-*� � �&���:-�� ���:*69�-#Ih�:*, #PB7G-OY ���

/O56�M/]I�*'*%23�
φ0 = 0

56��Eb-#I��!�mIh5O4_�
1

r
= u = u0 + u1 = u0[1 + ε cos(

√
1− 2ku0φ) c f�Yts � f

( �!-
f ≡
√
1− 2ku0 ⇒

1

r
=

1

r0
(1 + ε cos fφ) c f�Y � �Kf

�h*, 
f = 1 c k = 0

!,��*? 3�!XC56-#7G4�782#-#78/ -3�! #( f -#IB782	���JlB 3�1232#78*,�kEB�123/! #7GPR�12`5V��*,�J&)lB 3�1/1�123237G�B"
�!XGXG7GlB-#78/:*, #PB7G- c 5 �i�!lBX8�! &{*, #PB7G- f Y

�h*, 
f < 1 c k > 0

f\-#I����!XGXG7Gl�23�:782V��*,-[/!X8*%23�1EzY>ZH*�"%7G4_�F-#I���2]56(+�:4,56XG.��F9;*, 
r
5,2

*,��5v"%7G4_�!��23-]56 #-#7G�B"blR*,7G�'- !
φ
Ih5,2i-3*y7G��/! 3�O5,23�jP'$ 2π

f > 2π
YjZ\I��j���J-# ]5b56�B"%X8�jlR�! 

 3*,-]56-#78*,�M782
2π( 1f − 1) = ∆φ1

Y

∆φ1 = 2π(
1√

1− 2ku0
− 1) ≈ 2πku0 c f�Y � eTf

�[2#7G�B"j"K�!���! ]56X  3�!XC56-#7G4'7G-a$y@ �N"K�!-A9;*, �Q�! 3/!.B #$

k = 3GM ⇒ ∆φ = 6πGMu0 ≈ 6πGM
GMm2

pφ2
c f�Y � |Kf

∆φ = 6π(
GMm

pφ
)2
lR�! V*, #PB7G-OY c f�Y � �Kf

@AIB78/]Im7G�6�Q�! 3/!.B #$R��2V/O5,23�F56(+*,.B�'-32V-3*
(∆φ) �������	��
� = 43′′
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 � �
Z\I��F*, #PB7G-V�1~'.h56-#78*,�b9;*, V5�9W 3�1�Nlh56 #-#78/!X8�F@A7G-#Im(�5,232

m = 0
782

(
∂u

∂φ
)2 +B−2 =

1

b2
c f�Y � �'f

@AI��! 3�
b =

pφ
E =

7G(jlh5,/!->lh56 ]56(+�!-3�! OY��h*, ?5Sl�I�*,-3*,�
bφ̇ = 1 , pφ = Eb2φ̇

!B@AI��! 3�
pφ782A-#I��ilBI�*,-3*,� ��2?56�B"%.�X856 V(+*,(+�!�'-#.B(mY

B−2 = (1− 2GMu)u2 , B2 ����� = 27G2M2 , r ����� = 3GM c f�Y � �Kf
(z7G"%I'-S9)56XGXG7^��"Q-3*T@\56 3EB2S-#I�� PR*'EJ$�@A7G-#I

b > B ����� @A7GXGX PR�vEB� Dh�1/!-3�1E 56��E lh5,232 M !
@AIB7GX8�iXG7G"%I'->@A7G-#I�5j2#(�56XGX8�! >7G(jlh5,/!-Vlh56 ]56(+�!-3�! V@A7GXGX IB7G-

M
Y

Z\I���2#-# ]567G"%I'- !�E�5,23I��1EmXG7G���:23I�*T@A�M7G� �<7G"%.B 3�vf�Ytfj782>"%7G4_�!�MP'$
cosφ = b

r0
= bu0

!
@AIB78/]Im"%7G4_�12A-#I��i.B�BlR�! #-#.B #PR�1E�23*,XG.B-#78*,�b9;*, 

u0
%

u0 =
1

b
cosφ c f�Y � d f

Z\I�� lBI�*,-3*,�+-# ]5�� �1/!-3*, #$ c -#I��A/!.B #4_� 7G� �<7G"%.B 3�0f�YLf%f 782`5?lR�! #-#.B #Ph56-#78*,��*69�-#I��A2#-# ]567G"%I'-

photon

φ

2

Sun
M, GM<<b

b
r

∆θ

�<7G"%.B 3��f�YLf�%&( 7G"%I'->-# ]5O4_�!XG7G�B"�/!X8*%23�i-3*�5S(�5,232#7G4_�i*,P��#�1/ ->782>E�� D��!/!-3�1EzY

c E�5,2#I��1Ehf\XG7G���"%
u = u0 + u1 , u1 ¿ u0 c f�Y � f%f

ZH*j-#I��je123->*, 3EB�! >7G�
u1
@ �N"K�!-
∂u

∂φ
=

1

b
sinφ+

∂u1
∂φ

(
∂u

∂φ
)2 ≈ 1

b2
sin2 φ− 2

b
sinφ

∂u1
∂φ

=
1

b2
− 1

b2
cos2 φ− 2

b
sinφ

∂u1
∂φ

c f�Y � sKf
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�'7G��/1�
u1
782>2#(�56XGX @ �i"K�!-

u2 ≈ u02 + 2u0u1 =
1

b2
cos2 φ+

2

b
cosφu1

B−2 ≈ (1− 2GM

b
cosφ)(

1

b2
cos2 φ+

2

b
cosφu1) ,

GM

b
¿ 1

≈ 1

b2
cos2 φ− 2GM

b3
cos3 φ+

2

b
cosφu1

c f�Y �%� f

wa��23�! #-#7G�B"+-#IB782A7G�'-3*j-#I��F*, #PB7G-V�1~'.h56-#78*,�m"%7G4_�12
1

b2
sin2 φ− 2

b
sinφ

∂u1
∂φ

+
1

b2
cos2 φ− 2GM

b3
cos3 φ+

2

b
cosφu1 =

1

b2

− tanφ
∂u1
∂φ

+ u1 =
GM

b2
cos2 φ

− 1

sinφ

∂u1
∂φ

+
cosφ

sin2 φ
u1 =

GM

b2
cos3 φ

sin2 φ
=
GM

b2
(
cosφ

sin2 φ
− cosφ)

⇔ d(
u1
sinφ

) = −GM
b2

(
cosφ

sin2 φ
− cosφ)dφ

c f�YGe �"�Kf
wa�'-3�!"% ]56-#78*,�m"%7G4_�12

u1
sinφ

= −GM
b2

(− 1

sinφ
− sinφ) +K

u1 =
GM

b2
(1 + sin2 φ) +K sinφ

c f�YGe �JeTf

@AI��! 3�
K
782 56�+7G�'-3�!"% ]56-#78*,�y/1*,��2#-]56�'-OY �� 3*,( �<7G"%.B 3�{f�YLfN7G-`9;*,X^X8*T@>2L-#Ih56-�-#I��V23*,XG.B-#78*,�

(�.�2#-\PR�N2#$�(j(+�!-# #78/i56PR*,.B-
φ = 0

Y
sinφ

782>56�'-#782#$�(j(+�!-# #78/"!�56��Ev@\�[(�.�2#-\-#I��! 3� 9W*, 3�
Ih5O4_�

K = 0 ⇒

u1 =
GM

b2
(1 + sin2 φ) c f�YGe �%|Kf

Z\I��i-# ]5��#�1/!-3*, #$y*69	-#I��ilBI�*,-3*,�m782

u = u0 + u1 =
1

b
[cosφ+

GM

b
(2− cos2 φ)] c f�YGe �%�Kf

ZH* .���Eg*,.B-iI�*T@ (�.�/]IU-#I��kXG7G"%I'-i782NE�� D��!/!-3�1E ! @ �SX8�!-
r → ∞ ! c u → 0

f Y ���S@A7GXGX
-#I��!�mIh5O4_�

φ→ π
2

!h56��Eb237G��/1�
cos π2 = 0

@ �F/O56�b���!"%X8�1/!-V-#I��
cos2 φ

&)-3�! #(mY

cosφ+
2GM

b
→ 0

@AI��!�
r →∞

cosφ0 = −
2GM

b

c f�YGe �6�'f

�� 3*,( �H7G"%.B ]��f�YLfS@ �N"K�!-

cos(
π

2
− ∆θ

2
) = −2GM

b

⇒ cos
π

2
cos

∆θ

2
+ sin

π

2
sin

∆θ

2
= −2GM

b
, sin

∆θ

2
≈ ∆θ

2

c f�YGe �%�Kf
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|∆θ| ≈ 4GM

b
c f�YGe � d f

�h*, AXG7G"%I'-V-# ]5O4K�!XG7G�B"�7^��5k-]56�B"K�!�'->XG7G���i-# ]5��#�1/!-3*, #$v-3*j-#I��F2#.B 9)5,/1�i*69	-#I����'.��b@\�N"K�!-

∆θ = 1.75′′ c f�YGe �)f%f
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����� �"!$#&%(')��!+*�,.-0/1,32>E�%�465$-7%1EmP�/
κ1

!84�E9,32>E�% .646%1EmP�/

κ = lim
r→r+

a

ut
a =

√
aµaµ c sJYGeTf

: I6%��7% r+ ,32�-#I6%FI65$�;, *+5$4<��!,E=,.�62 !
r+ = RS

�>5$��-#I6% �?#]I : !8�+*+27#]I�,GX8E@2#lA!$#&%�-;,.BC%"!
ut

,32
-#I6%(-;,.BC%D#&5$Bjl�5$46%�4�-E58�F-#I6%i�$G"*H%!X35�#�,.-0/_Y

Z\I6%:�$G"*H%!X35�#�,.-0/I58�J!��K�7%&%il�!8�;-;,3#!X.%
,L4A2;-�!84�-�!8465$�62#X./<!8-��7%&2;-�,.4I-3I6% �=#]I : !8�+*+27#]I�,GX8E
2#lA!$#&%�-;,.BC%"%

~u = ut~et =
dt

dτ
~et =

1√−gtt
~et =

~et√
1− RS

r

c sJY}|Kf

Z\I6%95$4BX./M#&5$Bjl�5$46%�4�-N58�E-#I6%v�$G0!$#&#&%!X3%���!8-;,O5$4 E=,$#P%��7%�4�-Q�R�75$B *+%��75A!J,32
ar
Y�Z\I6%

�$G0!$#&#&%!X3%���!8-;,35$4 %
~a = ∇~u~u = uµ;νuν~eµ = (uµ,ν + Γµανuα)uν~eµ

Y

ar = (ur,ν + Γrανu
α)uν

= ur,νu
ν

︸ ︷︷ ︸
=0

+Γrtt(u
t)2

=
Γrtt

1− RS
r

Γrtt = −
1

2

∂gtt
∂r

= −RS
2r2

ar =
RS
2r2

1− RS
r

ar = grrar =
ar
grr

= (1− RS
r

)ar =
RS
2r2

c sJY}�Kf

Z\I6%S!$#&#&%!X3%���!8-;,35$4T27#+!6XO!8� %
a =
√
arar =

RS
2r2√
1−RS

r

c BC%+!$2;���7%1E : ,.-#I<2;-�!84�E6!8�3EI,.462;-;�;�=G

eO|"�
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BC%�4�-72 %J!8-�-#I6%iI65$�;, *+5$4
!�-7,LBC%D,32�465$-��7��4�4�,.4�''f Y
a

ut
=
RS
2r2

c sJY �'f
� ,.-#II#"%

a

ut
=
c2RS
2r2

=
GM

r2
c sJY}�Kf

κ = lim
r→RS

a

ut
=

1

2RS
=

1

4GM
c sJY d f

w046#!X.��E=,.4�'
c

-#I6% %��Jl��7%&272;,35$41,32
κ = c2

4GM

Y 0E41-#I6%?I65$�;, *+5$4958��!:PBXO!$#]�+I65,X3% : ,.-#I 5$46%
275,XO!8��BN!$272 ! : %('H%�-

κ¯ = 2× 1013m
s2
Y

�.-�/ � � ( �)143 $ 	 � � 17� 7�14@ 3 � 	 � � 17� 7�14@ 3 * 	 @ � � � � ����  6@ � ��� %�� $ �	�
Z\I6%E��!,E=,O!8-;,35$4 �R�75$B !:PBXO!$#]�+I65,X3%[IA!$2 !S-#I6%��;BN!6XP2#l�%&#�-;�;��BmY � % !8�7%E'H5$,.4�'Q-75v� .64�Ez�
-#I6%�-7%�Bjl�%���!8-;���7% 58� ! �?#]I : !8�+*+27#]I�,GX8E PBXO!$#]�+I65,X3%E58�PBN!$272���Y_Z\I6% 1`XO!846#]�N2#l�%&#�-;�;��B
IA!$2�!84I,.4�-7%�462;,.-0/ BN! �?,.B
��B !8-�! : !+* %!X3% 46')-#II'),.* %�4mP�/ � ,3%�4 � 2>E=,323lBXO!$#&%�BC% 4?-VXO! : Y

Λ =
N~c
kT

: I6%��7%i�1,32�-#I6%.C 5,XL-4*�BN!8464@#&5$462;-�!84�- !A!84�E�

�
�JY}|"�Je!�

�A5$� ��!,E=,O!8-;,35$4@%�B ,.-;-7%1E1�K�75$B !�PBXO!$#]�vI65,X3%"! 2 ! : ��,.4�'+E�%��;,.* %1E -#I6% �K5,XGX35 : ,.4�'N%���l6�7%&2 G
2;,35$49�K5$��-#I6% : !+* %!X3%�4�')-#IT!8-�!QBN! �?,.B
��B ,.4�-7%�462;,.-0/

Λ = 4πNRS =
8πNGM

c2
c sJYLf%f

w04627%��;-;,.4�'
Λ

�K�75$B � ,3%�4 � 2VE=,32#lBXO!$#&%�BC%�4�-VXO! : !�'),.* %&2 %

T =
~c3

8πGkM
=

~c
2πk

κ c sJYtsKf
w04627%��;-;,.4�'C*$!6X.�6%&2��K5$�

~
!
c

!84�E
k

'),.* %&2 %

T ≈ 2× 10−4m

RS
K c sJY � f

�A5$��!mPBXO!$#]�UI65,X3% : ,.-#IM5$46% 2�5,X3!8�
BN!$272 ! : %+IA!+* %
T¯ ≈ 10−7 Y � I6%�4 -#I6%NBN!$272S,32

E�%&#��7%+!$2;,.4�'�P�%&#+!8�627%958�E-#I6%1��!,E=,O!8-;,35$4
! -#I6%1-�% Bjl�%���!8-7���7%9,32�� � -.�#�#$�/�� �54%Y �?5 !�PBXO!$#]�
I65,X3%jIA!$2
! 46%�' !8-;,.* %jI6%+!8-
#+!6lA!$#�,L- /RY Z\I6%C%�46%��;')/gX35)272D58��!yPBXO!$#]�gI65,X3%jP�%&#+!8�627%N58�
��!,E=,O!8-;,35$4
!6,32�'),.* %�4mP�/ -#I6% ��-7% �"!84=G	C 5,X.-+*&BN!8464MXO! : %

−dM
dt

= σT 4A

c2
c sJYGe �Kf

: I6%��7% � ,32�-#I6%D2;��� �"!$#&%(58�F-#I6%NI65$�7,$*+5$4 Y

A = 4πR2
S =

16πG2M2

c4
c sJYGe%eTf
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−dM
dt

=
1

15360π

~c6

G2M2
≡ Q

M2

M(t) = (M3
0 − 3Qt)1/3, M0 =M(0)

c sJYGeO|Kf

� PBXO!$#]�mI65,X3% : ,.-#ITBN!$272
M0

%+!8�#X./9,.4T-#I6%:I�,32;-75$�;/<58� -#I6%S��4�,.* %��727% : I�,3#]IT,32 !6P�5$��-
-75C%���lBX35'E�%(465 : !�IA!,E -75jIA!+* %D! 2;-�!8�;-;,.4�'CBN!$272

M0 = (3Qt0)
1/3 ≈ 1012kg c sJYGeO�Kf

!6P�5$��-�-#I6%(BN!$272�58� !�BC5$�64�-�!8,.4 YLZ\I6%�/9!8�7%D#+!6XGX3%1E�� B ,.4�, PBXO!$#]�vI65,X3%&2O�GY
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Z\I�,32�275,X.��-;,35$4 : !$2��K5$��4�EbP�/ ��5 / �(%��;��,.4�e � d �JY� -;,.BC% G",.4�E�%!l�%�4hE�%�4?- !=-;,.BC% G 5$�7-#I65$'H5$4A!6X BC%�-;�7,.#E,32��?465 : 4 !$2 !:�1s � sTt n�BC%�-;�;,3#%Y �
-;,.BC% G",.4�E�%!l�%�4�E6%�4�- BC%�-;�;,3#E,32��?465 : 4 !$2 !:�1s � sTt o�p � �T�TBC%�-;�;,3#%Y � 2;-�!8-;,35$4A!8�;/NBC%�-;�;,3#
!6XGX35 : 2��75$-�!8-;,35$4 Y

� 5$4627,8E�%��E!Q27-�!8-;,35$4A!8�;/1BC%�-;�;,3# : I�,3#]IME�%&27#��;,GP�%&2E!C! �?,O!6XLG 27/�B BC%�-;�;,3#S2#lA!$#&%

ds2 = −e2νdt2 + e2µdr2 + e2ψ(dφ− ωdt)2 + e2λdθ2 , c sJYGe!�'f
: I6%��7% ν, µ, ψ, λ !84�E

ω
!8�7% �R��46#�-;,35$462�58�

r
!84�E

θ
Y

C / 2�5,X.*�,.4�'C-3I6%(*)!$#�����B .A%!X8E<%1~ �A!8-;,35$462��>5$��-#I�,32>X.,.46% G %!X3%�BC%�4�- ! �(%��;���>5$��4�E9-#I6%
275,X.��-;,35$4
%

e2ν =
ρ2∆

Σ2
, e2µ =

ρ2

∆
, e2ψ =

Σ2

ρ2
sin2 θ , e2λ = ρ2 ,

ω =
2Mar

Σ2
, : I6%��7% ρ2 = r2 + a2 cos2 θ

∆ = r2 + a2 − 2Mr

Σ2 = (r2 + a2)2 − a2∆sin2 θ

c sJYGeO�Kf
Z\I�,32 ,32 -#I6%��(%��;��275,X.��-;,35$4
%��Jl��7%&2727%1ED,.4 C 5 / %�� G	(P,.4�EB~���,32;-�#&5 5$�]E=,.4A!8-7%&2OY<Z\I6% �K��46#�-;,35$4
ω

,32J-#I6%E!84�')�BXO!8� G"* %!X35�#�,.-0/_Y`Z\I6% �(%��;� G 275,X.��-;,35$41,32J-#I6%�BC%�-;�;,3#��>5$�J23lA!$#&% G"-;,.BC%E5$��-72;,8E�%
! �75$-�!8-;,.4�'
BN!$272 G{E=,32;-;�;,GP���-7,.5$4 Y�Z\I6%�#&5$462;-�!84�-

a
,32J2#l�,.4�l�%�� BN!$272;G"��4�,.- �>5$� -#I6%�BN!$2�2 G

E=,32;-;�;,GP���-;,35$4T!84�E
M

,32�,.-72�BN!$2�2OY
( ,.46% G %!X3% BC%&4�- %

ds2 = −(1− 2Mr

ρ2
)dt2 +

ρ2

∆
dr2 − 4Mar

ρ2
sin2 θdtdφ+ ρ2dθ2

+ (r2 + a2 +
2Ma2r

ρ2
sin2 θ) sin2 θdφ2

c sJYGe d f

c 2 %��7%
M

,32�!QBC%+!$2;���7%D58�F-#I6%(BN!$272�275Q-#IA!8-
M = G ·mass

!=,3%%Y
G = 1

f
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( ,.'%I�- %�B ,.-;-7%1EN�K�75$B -#I6%E2;��� �"!$#&%"!
r = r0

! : I6%��7% g tt = 0
,32J,.4 .64�,.-7%!X./N�7%1E�2#I�,L�K-7%1E

�K���;-#I6%���5$��-OY 0?P627%��;*H%1E �K�75$B -#IA%(5$��-727,8E�%(-;,.BC%D2;-�!84�E�2�27-;,GXGX)Y
ρ2 = 2Mr0 ⇒ r20 + a2 cos2 θ = 2Mr0

r0 =M ±
√
M2 − a2 cos2 θ

c sJYGe2f%f
Z\I�,32�,32�-#I6%D%1~ �A!8-;,35$4I�K5$��-#I6%D2;��� �"!$#&% : I�,3#]I<�7%!l��7%&27%�4�-72�,.4 .64�,.-7%D�7%1E�2#I�,L�K-OY
����� �	� � ���� � ����
 ����� � � � � � 
�=����� � ����� 8��� 8� �
	��� ��� �����
Z\I6%.( !8')��!84�'H%D�R��46#�-;,35$4<58� !
�K�7%&%NlA!8�;-;,3#!X3%D,.4I-#I6%(%1~��A!8-75$�>lBXO!846%"!

θ = π
2

L = −1

2
(e2ν − ωe2ψ)ṫ2 + 1

2
e2µṙ2 +

1

2
e2ψφ̇2 +

1

2
e2λθ̇2 − ωe2ψ ṫφ̇ c sJYGeWsKf

2 %��7%
θ̇ = 0

Y�Z\I6%(BC5$BC%�4�-;��B
pφ

58�F-#I6%D#�/?#!X.,3#D#&5�5$�3E=,.4A!8-7%&2
φ
%

pφ ≡
∂L

∂φ̇
= e2ψ(φ̇− ωṫ) , ṫ =

dt

dτ
, cotφ =

dφ

dτ
c sJYGe � f

Z\I6%S!84�')�BXO!8�E2#l�%&%1EI58��-#I6%ilA!8�;-;,3#!X3%D�7%!XO!8-;,.*H%D-75Q-#I6%D#&5�5$�3E=,.4A!8-7%S27/?2;-7%�B'%

Ω =
dφ

dt
=
φ̇

ṫ
, φ̇ = Ωṫ

⇒ pφ = e2ψ ṫ(Ω− ω)
c sJY}|"�Kf

pφ
,32�#�5$4A27%��;*H%1EmE=���;,.4�'N-#I6%(BC5 *H%�BC%�4�-OY

ω =
2Mar

(r2 + a2)2 − a2(r2 + a2 − 2Mr)
,

ω → 0 : I6%�4 r →∞
c sJY}|JeTf

� I6%�4 2;-7��E=/�,.4�'M-#I6%��(%��;�1BC%�-;�;,3#T5$46%�.64�E�21-#IA!8- �(%��;� → �@,.4B�H5 : 2#��,��>5$� XO!8�;'H%
r
Y Z\I6%I#&5�5$�3E=,.4A!8-7%<#!X35�#]�=2 ,.4 -#I6% �(%��;�N23lA!$#&% G"-;,.BC%I2#I65 : -#I6%I2�!8BC% -;,.BC%<!$2 -#I6%

2;-�!84�E6!8�3E?G #!X35�#]�=2 !8-��7%&2;-�,.49-#I6%S!$2;/?Bjl�-75$-;,3# �@,.4B�H5 : 2#��, 2#lA!$#&% G"-;,.BC%%Y
���?� � 0 ,32Hl�%��	E�% .64�,.-;,35$4C!VlA!8�;-;,3#!X3% 5$�F5,P627%��;*H%�� : ,.-#I

pφ = 0
Y
pφ

,32F!E#&5$462;-�!84�-
58��BC5$-;,35$4
!)275�-#I6% 2;-75$46% �7%�BN!8,.462F! �?� � 0 E=���;,.4�'E-#I6% BC5 * %�BC%�4�-OY � X35�#+!6X��7% �>%��7%�46#&%
�K��!8BC% : I�,3#]I@#&5$,.46#�,8E�%&2 : ,.-#II-3I6%(27-75$46% ,32�!kX35�#+!6X ,.46%��;-;,O!6X �R��!8BC%%Y

pφ = 0⇒ Ω =
dφ

dt
= ω c sJY}|%|Kf

Z\IA!8-
,32 !�-#I6%�X35�#+!6X ,.46%��;-;,O!6X �R��!8BC% 5,P�-�!8,.462Q!84�!84�')�BXO!8��23l�%&%1E �7%!XO!8-;,.* %N-75<-#I6% C ( G
2;/=2;-7%�B c C 5 /H%�� G	( ,L4hEB~ ��,32;-E2;/=2;-7%�B f Y

��,.46#&% -#I6% �(%��;�9BC%�-;�;,3# ,329-;,.BC% ,.4�E�%!l�%�4�E�%�4�- ! -#IA% C ( G 2;/=2;-7%�B ,32I2;-;,$#	Y�Z\I6%
E=,32;-�!84�-�5,P627%��;* %��>IA!$2�465 BC5$-;,35$4<�7%!X3!8-7,L* %(-75 -#I6%.C ( G 2;/=2;-7%�BmY`Z�5Q-#I�,32�5,P627%��;* %���-#I6%
C ( G 2;/=2;-7%�B : ,GXGX�!6lBl�%+!8�Q2;-;,$# !84�E 465$4=G"�75$-�!8-;,.4�'�YgZ\I6% 5,P62�%��;*H%�� : ,GX^X 5,P627%��;* %N-#IA!8-
-#I6%iX35�#+!6X ,.46%��;-;,O!6X�2;/?27-7%�B 58�F-#I6%D2;-75$46%D5,P�-�!8,.462E!84@!84�')�BXO!8��23l�%&%1E

a
��	 	���� �

�F������
	 	
� ������������

Ma
� 	 	 ��� �

dφ

dt
= ω =

2Mar

(r2 + a2)2 − a2(r2 + a2 − 2Mr)
c sJY}|%�Kf

w04 5$-#I6%�� : 5$�]E�2 !�,.46%��;-;,O!6X 2;/=2;-7%�BC2
!8- .64�,.-7%�E=,32;-�!846#&%&2S�R�75$B -#I6%C�75$-�!8-;,.4�'TBN!$272
M!8�7%NE=��!8')'H%1E : ,.-#I ,.- ,.4 -#I6%(2�!8BC%NE=,.�7%&#�-;,35$4 YLZ\I�,32 ,32\��465 : 4<!$2AtWpHr_� sTt � ���<� � ����tWpH�

5$��-#I6%)( %�4627% G{Z\I�,.�;�;,.4�'1%�# %&#�- c !6P�5$��-�e � |"�Kf Y



�A� � ��� �	� sOr'� � ���Z� � n�� 
 o�� r_�

����� ��� � ���� ���&�� 8��� � ��� �  � � �  � ���
� � � �����
���������
	����� � ���� �"! 
 o��6t �KoRpX,
? 7=< 3 Va? H 1 C Q21 H ?)Qo14Q E 143a>g <2E Q C4E 1[z 6 E I

� 5$462;,8E�%�� !SlA!8�;-;,3#!X3%D,.4<!84<5$�#P�,.- : ,.-#I<#&5$4627-�!84�-
r

!84�E
θ
Y`w -O� 2A�$G"* %!X35�#�,.-0/1,32 %

~u =
d~x

dτ
=
dt

dτ

d~x

dt

= (−g tt − 2g tφΩ− g φφΩ2)−
1
2 (1,Ω) , : I6%��7% Ω =

dφ

dt

c sJY}|6�'f

Z�5jIA!+*H%D2;-�!8-;,35$4A!8�;/95$�#P�,.-72�-#I6% �K5,XGX35 : ,.4�'NB
�62;-AP�%(-;�;�6%

g φφΩ
2 + 2g tφΩ+ g tt < 0 c sJY�|%�Kf

Z\I�,32�,.BjlBX.,3%&2�-#IA!8-
Ω

B
�62;->P�% ,.4I-#I6%(,.4�-7%��;*$!6X

Ωmin < Ω < Ωmax , c sJY}| d f
: I6%��7% Ωmin = ω −

√
ω2 − g tt

g
φφ

!
Ωmax = ω +

√
ω2 − g tt

g
φφ

2;,.46#&%
g tφ = −ωg φφ

Y
0E��-727,8E�% -#I6%�2;��� �"!$#&% : ,.-#I ,.4 .64�,.-7%��7%1E�2#I�,L�K-

g tt < 0
Y<ZAIA!8- ,32

Ω
#+!84jP�% 46%�' !8-;,.* %B!

*+%��75N!84hEbl�5)2;,.-;,.* %%YLw0462;,8E�%(-#I6%D2;��� �"!$#&%
r = r0

: ,.-#I<,.4 .64�,.-7%D�7%1E�2#I�,L�K-
g tt > 0

Y 2E%��7%
Ωmin > 0

!84�E�2;-�!8-;,3#�lA!8�;-;,3#!X3%&2 !
Ω = 0

! #+!84�465$-(%��=,32;-OYNZ\I�,32 ,32[E��6%
-75 -#IA%
,.46%��;-;,O!6X
E=��!8')'),.4�' %�#P%&# -TY�Z\IA%(27��� �>!$#&%

r = r0
,32�-#I6%��7% �>5$�7%i�?465 : 4@!$2 � -#I6%D2;-�!8-;,3#iP�5$�3E�%���
]Y

Z\I6%1,.4�-7%��;*$!6X�58�
Ω
! : I6%��7% 2;-�!8-;,35$4A!8�;/ 5$�3P�,.-72 !8�7% !6XGX35 : %1E ! ,32��7%1E=�6#&%1EM-75 *+%��75

: I6%�4 Ωmin = Ωmax
! -#IA!8- ,32

ω =
g tt
g
φφ
⇒ g tt = ω2g φφ c %1~ �A!8-;,35$4N�>5$�J-#I6%>I65$�;, *+5$4�f Y

�A5$��-#I6%�� %��;��BC%�-;�;,3# : %iIA!+* %"%

g tt = ω2g φφ − e2ν c sJY}|)f%f
Z\I6%��7% �>5$�7%(-#I6%iI65$�;, *+5$4@%1~ �A!8-;,35$4MP�%&#&5$BC%&2

e2ν = 0 ⇒ ∆ = 0 ∴ r2 − 2mr + a2 = 0 c sJY�|GsKf
Z\I6%MXO!8�;'H%&2;- 275,X.��-;,35$4 ,32

r+ = M +
√
M2 − a2 !84�E -#I�,32N,32 -#I6%@%1~ �A!8-;,35$4 �K5$� !

2#lBI6%��;,3#+!6X�2;��� �>!$#&%%Y`Z\I6%D2;-�!8-;,3#iP�5$�3E�%���,32
r0 =M +

√
M2 − a2 cos θ Y
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M2;-�!8-7,.#iP�5$�3E�%��

°

I65$�;, *+5$4

r0

r+

θ = 0

θ = π
2Ω > 0

Ω = 0

2M
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�.-&%  � ( 7�@ 3�17� 3 143� @�� &
	 � 5�5�1 � � � 5A7�� 	

∇2φ = 4πGρ, φ = φ(r)

1

r2
d

dr
(r2

dφ

dr
) = 4πGρ � �������

� 272;��B ,.4�'
ρ = constant

�
d(r2

dφ

dr
) = 4πGρr2dr

r2
dφ

dr
=

4π

3
Gρr3 +K

=M(r) +K

� �������

� ��!+*?,.-�!8-;,35$4A!���!$#&#&%��3%���!8-;,35$4
%
~g = −∇φ = −dφ

dr~er

g =
M(r)

r2
+
K1

r2
=

4π

3
Gρr +

K1

r2 � �������
��,.4�,.-7%

g
,.4
r = 0 � %�BN!84 � 2 K1 = 0

�
g =

4π

3
Gρr,

dφ

dr
=

4π

3
Gρr � ��� ���� 272;��BC% - �A!8-�- �6%(BN!$272 � ,32;-;�;,�!���-;,35$4"�A!$2E!���! � ,.�62 R �

φ =
2π

3
Gρr2 +K2 � ��� � �� %�BN!84 � 2�#&5$4�-;,.4��65$�62$#�5$-7%�462;,O!���!8-

r = R
�

2π

3
GρR2 +K2 =

M(R)

R
= −4π

3
GρR2

⇒ K2 = −2πGρR2 � ����%��

� : ,.- � *+%��75&�3%�* %��P!8- ,.4 .64�,.-7% � ,327-�!846#&% �'� � ,.* %&2 - �6%(#�5$-7%�462;,O!��P,.462;, � % - �6% BN!$2�2 � ,32;-;�;,LG!���-;,35$4
%
φ =

2π

3
Gρ(r2 − 3R2) �*) � f ��+�,%
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� �6% 2;-�!8� ,32 ,.4 ��/ � �75)2;-�!8-;,3# %�� �6, �.,�!��;,.��B'! - �A!8-(,32 ! - �6% #��7%&272;���7%��K5$�7#&%&2S!8�7%�,.4 %�����,LG�.,�!��;,.��B : ,.- �I- �6%(')��!+*�,.-�!8-;,35$4A!�� �K5$�7#&%&2 �

4π
3

πρ

r ρ3

dm=4 dr2r

��,.')���7% ) ��� % � �6% 2 �6%���� : ,L- � - ��,3#"!?46%&272 � � !�,32�! # %&#�-7% � !�/ !�5$- � ')��!+*�,.-�!8-;,35$4A!���!84 �#��7%&272;���7% �>5$�7#&%&2 �

� 5$4627, � %�� .6')���7% ) ���,� � �6% #��7%&272;���7%J�>5$�7#&%&2�5$4�- �6% 2 �6%����?,32
4πr2dp

� � ��!+*�,.-�!8-;,35$4A!��
�>5$�7#&%&2�5$4I- �6%D2 �6%����;%

G

BN!$272�,.462;, � %D2 �6%���� · BN!$2�2�58��- �6%D2 �6%����
r2

=G
4π
3 ρr

3 · 4πρr2dr
r2

�*) � s �

#$����,��.,�!��;,.��B'%

4πr2dp = −G4π

3
ρr3 · 4πρdr

dp = −4π

3
Gρ2rdr

⇓

p = K3 −
2πG

3
ρ2r2

P (R) = 0
'),.*H%&2

: K3 =
2πG

3
ρ2R2

p(r) =
2πG

3
ρ2(R2 − r2)

�*) � ) �
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 % : -75$4�,O!849- �6%&5$�;/�!=')��!+*�,.-�!8-;,35$4A!�� #&5 ���O!�#627% ,32 465$-
!�46%&#&%&2727,.-0/ �
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�.-�/ �! 
� &�	 � 5�5 <
	 ��=@ 3 7 	 1 � < 7�14@ 3 7?@ 7� �� $�	 � > 1�7�� 7�14@ 3�� � � � 5�5
@ *T� 587�� 7�1��� 5 &  
� 	 17�� � 5 � � � � 7 	 1� 5 � 5A7�� �

� ��!+*?,.-�!8-;,35$4A!���!$#&#&%��3%���!8-;,35$4 %

g = +
a

ut
, a =

√
aµaµ �*) ��� � �

� % �A!+*H%(- �6% �.,.46%D%��3%�BC%�4�- %
ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2

gtt = −e2α , grr = e2β �*) ���,���
'),.* %&2 � !�%&#+!8�627%D58�F- �6%(')��!+*�,.-�!8-;,35$4A!��F!$#&#&%��.%���!8-7,.5$4 �

g = +eα−βα′ �*) ���+���
�6�75$B - �6%D% ��#��7%&2727,.5$4A2 �K5$�

E
t̂t̂

!
E r̂r̂

!
E
θ̂θ̂

!
E
φ̂φ̂

�K5 ���35 : � 27%&% �?%&#�-;,35$4 f �����
E t̂
t̂
− E r̂

r̂ − E θ̂
θ̂
− Eφ̂

φ̂
= −2e2β(2α

′

r
+ α′′ + α′2 − α′β′) . �*) ���+���

� %D!��3275 �A!+* %

(r2eα−βα′)
′
= r2eα−β(

2α′

r
+ α′′ + α′2 − α′β′) , �*) �������: ��,3# �I'),.* %&2

g = +
1

2r2

∫
(E t̂

t̂
− E r̂

r̂ − E θ̂
θ̂
− Eφ̂

φ̂
)r2eα+βdr . �*) �������

C / !�# # �./?,.4�' # ,.4627-7%�,.4�� 2 .A%�� � %����A!8-;,35$462

Eµ̂ν̂ = 8πGT µ̂ν̂ �*) ���+%��: %('H%�-

g = +
4πG

r2

∫
(T t̂
t̂
− T r̂r̂ − T θ̂θ̂ − T

φ̂

φ̂
)r2eα+βdr . �*) ��� f �

� ��,32�,32�- �6% ��5 �.BN!84=G � ��,.-;-�! ! %�� %�� #��7%&2727,35$4 �>5$��')��!+*?,L- !8-;,35$4A!���!$#&#&%��3%���!8-;,35$4 �
� �6%D#&5$�;�7%&2 #�5$4 � ,.4�' 
 % : -75$4�,O!84<%���#��7%&272;,35$4I,32.%

gN = −4πG

r2

∫
ρr2dr �*) ��� s �

� �6%(�7%��O!8-;,.*�,327-;,3#(')��!+*?,.-�!8-;,35$4A!�� BN!$272 � %�462;,.-0/ ,.2�- �6%��7% �K5$�7% � % .646% � !$2

ρG = −T t̂
t̂
+ T r̂r̂ + T θ̂

θ̂
+ T φ̂

φ̂ �*) ��� ) �
�A5$��!84I,3275$-;�75 #�,3#��6��, � : ,.- �

T t̂
t̂
= −ρ , T r̂r̂ = T θ̂

θ̂
= T φ̂

φ̂
= p �*) ��� � �
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: %('H%�-
ρG = ρ+ 3p � : ,.- �

c = 1
� ! : ��,3# � !�%&#&5$BC%&2

ρG = ρ+
3p

c2 �*) �������
& - �K5 ���35 : 2 - �A!8- ,.4 �7%��O!8-;,.*�,.-0/ !�#��7%&272;���7%$�A!$2 !(')��!+*?,.-�!8-;,35$4A!�� %�#P%&#�- � � �7%+!8-7%�� #��7%&2727���7%
'),.* %&2 ,.46#��7%+!$2;,.4�'9')��!+*?,.-�!8-;,35$4A!��J!8-;-;� !$# -7,.5$4 � ��-;��!8,.4 � p < 0

� � %&#��7%+!$2�%&2 - �6%�')��!+*?,.-�! G
-;,35$4A!���!8-;-;��!$#�-;,35$4 �
& 49- �6% 
E% : -75$4�,O!84"�.,.B ,.- !

c→∞ ! #��7%&272;���7% �A!$2�465 ')��!+*�,.-�!8-;,35$4A!���%�# %&#�- �
�.-�� �! 
� �:@ � � � 3 ��� &�& � 3  �� 1�� � 	 �
	 @ � � @ > � � < � 7�14@ 3

� ,.- �I2 # �6%��;,3#+!���2;/?B BC%�-;�;/1- �6%(2 #A!$#&%�-;,.BC% �.,.46% G %��3%�BC%�4�-EBN!+/ !�% : �;,.-;-7%�4
ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2

E
t̂t̂
= 8πGT

t̂t̂
, T µ̂ν̂ = diag(−ρ, p, p, p) �*) ���,���

�6�75$B
E
t̂t̂

: %('H%�-
1

r2
d

dr
[r(1− e−2β)] = 8πGρ

r(1− e−2β) = 2G

∫ r

0
4πρr2dr , �*) ���,���

: �6%��7%
m(r) =

∫ r
0 4πρr2dr

'),.*�,.4�'

e−2β = 1− 2Gm(r)

r
=

1

g rr �*) �������
�6�75$B

E r̂r̂
: % �A!+*H%

E r̂r̂ = 8πGT r̂r̂

2

r

dα

dr
e−2β − 1

r2
(1− e−2β) = 8πGp �*) ��� ���

� % 'H%�-
2

r

dα

dr
(1− 2Gm(r)

r
)− 2Gm(r)

r3
= 8πGp

dα

dr
= G

m(r) + 4πr3p(r)

r(r − 2Gm(r)) �*) ���,%��
� �6%<�7%��O!8-;,.*?,32;-;,3#@'H%�46%���!��., *+% � %����A!8-;,35$4 �>5$� ��/ � �75)27-�!8-;,3#@%�����,��.,�!��;,.��B ,32

T r̂ν̂;ν̂ = 0
!

'),.*?,.4�'
T r̂ν̂,ν̂ + Γν̂α̂ν̂T

r̂α̂ + Γr̂α̂ν̂T
α̂ν̂ = 0

T r̂ν̂,ν̂ = T r̂r̂,r̂ = p ,r̂ =
1
√
g rr

∂p

∂r

T r̂ν̂,ν̂ = e−β
dp

dr

Γν̂α̂ν̂T
r̂α̂ = Γν̂r̂ν̂p = Γt̂

r̂t̂
p+ Γα̂r̂α̂p

Γr̂α̂ν̂T
α̂ν̂ = Γr̂ν̂ν̂T

ν̂ν̂ = Γr̂
t̂t̂
ρ+ Γr̂α̂α̂p

�*) ��� f �
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& 4I5$�;- �65$465$�;BN!�� !A!$2;,32 : % �A!+* %
Ω ν̂µ̂ = −Ω µ̂ν̂ ⇒ Γ µ̂ν̂α̂ = −Γ ν̂µ̂α̂

Γα̂r̂α̂ = Γ α̂r̂α̂ = −Γ r̂α̂α̂ = −Γr̂α̂α̂ �*) ��� s �
T r̂ν̂;ν̂ = 0

465 : -�! ! %&2�- �6% �K5$�;B'%

e−β
dp

dr
+ Γt̂

r̂t̂
p+ Γr̂

t̂t̂
ρ �*) ��� ) �

� % �A!+*H%

Γt̂
r̂t̂
= −Γ

t̂r̂t̂
= Γ

r̂t̂t̂
= Γr̂

t̂t̂ �*) ��� � �!84 � : %S!��3275 �A!+* %
Γr̂
t̂t̂
= e−β dαdr

!='),.*?,.4�'8%

dp

dr
+ (p+ ρ)

dα

dr
= 0 � ) � �����

& 4627%��;-;,.4�' #$� �A!8-;,35$4 ) ���,% ,.4�-75 #$���A!8-;,35$4 ) ����� '),.*H%&2

dp

dr
= −G(ρ+ p)

m(r) + 4πr3p(r)

r(r − 2Gm(r)) �*) ���,���
� ��,32 ,32 - �6% ��5 �.BN!84=G 0 # #�%&4 �6%�,3BC%�� G�� 5 � ! 5 * � � 0�� � %����A!8-;,35$4 � � �6%J#&5$B #�5$46%�4�-

gtt =
−e2α(r) BN!+/1465 : !�%D#+!��.#�� �O!8-7% � !$2 �>5 ���35 : 2

dp

ρ+ p
= −dα , ρ =

#&5$462;-�!84�-

ln(ρ+ p) = K − α
ρ+ p = K1e

−α , p = K1e
−α − ρ

�*) ���,���

2 %�46#&%

eα = eα(R)(1 +
p

ρ
)−1 �*) �������

: �6%��7%�� ,32�- �A% ��! � ,.�62�58�F- �6%(BN!$272 � ,32;-;�;,�!���-;,35$4 �
�.-�� � 3 � , �� 7 5�@ �4< 7�14@ 3'* @ 	 143� @�� &
	 � 5�5�1 � � � 5A7�� 	 5 � '   )( � 	+* 5�  �1 ��� 9	5

1 3 7�� 	 14@ 	 5�@ �4< 7�1 @ 3

� �6%(BN!$272�,.4627, � %D!Q��! � ,.�62 r �>5$��!84I,.46#&5$B #��7%&272;,O!�! �3%S2;-�!8��,32

m(r) =
4

3
πρr3 �*) ��� ���

e−2β = 1− 2Gm(r)

r
≡ 1− r2

a2 �*) ���,%��



����� � � � � ��� � � ���� � 	������ ��� 	�� ����� � � � ��� 	 ��� ��� ����� � � � � ��� ��� � � � � 	����
	 � 	���� � � 	 ��� � ���� � 	���� � � �

: �6%��7%
a2 =

3

8πGρ
, m(r) =

r3

2Ga2
, rs = 2Gm =

r2

a2
r �*) ��� f �

� � � � �  � � 	�����%

dp

dr
= −G

4
3πρr

3 + 4πr3p(r)

r(r − 2G4
3πρr

3)
(ρ+ p(r))

= −G4

3
π
ρ+ 3p(r)

1−G8
3πρr

2
r(ρ+ p(r))

= − 1

2a2ρ

ρ+ 3p(r)

1− r2

a2

r(ρ+ p(r))

⇒
∫ p

0

dp

(ρ+ 3p)(ρ+ p
= − 1

2a2ρ

∫ r

R

r

1− r2

a2

dr

p+ ρ

3p+ ρ
=

√
a2 −R2

a2 − r2

�*) ��� s �

�?5 - �6% ��%'�O!8-;,.*?,32;-;,3# #��7%&272;���7% � ,32;-;�;,�!���-;,35$4<,32

p(r) =

√
a2 − r2 −

√
a2 −R2

3
√
a2 −R2 −

√
a2 − r2

ρ, ∀r ≤ R �*) ��� ) �!��3275
a2 =

3

8πGρ
,
a2

r2
=

r

rs
> 1⇒ a > r �*) � � � �

��512�!8-;,32 �K/ - �6%�#&5$4 � ,.-;,35$4T�K5$� ��/ � �75)2;-�!8-;,3#�%�� ��,��.,�!��;,.��B : %
B
�62;- �A!+* %
p > 0

5$�
p(0) > 0 : ��,3# �I'),.* %&2

p(0) ≡ pc =
a−
√
a2 −R2

3
√
a2 −R2 − a

> 0 �*) � � ���,.4 : ��,3# �I- �6%(4���BC%���!8-75$��,32 #�5)2;,.-;,.* %D275Q- �A!8-

3
√
a2 −R2 > a

9a2 − 9R2 > a2

R <

√
8

9
a

R2 <
8

9
a =

8

9

3

8πGρ
=

1

3πGρ

�*) � � ���

��-7%����O!8��BN!$272 %

M =
4

3
πρR3 <

4

3
πρR

1

3πGρ
=

4R

9G

M <
4

9G

1√
3πGρ

�*) � � ���
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�A5$�E!Q46%���-;�75$4@2;-�!8� : %D#+!84I�627%
ρ ≈ 1017 g /cm3 � � 4I� # #�%�� �.,.B ,.-E5$4I- �6%(BN!$272�,32

- �6%�4
M < 2.5M¯

��� !62;-;,.-;��-;,35$4I�>5$�
p

,.4I- �6%(%���#��7%&272;,35$49�K5$�
eα

'),.* %&2

eα =
3

2

√
1− Rs

R
− 1

2

√
1− Rs

R3
r2 �*) � �,���

� �6% �.,.46%D%��3%�BC%�4�-��K5$��- �6%(,.4�-7%��;,35$� �?# � : !8�+*+27# ��,�� � 275 �.��-;,35$4I,32

ds2 = −
(
3

2

√
1− Rs

R
− 1

2

√
1− Rs

R3
r2

)2

dt2 +
dr2

1− Rs
R3 r2

+ r2dΩ, r ≤ R

�*) � � ���
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%�
.-&% � @�� @ > 143 $  @ @ 	 � 143�� 7�� 5 � 587�� �
� % : ,���� #&5$462;, � %��D%���#A!84 � ,.4�' �65$BC5$'H%�465$�62�!84 � ,32�5$-;�75 #�,3#QBC5 � %��32D58� - �6%Q��4�,.*H%��727% �
� %�,.4�-;�75 � �6#&% !84 %�� #A!84 � ,.4�' �K��!8BC% 58�Q�7% �>%��7%�46#&% : ,.- � - �6% ' !��O!$#�-;,3# #��.�62;-7%��72@!$2
�7% �>%��7%�46#&% #A!8�;-;,3#��3%&2 � � �6%�4 : %�,.4�-;�75 � �6#&%N! � #&5$BC5 *�,.4�'<#&5�5$� � ,.4A!8-7%C2;/=2;-7%�B ��,.4 - ��,32
�K��!8BC%N58���7% �>%��7%�46#&% : ,.- ��2 #A!8-;,O!�� #&5�5$� � ,.4A!8-7%&2

χ, θ, φ
� � %N�627%C-;,.BC%NBC%+!$27���7% � 5$4

2;-�!84 � !8� � #��35�#"!=2�#+!8�;�;,3% � !�/(- �6%J' !��O!$#�-;,3# #��.�627-7%��72F!$2�#�5�5$� � ,L4�!8-7% -;,.BC% � #&5)2;B ,3# -;,.BC% �'�
� �6% �.,.46%D%��3%�BC%�4�-E#+!84I- �6%�4 !�% : �;,.-;-7%�4<,.4I- �6% �>5$�;B'%

ds2 = −dt2 + a(t)2[dχ2 + r(χ)2dΩ2] � � � �����

� �A5$� 2;-�!84 � !8� � #��35�#"!?2 !8-E�7%&2;-E,.4@- �6%
%���#A!84 � ,.4�' 2;/?27-7%�B'!
dχ = dΩ = 0

!84 � ds2 =
−dτ2 = −dt2 �'� � �6%(�R��46#�-;,35$4

a(t)
,32�#+!����3% � - �6%S% ��#A!8462;,35$4<�>!$#�-75$� !�!84 � t ,32�#+!����3% �#&5)2;B ,3#(-;,.BC% �

� �6% # ��/=2;,3#+!�� � ,32;-�!846#&%S-751!C' !��O! �?/ : ,.- �T#&5�5$� � ,.4A!8-7% � ,32;-�!846#&% dχ �K�75$B !84T5 !=G
27%��;* %���!8-�- �6%(5$�;,.'),.4
!6,32 %

dlx =
√
gχχdχ = a(t)dχ � � � �����

# * %�4@,L� - �6%S' !��O!$#�-;,3#�#��.�62;-�% ��2 �A!+*H%S465 #&5�5$� � ,.4A!8-7%�* %��35�#�,L- /�!�- �6%�/ � 5 ��!+*H%�!C��! � ,O!��* %��35�#�,L- / %�� #��7%&2�27% � !�/1- �6%D%�� #A!8462;,35$49�"!$#�-75$� �
� �6%N*$!��.�6%

χ � %�-7%��;B ,.46%&2 : ��,3# �M#��.�62;-7%�� : % !8�7%N5 !62�%��;*�,.4�'T!84 � a(t)
�65 : ,.-S,32

BC5 *?,.4�' ��� G"*H%��35�#�,.-0/958� !��7% �>%��7%�46#&% #A!8�;-;,3#��3% � ' !��O!$#�-;,3#S#��.�62;-7%�� � %
uµ =

dxµ

dτ
=
dxµ

dt
= (1, 0, 0, 0) � � � �����

� ��,32
!�# # �.,3%�2�!8-S!84 !�!��;,.-;��!8�;/T-7,LBC%"! - �A!8-D,32 duµ

dt = 0
� �(%&5 � %&2;,3#C%�� �A!8-;,35$4
% duµ

dt +
Γµαβu

αuβ = 0 : �6,.# �<,32��7% � �6#&%&2�-75A%
Γµtt = 0

Γµtt =
1

2
gµν(

0︷︸︸︷
gνt,t +

0︷︸︸︷
gtν,t +

0︷︸︸︷
gtt,ν ) = 0 � � � � ���

� % �A!+* % - �A!8-
gtt = −1

� � ��,32 2 �65 : 2F- �A!8- - �6% �7% �>%��7%�46#&% #A!8�;-;,3#��3%&2 !8�7% �R�7%&%��./S�"!����.,.4�' �
�+�,�
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& 4�-;�75 � �6#&%D5$�;- �65$465$�;BN!�� �K5$�;BQG !A!$27,32 %

ωt̂ = dt ωχ̂ = a(t)dχ ωθ̂ = a(t)r(χ)dθ

ωφ̂ = a(t)r(χ) sin θdφ � � � � ���
� 2;,.4�' � !8�;-�!8462 � 27-�%�� �A!8-;,35$4
%

dωµ̂ = −Ωµ̂ν̂ ∧ ων̂ � � � ��%��-75 .64 � - �6% #&5$4�46%&#�-;,35$4��>5$�;BC2 � � �6%�4��62;,.4�' � !8�;-�!8462 � 4 � 2;-;�;�6#�-;���7% %����A!8-;,35$4 -75
#+!��3#�� �O!8-7%D- �6%D#����;*$!8-;����% �>5$�;BC2 %

Rµ̂ν̂ = dΩµ̂ν̂ +Ωµ̂
λ̂
∧ Ωλ̂ν̂ � � � � f �

� !��3#�� �O!8-;,35$462�'),.* %"% � 465$-�!8-;,35$4
% · = d
dt

! ′ = d
dχ

�
Rt̂
î
=
ä

a
ωt̂ ∧ ωî, ωî = ωχ̂, ωθ, ωφ

Rχ̂
ĵ
=
( ȧ2
a2
− r′′

ra2
)
ωχ̂ ∧ ωĵ , ωĵ = ωθ̂, ωφ̂

Rθ̂
φ̂
=
( ȧ2
a2

+
1

r2a2
− r′2

r2a2
)
ωθ̂ ∧ ωφ̂

� � � � s �

� �6%D#����;*)!8-;���7%D58� � G 2 #A!$#&% � dt = 0
� #+!84 !�% �K5$�64 � !�/ #���-;-;,.4�'

a = 1
� � �A!8-�,.2 %

3R
χ̂

ĵ
= −r

′′

r
ωχ̂ ∧ ωĵ

3R
θ̂
φ̂
=
( 1
r2
− r′2

r2
)
ωθ̂ ∧ ωφ̂ � � � � ) �

� �6% � G 2 #A!$#&%(,32�!$272;��BC% � -75 !�%(,3275$-;�75 #�,3#
!84 � �65$BC5$'H%�465$�62 � � ��,32 � %�BN!84 � 2
−r

′′

r
=

1− r′2
r2

= k , � � � ��� � �
: �6%��7%

k
�7%�#��7%&27%�4�-72�- �6%D#&5$462;-�!84�-E# �6�;*$!8-;���7%S58��- �6% � G 2 #A!$#&% �

∴ r′′ + kr = 0
!84 � r′ =

√
1− kr2 � � � ���,���

�?5 �.��-;,35$462 : ,.- �
r(0) = 0

!
r′(0) = 1

%

√
−kr = sinh(

√
−kχ) (k < 0)

r = χ (k = 0) � � � ���+���√
kr = sin(

√
kχ) (k > 0)
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� �6%D2�5 �L�6-;,35$462�#+!84 !�%D# �A!8��!$#�-7%��;, *+% � !�/1- �6% �K5 ���35 : ,.4�' � #+!$27%&2 %

r = sinhχ, dr =
√

1 + r2dχ, (k = −1)
r = χ, dr = dχ, (k = 0) � � � ���+���
r = sinχ, dr =

√
1− r2dχ, (k = 1)

& 4�!�����- ���7%&% #+!$27%&2�5$46% BN!+/ : �;,.-7%
dr =

√
1− kr2dχ ! : ��,3# ��,32 � �62;-�- �6% �O!$2;-�%����A!8-;,35$4

!�!�5 * % �
� % 465 : 27%�-

dχ2 = dr2

1−kr2
,.4�-75 - �6% �.,.46% G %��3%�BC%�4�-6%

ds2 = −dt2 + a2(t)
(
dχ2 + r2(χ)dΩ2

)

= −dt2 + a2(t)

(
dr2

1− kr2 + r2dΩ2

) � � � �������
� �6% .6�72;-E%���#��7%&272;,35$4@,32 !?465 : 4�!$2E- �6%
2;-�!84 � !8� � �>5$�;B 58� - �6% �.,.46% G %��3%�BC%�4�- !�- �6%

27%&#&5$4 � ,32�#+!����3% � - �6%��E5 !�%��;-7275$4=G � !�� !H%�� �.,.46% G %��3%�BC%�4�- �
� �6% � G 2 #A!$#&% �A!$2�#�5$4A2;-�!84�-F#����;*$!8-;���7% ��� G 2 #A!$#&% ,.2�2 # �6%��;,3#+!����>5$�

k = 1
! # �6#��., � %+!84�>5$�

k = 0
!84 � ��/�#�%�� !�5 �.,3#(�>5$�

k = −1 ��E4�,.* %��727%(BC5 � %��32 : ,.- �
k = 1

!8�7% !�465 : 4@!$2 � #��35)27% � ��!84 � BC5 � %��32 : ,.- �
k = −1!8�7%�!�465 : 4 !$2 � 5 #�%�4�� � �T5 � %��32 : ,.- �

k = 0
!8�7%I#+!����3% � � ��!8-��J% * %�4 - �65$��',� - �6%&27%

BC5 � %��32E!��3275 �A!+*H%D#����;* % � 2 #A!$#&% G"-;,.BC% �
%�
.-�� � @ 5�� 17 � � 3
��� 17=5
��� � ���	� � � � ���;�� �����

� �6% 5 !627%��;* %��(,32 # �O!$#&% � ,.4 5$�;,.'H5958� - �6% #&5�5$� � ,.4A!8-7% G 2;/?27-7%�B��
χ0 = 0

� � �6% #��75 #�%��
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χe
,32
D = a(t)χe

� � �6% ' !��O! �=/ �A!$2�!
��! � ,O!�� * %��35�#�,.-0/?%

v =
dD

dt
= ȧχe =

ȧ

a
D = HD : �A% ��%

H =
ȧ

a � � � �������
� �6% %���#A!8462;,35$41* %��35�#�,.-0/

v
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∆te
% - �6%(-;,.BC%(,.4�-7%��;*$!�� ,L4I-;��!8462;B ,.-;-7%�� G #�5)27,.-;,35$4�!8-�-;��!84627B ,3272;,35$4=G"-;,.BC%

∆t0
% - �6%(-;,.BC%(,.4�-7%��;*$!�� ,L4I�7%&#&%�,.* %�� G #�5)2;,.-;,35$4T!8-��7%&#&%�,.*�,.4�'$G"-;,.BC%

(P,.',��-��K5 ���35 : 2�#����;* %&2 : ,.- �
ds2 = 0

! : ,.- �
dθ = dφ = 0 : % �A!+* % %

dt = −a(t)dχ � � � ���+%��
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χ

t0 +∆t0

t0

χ0 = 0 χe

te +∆te

te
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∫ t0

te

dt

a(t)
= −

∫ χ0

χe

dχ = χe

∫ t0+∆t0

te+∆te

dt

a(t)
= −

∫ χ0

χe

dχ = χe ,

: ��,3# �I'),.* %&2
∫ t0+∆t0

te+∆te

dt

a
−
∫ t0

te

dt

a
= 0 � � � �����,�5$�

∫ t0+∆t0

t0

dt

a
−
∫ te+∆te

te

dt

a
= 0 � � � �������

�E4 � %��1- �6%T,.4�-7%�')��!8-;,35$4 �K�75$B
te

-75
te + ∆te

- �6%�%�� #�!8462;,35$4 �>!$#�-75$�
a(t)

#+!84 !�%
#&5$462;, � %��7% � ! #&5$462;-�!84�- : ,.- � *)!��.�6%

a(te)
!84 � ��4 � %�� - �6%I,.4�-7%�')��!8-;,35$4 �K�75$B

t0
-75

t0 +∆t0
: ,.- �I*)!��L�A%

a(t0)
!�'),.*�,.4�'8%

∆te
a(te)

=
∆t0
a(t0) � � � ��� ) �
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∆t0
!84 � ∆te

!8�7% ,L4?-7%��;*$!��32S58� - �6% �.,.',��-
!8-D- �6%Q�7%&#&%�,.*?,.4�'@!84 � -;� !8462;B ,.-;-;,.4�'<-;,.BC% �
��,.46#&%(- �6% : !+* %��3%�4�')- �@58��- �6% �.,.',��-�,32

λ = c∆t : % �A! *H%"%

λ0
a(t0)

=
λe
a(te) � � � ��� � �

� ��,32
#+!84 !�%C,.4�-7%�� #��7%�-7% � !$2
! �027-;�7%�-7# ��,.4�' 
N58��- �6%N%��3%&#�-;�75$BN!8')46%�-;,3# : !+* %&2 � �A%C-75
- �6%S%���#A!8462;,35$4T58� 2 #A!$#&% � � �6%S#&5)2;BC5 �35$'),3#+!����7% � 2 �6, �K-�,32 � %�465$-7% � !�/

z
!84 � ,32�'),.*H%�4!�/ %

z =
λ0 − λe
λe

=
a(t0)

a(te)
− 1 � � � �������

� 2;,.4�'
a0 ≡ a(t0) : %(#+!84 : �;,.-7%(- ��,32�!$2 %

1 + z(t) =
a0
a � � � ���,���

����� ����� � �=� � �����	��
����
� �6% %�46%��;')/ G"BC5$BC%�4?-;��B -7%�46275$� �K5$�D! #�%�� �K%&#�- �6��, � � 465 *?,327#&5)2;,.-0/T!84 � 4651- �6%��;BN!��
#&5$4 � �6#�-;,.*?,.-0/ � ,32

Tµν = (ρ+ p)uµuν + pgµν � � � ���,���& 4<!84I5$�;- �65$465$�;BN!�� !A!$2;,32

Tµ̂ν̂ = (ρ+ p)uµ̂uν̂ + pηµ̂ν̂ � � � �������: �6%��7%
ηµ̂ν̂

,32�- �6% �@,.4�! 5 : 2 !?, BC%�-;�;,3# � � %(#&5$462;, � %�� � -0/�#�%&2�58�F#&5)2;B ,3# �6��, � %�,� � �62;- % p = 0
!

T µ̂ν̂ = ρuµ̂uν̂ � � � ��� ������ ��! � ,O!8-;,35$4
% p = 1
3ρ

!

T µ̂ν̂ =
4

3
ρuµ̂uν̂ + pη µ̂ν̂

=
ρ

3
(4uµ̂uν̂ + η µ̂ν̂)

� � � ���,%��
� �6%(-;��!$#&%

T = T µ̂µ̂ =
ρ

3
(4uµ̂uµ̂ + δµµ) = 0 � � � ��� �,���� *$!$#�����B'%

p = −ρ !
T µ̂ν̂ = −ρη µ̂ν̂ � � � ��� ���

& �(*$!$#�����B #+!84 !�% � %&27#��;,�!�% � !$21! #�%�� �>%&#�- �6��, � : % �A!+* %
pv = −ρv

! : �6%��7%
ρ

,32(- �6%C%�46%��;')/ � %�462;,.-0/ � & -D#+!84 !�% �7%��O!8-7% � -75 # ,.462;-7%�,.4�� 2
#&5)2;BC5 �35$'),3#+!�� #&5$4627-�!84�- !
Λ = 8πGρv

�
0E46% �A!$2 !��3275�,.4�-7�75 � �6#&% � !TBC5$�7%I'H% 4A% � !���-0/ #�%958� *$!$#����6B %�46%��;')/M'),.* %�4 !�/

- �6% %����A!8-;,35$4 58� 27-�!8-7%
pφ = wρφ

! : �6%��7%
φ � %�465$-7%&2 - �A!8-Q- �6%1*)!$#�����B %�46%��;')/ ,32
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#&5$4�46%&#�-7% � -75 !N27#+!��O!8� .A%�� � φ � & 4�! �A5$BC5$'H% 4A%�5$�A2 ��4�,.* %��727%S- �A% #��7%&2727���7%�!84 � - �6%
� %�462;,.-0/9!8�7%('),.* %�4 !�/

pφ =
1

2
φ̇2 − V (φ), ρφ =

1

2
φ̇2 + V (φ) � � � ��� ) �

: �6%��7%
V (φ)

,32�- �6% #�5$-7%�4�-;,O!�� �>5$��- �6%D27#+!��O!8� .A%�� � � � �6%�4 : % �A!+* %

w =
1
2 φ̇

2 − V (φ)
1
2 φ̇

2 + V (φ) � � � ��� � �
� �6%�2 #�%&#�,O!��F#+!$27%

φ̇ = 0
'),.*H%&2E- �6%�( 5$�7%�4�-+*Q,.4�*)!8�;,O!84�- *$!$#�����B : ,.- �

w = −1 � � �6%
BC5$�7%('H%�46%���!�� *$!$#�����B ,.2�#+!����3% � � ����,.4�-7%&2727%�46#&% 
 �
����� ����� � � ����� � � 
�� ��� � � � � � 
��
��� � ��� ��� 
 �	�
� ����� � ��� �	�
� % : ,���� � ,327#��6272 ,3275$-;�75 #�,3#<!84 � �65$BC5$'H%�465$�62N��4�,.*H%��72�% BC5 � %��32 : ,.- � #�%�� �K%&#�-��6��, �!84 � !9465$4=G"*)!84�,32 ��,.4�'�#&5)2;BC5 �35$'),3#+!�� #�5$4A2;-�!84�-

Λ
� � !��3#�� �O!8-;,.4�'T- �6% #&5$B #�5$46%�4�-72Q58�

- �6% # ,.462;-7%�,.4 -7%�46275$� �R�75$B - �6% �.,.46% G %�BC%�4�- � � � ������� : % .64 � ,.4 !84 5$�;- �65$465$�;BN!�� !A!$2;,32

Et̂t̂ =
3ȧ2

a2
+

3k

a2 � � � �������
Em̂m̂ = −2ä

a
− ȧ2

a2
− k

a2
. � � � ���,���

� �6% #&5$B #�5$46%�4?-72F58�6- �6% % 4A% �7')/ G"BC5$BC%�4�-;�6B�-7%�46275$��58��! #�%�� �>%&#�- �6��, � ,.4Q!�#&5$BC5 *?,.4�'
5$�;- �65$465$�;BN!�� !A!$2;,32�!8�7%

Tt̂t̂ = ρ, Tm̂m̂ = p. � � � ���,���2 %�46#&% - �6%
t̂t̂

#&5$B #�5$46%�4�- 58��# ,.462;-7%�,.4�� 2 .A%�� � %����A!8-;,35$462�,32

3
ȧ2 + k

a2
= 8πGρ+ Λ � � � �������

m̂m̂
#&5$B #�5$46%�4�-72 %

−2 ä
a
− ȧ2

a2
− k

a2
= 8πGp− Λ � � � ��� ���: �6%��7%

ρ
,32 - �6%J%�46%��;')/ � %�4627,.-0/D!84 � p ,32 - �6% #��7%&272;���7% � � �6% %�� �A!8-;,35$462 : ,.- �S*)!84�,32 ��,.4�'

#&5)2;BC5 �35$'),3#+!��P#&5$462;-�!84�-�!8��%E#+!����3% � - �6% �6�;,3% � BN!84�49%�� �A!8-;,35$462 �$& 4627%��;-;,.4�'Q%�� � � � � �������,.4�-75C%�� � � � � ��� ��� '),.* %&2 %
ä = −4πG

3
a(ρ+ 3p) � � � ���,%��& � : % ,.4�-7%�� #��7%�-

ρ
!$2�- �6%(BN!$272 � %�462;,.-0/9!84 � �62�% - �6%D2 #�%&% � 58� �.,.',��-

c
! : % 'H%�-

ä = −4πG

3
a(ρ+ 3p/c2) � � � ��� �,�

& 4627%��;-;,.4�'9- �6% ')��!+*?,L- !8-;,35$4A!�� BN!$2�2 � % 4A2;,.-0/
ρG

�R�75$B %�� � �*) ������� - ��,32S%�� �A!8-;,35$4 -�! ! %&2
- �6% �K5$�;B

ä = −4πG

3
aρG � � � ��� ���
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& 4627%��;-;,.4�'
p = wρc2

,.4?-75 �*) ������� '),.*H%&2

ρG = (1 + 3w)ρ � � � ��� ) �: ��,3# �I,32�4A% ' !8-7,L* % �>5$�
w < −1/3 !=, � % � �K5$�

φ̇2 < V (φ)
� ��#�%&#�,O!�� #+!$27%&2 %

• � �62;- % w = 0
!
ρG = ρ

• ��! � ,O!8-;,35$4
% w = 1
3

!
ρG = 2ρ

• ( 5$�7%�4�-+*�G",.4�*)!8�;,O!84�-E*)!$#�����B'%
w = −1 ! ρG = −2ρ

& 4<! ��4�,.*H%��727% � 5$B ,.4A!8-7% � !�/9! ( 5$�7%�4�-+*�G",.4�*$!8�;, !84�-E*)!$#�����B - �6%
!$#&#�%��3%���!8-;,35$4�58�F- �6%
#&5)2;B ,3#D%���#A!8462;,35$4I,32

äv =
8πG

3
aρv > 0, � � � � � � �, � % � $ -*-�� � � � $���� ,�����+%$ � / � � � � � ��,32 BC%+!8462 - �A!8- *$!$#�����B !$#�-72 � #�5$4 ,.-72�%�� � : ,.- � �7%�#�� �LG

2;,.* % ')��!+*�,.-�!8-;,35$4 �
� �6%3.A%�� � %����A!8-;,35$462�#+!84 !�%D#&5$B !�,.46% � ,.4�-75

H2 ≡
(
ȧ

a

)2

=
8πG

3
ρm +

Λ

3
− k

a2 � � � � � ���
: �6%��7%

ρm
,32�- �6% � %�462;,.-0/958� BN!8-;-7%�� !

Λ = 8πGρΛ
: �6%��7%

ρΛ
,32�- �6%D*$!$#�����B %�46%��;')/

: ,.- �M#&5$462;-�!84�- � %�462;,.-0/ � ρ = ρm + ρΛ
,32S- �6%N-75$-�!�� BN!$272 � %�462;,.-0/ � � �6%�4 : %CBN!+/

: �;,.-7%
H2 =

8πG

3
ρ− k

a2 � � � � � ���� �6%<#��;,.-;,3#+!�� � %�4627,.-0/ ρcr
,32N- �6% � %�462;,.-0/ ,.4 ! ��4�,.*H%��727% : ,.- � %��6#��., � %+!84 2 #A!$#&%��., !H%

'H%&5$BC%�-;�;/ !
k = 0

! : ��,3# �<'),.*H%&2
ρcr =

3H2

8πG � � � � � ���� % ,.4�-;�75 � �6#&%D- �6%(�7%��O!8-;,.*H% � %�4627,.-;,3%&2
Ωm =

ρm
ρcr

, ΩΛ =
ρΛ
ρcr � � � � �,���

�6���;- �6%��;BC5$�7% : %D,.4�-;�75 � �6#&%�! � ,.BC%�462;,35$4 �3%&272 #A!8��!8BC%�-7%�� - �A!8- � %&27#��;,�!�%&2�- �6%S#����;*$! G
-;���7%D58� � G 2 #A!$#&%

Ωk = −
k

a2H2 � � � � � ���
#$� � � � � � � ��� #+!84I465 : !�% : �;,.-;-7%�4

Ωm +ΩΛ +Ωk = 1 � � � � � %��
�6�75$B - �6% C ,3!84A# ��,�, � %�4�-;,.-0/1!84 � # ,.462;-7%�,.4�� 2 .A%�� � %����A!8-;,35$462 �K5 ���35 : - �A!8- - �6%E%�46%��;')/�G
BC5$BC%�4�-;��B � %�4627,.-0/�-7%�46275$�N,.2 #&5 *$!8�;,O!84�- � ,.*H%��;'H%�46#&%I�R�7%&% � � �6%I-;,.BC% G #&5$B #�5$46%�4?-
%���#��7%&2727%&2�- �6%D%�� �A!8-;,35$4@58�F#&5$4�-;,.4�,.��-0/<!84 � - ! !H%&2�- �6% �>5$�;B

[(ρ+ p)ut̂uν̂ ];ν̂ + (pηt̂ν̂);ν̂ = 0 � � � � � �,�
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��,.46#&%
ut̂ = 1

!
um̂ = 0

!84 � ηt̂t̂ = −1 ! ηt̂m̂ = 0
! : %('H%�-

(ρ+ p). + (ρ+ p)uν̂;ν̂ − ṗ = 0 � � � � � ���5$�
ρ̇+ (ρ+ p)(uν̂,ν̂ + Γν̂

t̂ν̂
) = 0 � � � � � ) �2 %��7%

uν,ν = 0
!84 � Γt̂

t̂t̂
= 0

� � !��3#�� �O!8-;,.4�'
Γm̂
t̂m̂

�K5$�
dωµ̂ = Γµ̂

α̂β̂
ωα̂ ∧ ωβ̂ : % 'H%�-

Γm̂
t̂m̂

= Γr̂
t̂r̂
+ Γθ̂

t̂θ̂
+ Γφ̂

t̂φ̂
= 3

ȧ

a � � � � � � �2 %�46#&%
ρ̇+ 3(ρ+ p)

ȧ

a
= 0 � � � � �����: ��,3# �IBN!+/ !�% : �;,.-;-7%�4

(ρa3). + p(a3). = 0 � � � � �,���( %�-
V = a3

!�%Q!1#&5$BC5 *�,.4�'9*H5 �.��BC%�,.4�- �6%���4�,.*H%��72�%Q!84 � U = ρV
!�%�- �6%�%�46%��;')/

,.4I- �6%(#&5$BC5 *?,.4�'N*H5 �.��BC% � � �6%�4 : % BN!+/ : �;,.-7%

dU + pdV = 0 � � � � �,���
� ��,32 ,32 - �6%	.6�72;- �O! : 58� - �A% �7BC5 � /�4A!8B ,3#&2(�>5$�D!84 ! � ,O!�!A!8-;,3#C%���#A!8462;,35$4 � & - �>5 � �35 : 2
- �A!8- - �6%E��4�,.* %��727% %�� #A!84 � 2�! � ,O!�!A!8-;,3#+!����./ � � �6%(! � ,O!�!A!8-;,3#(%�� �A!8-;,35$49#+!84�!�% : �7,L-7-7%�4

ρ̇

ρ+ p
= −3 ȧ

a � � � � �����
� 272;��B ,.4�'

p = wρ : %('H%�-

dρ

ρ
= −3(1 + w)

da

a

ln
ρ

ρ0
= ln

(
a

a0

)−3(1+w)

& - �K5 ���35 : 2�- �A!8-

ρ = ρ0

(
a

a0

)−3(1+w)

� � � � � ���
� ��,32�%�� �A!8-;,35$4I-7%����32 �65 : - �6% � %�4627,.-0/ 58� � ,$#P%��7%�4�-�-0/�#�%&2�58��BN!8-;-7%�� � %�#�%�4 � 2E5$49- �6%
%���#A!8462;,35$49�>!$#�-75$�

ρa3(1+w) = constant � � � � �,%����#�%&#�,O!���#+!$27%&2 %

• � �62;- % w = 0
'),.*H%&2

ρda
3 = constant

� ���62 !�- �6% BN!$2�2�,.4<! #&5$BC5 *�,.4�'N*H5 �.��BC%(,32�#�5$4A2;-�!84�- �
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• ��! � ,O!8-;,35$4
% w = 1
3

'),.*H%&2
ρra

4 = constant
� ���62 !?- �6% ��! � ,O!8-;,35$4I%�46%��;')/ � %�462;,.-0/ � %&#��7%+!$27%&2 �"!$2;-7%�� - �A!84 - �6%
#+!$27% : ,.- � � �62;- : �6%�4@- �6%D�64�,.*H%��727%S,32�%���#A!84 � ,.4�' � � �6%S%�46%��;')/
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ρd0a
3
0 =ρda

3

ρr0a
4
0 =ρra

4

ρra
4

ρda3
=
ρr0a

4
0

ρd0a
3
0
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ρr = ρd
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a(t1) =
ρr0
ρd0

a0
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ρΛ = constant
�
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aä+ ȧ2 + k = 0

(aȧ+ kt)· = 0 � � � � � �,�
& 4�-7%�')��!8-;,35$4I'),.* %&2

aȧ+ kt = B � � � � � ���� 465$- �6%���,.4�-7%�')��!8-;,35$4<'),.* %&2

1

2
a2 +

1

2
kt2 = Bt+ C � � � � � ) �

� �6%(,.4�,.-;,O!�� #&5$4 � ,.-;,35$4 a(0) = 0
'),.* %&2

C = 0
� 2 % 4A#�%

a =
√

2Bt− kt2 � � � ��% � �
�A5$�

k = 0 : % �A!+* %

a =
√
2Bt , ȧ =

√
B

2t � � � ��%����
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t = 0
!
(limt→0 ȧ =∞)
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t = 0
�

ρRa
4 = K , a =

√
2Bt

4ρRB
2t2 = K � � � ��%,���
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ρR = σT 4 → 4B2σT 4t2 = K ⇒

t =
K1

T 2
⇔ T =

√
K1

t
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ȧ2 + k =
8πG

3
ρa2 � � � ��%����

� % 465 : ,.4�-;�75 � �6#&%
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η
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dt

dη
= a(η) ⇒ d

dt
=

1

a

d

dη
�?5A%

ȧ =
da

dt
=

1

a

da

dη
� � � ��% ���

� %D!��3275Q,.4�-;�75 � �6#&% A ≡ 8πG
3 ρ0a0
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aȧ2 + ka =
8πG

3
ρa3 =

8πG

3
ρ0a0

3 = A � � � ��%,%��
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a
(
da

dη
)2 = A− ka

1

a2
(
da

dη
)2 =

A

a
− k

1

a

da

dη
=

√
A

a
− k =

√
A

a

√
1− a

A
k
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a = Au2, u =√

a
A
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da

dη
= 2Au

du
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Au2
2Au

du

dη
=

1

u

√
1− ku2

⇓
du√

1− ku2
=

1

2
dη

� � � ��% ) �

� ��,32�%�� �A!8-;,35$4 : ,���� .6�72;- !�%(,.4�-7%�')��!8-7% � �>5$�
k < 0

� � �6%�4
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∫
du√

1 + |k|u2
=
η

2
+K � � � � � � �

5$�E!8�7#&2;,.4 �
(
√
−ku) = η

2 +K
� � �6%D#&5$4 � ,.-;,35$4 u(0) = 0
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K = 0
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− k
A
a = sinh2

η

2
=

1

2
(cosh η − 1) � � � � � ���5$�

a = − A
2k

(cosh η − 1) � � � � � ���
�6�75$B %���2 � � � � � � ��� ! � � � � �,��� !84 � � � � ��%,%�� : % �A!+* %

A =
8πG

3
ρm0 = H2

0

ρm0

ρcr0
= H2

0Ωm0 � � � � � ���
�6�75$B %�'H2 � � � � � � ��� !84 � � � � � � %�� : % 'H%�-

k = H2
0 (Ωm0 − 1) � � � � � ���2 %�46#&%"!H- �6%�27#+!��3% �>!$#�-75$� 58� - �6%�46%�' !8-;,.* %��./ #����;* % � ! � �62;- � 5$B ,.4A!8-7% � ��4�,.*H%��72�%�BC5 � %��,32

a(η) =
1

2

Ωm0

1− Ωm0
(cosh η − 1) � � � � � ���
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t(0) = η(0)
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t(η) =
Ωm0

2H0(1− Ωm0)3/2
(sinh η − η) � � � � � %��
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k = 0
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a(t) = (
t

t0
)

2
3 � � � � � �,�
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k > 0
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k < 0

a(η) =
1

2

Ωm0

1− Ωm0
(1− cos η) � � � � � ���

t(η) =
Ωm0

2H0(Ωm0 − 1)3/2
(η − sin η) � � � � � ) �
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H =
ȧ

a
=

2

3

1

t
, t =

2

3

1

H
=

2

3
tH � � � � � � �
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H2 =
8πG

3
ρ ��
 , k = 0

⇓

ρ ��
 =
3H2

8πG
, Ω =

ρ

ρ � 
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k = 0 	

1 + z =
a0
a
⇒ a =

a0
1 + z

da = − a0
(1 + z)2

dz = − a

1 + z
dz � � � � �,���
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( ȧ
a

)2
=

8πG

3
ρ =

8πG

3

ρ0a
3
0

a3

=
8πG

3
ρ0(1 + z)3 � � � � �,���
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ρ = ρ ��
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t → ∞ � �A5$�
k = −1 : % �A!+*H%

ρ < ρ � 

� � �6%
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� ������� H2
0 = 8πG

3 ρ0
��� ����� ȧ

a = H0(1 + z)
3
2
�����
	��

ȧ = da
dt  � ����� �

dt =
da

ȧ
=
da

a ȧa
= − dz

H0(1 + z)
5
2 � ����� �����

� ��� ��� ��� � � 	 � ��� � ������� � � ��� 	�� ��� ����� � � � � ��� �

t0 = −
1

H0

∫ 0

∞

dz

(1 + z)
5
2

=
2

3

1

H0

[ 1

(1 + z)
3
2

]0
∞ � ����� � ���

t0 =
2
3 tH  � � � ����� � ���� � "! � � � � � � tH ≡ 1

H0

� �#��� � � ��� 	�� ��� ������� � � � ���%$ � � ��� � ��&�' � ����� 	 �
��� � ��� �)(  � �%�+* 	 ���,� � ��� �.- � 	�	�/ �  � * / � � � � � - � 	0� � 	 � � * �  � ��� � � ( �1� � � � z � � �

∆t = tH

∫ z

0

dz

(1 + z)
5
2

=
2

3
tH
[
1− 1

(1 + z)
3
2

]
� ����� �,%��
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tangent

time t

exp.factor a

t
0

t
H

today

� � � � � � ��� � � � tH � � ��� � � ��� 	�� ��� � ��� � � � � ��� � � ��� � ��&�' � ����� 	 � � �)(  � �%� * 	 � �,� � ����$
� ���

�
� � � ��&�' � ��� � �  � � � � �,� � � *%! 	 ��� � � 	 ��� � � � � �#� � � $� 	 ��� � � ��� � � ! 	  � � �

∆t = t0[1−
1

(1 + z)3/2
] � ����� � �,�

z =
1

(1− ∆t
t0
)2/3
− 1 � ����� � ���

∆t

t0
= 0, 99⇒ z = 20, 5 � ����� � ) �
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k = p = 0
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= Λ � ����� ) ���
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aȧ2 =

Λ

3
a3 +K � ����� ) ���: �6%��7%

K
,32 !N#&5$462;-�!84�- 58� ,.4�-7%�')��!8-;,35$4 � ��,.46#&%
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ρMa

3 = ρM0a
3
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,.4 � %�� 0
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a0 = 1
!84 � #&5$B #A!8�;,.4�' %��?2 � � ����� � ��� !84 � � ����� ) ��� - �6%�4 '),.*H%&2

K =
(8πG/3)ρM0

� & 4�-;�75 � �6#�,.4�' !<46% : *$!8�;,O!�! �3%
x
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a3 = x2

!84 � ,.4�-7%�')��!8-;,.4�' 5$46#&%
BC5$�7% : ,.- �I- �6%(,.4�,.-;,O!���#�5$4 � ,.-;,35$4 a(0) = 0 : %D5 !�-�!8,.4

a3 =
3K

Λ
sinh2

(
t

tΛ

)
, tΛ =

2

3Λ � ����� ) ���
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ρcr =
3H2
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ρ
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8πGρM
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ΩΛ =
ρΛ
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Λ

3H2 � ����� ) %��
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a = A1/3 sinh2/3
(
t

tΛ

)
, A =

ΩM0

ΩΛ0
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1− ΩΛ0

ΩΛ0 � ����� ) �,�
� 2;,.4�'
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)
− 1
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t0
58��- �6% ��4�,.*H%��72�% ,32 �>5$��4 � �K�75$B

a(t0) = 1
� : ��,3# � !�/ �627% 58��- �6% �>5$�;B
� �O!

arc tanhx = arc sinh(x/
√
1− x2) � �3%+! � 2�-75Q- �6%D%���#��7%&272;,35$4
t0 = tΛarc tanh

√
ΩΛ0 � ����� ),) �
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12·109 / %+!8�72 � � ,.- �Q- �6%&27% *$!��.�6%&2F- �6% %���#A!8462;,35$4��"!$#�-75$�F,32
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H = (2/3tΛ) coth(t/tΛ) � ��������� ���& 4627%��;-;,.4�'
t0 = 1.2tΛ

: %�'H%�-
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-;,.BC%�!84 � !�# #��75H!$# �6%&2D!N#&5$462;-�!84�- *$!��.�6%
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2

3tΛ
√
ΩΛ0 � �������������
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tH0 = (3/2)tΛ

√
ΩΛ0
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H0 = 64
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t0ED = (2/3)tH0 = 10.5 ·
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q = −ä/aH2 �
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2
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t1 = tΛarc tanh(1/
√
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t1 =
arc tanh(1/

√
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arc tanh
√
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z(t1) =
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− 1 =
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2ΩΛ0
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)1/3

− 1 � ���������,%��
& 4627%��;-;,.4�'
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t1 = 0.54t0
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#&5$�;�7%&2 #�5$4 � ,.4�'9-759!84�%�B ,3272;,35$4�-;,.BC%
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. ��% � � ,32;-�!846#&% �K�75$B - �6% #J!8�7- � ��- �6% � �A!84?-;,.-0/
ä

�7%�#��7%&2�%�4�-72S- �6%1!$#&#&%��.%���!8-7,.5$4 58��!
�K�7%&% #A!8�;-;,3#��3%1#&5$BC5 *�,.4�' : ,.- � - �6%1%�� #A!84 � ,.4�'T��46,L* %��727% � � �6% #&5$4�46%&#�-;,35$4 !�%�- : %&%�4
- �6%&27%(- : 5 � �A!84�-;,.-;,3%&2 !8�7%

ä = a(Ḣ +H2)
�

� �6%���!8-;,35S58�P- �6%�,.4 �A%&#�-;,35$4 #�5$,.4�- 58� -;,.BC%E!84 � - �6%�!8'H%�58�P- �6%���4�,.* %��727%��?!$2 '),.*H%�4
,.41%�� � � ��������� ��� �?,32 � %�#�,3#�-7% � ')��!�# ��,3#+!����./1!$2 �K��46#�-;,35$4158� - �6%$#��7%&2�%�4�- �7%��O!8-;,.*H% � %�462;,.-0/58� *)!$#�����B %�46%��;')/�,.4 .6' � ����� ) � �6%C-;���;465 * %�� #�5$,.4�-
58��-;,.BC% �A!�# #�%�462
%+!8� �.,3%��S- �6%

��,.')���7% ����� ) � � �6%E��!8-;,35Q58� - �6% #�5$,.4�-�58� -;,.BC% : �6%�49#&5)2;B ,3# � %&#&%��3% � !8-;,35$462�-;���;4 5 * %��
-75N!$#&#&%'�3%���!8-;,35)4<-75 - �6%S!8'H%D58��- �6%(��4�,.* %��727% �
')�7%+!8-7%�� - �A%1*)!$#�����B � %�462;,.-0/ ,32 � � �A% # �A!84�'H% �R�75$B � %&#&%��.%���!8-7,.5$4 -75 !$#&#&%��3%���!8-;,35$4
: 5$� � � �A!�# #�%�4T!8-�- �6% #��7%&2�%�4�-�-;,.BC%(,L�

ΩΛ0 = 1/3
�

� �6%9�7% � 2 ��,L�R-C58� - �6% ,.4 �A%&#�-;,35$4 #�5$,.4�-C'),.* %�4 ,.4 %�� � � ���������,%�� !$2N!@�R�646#�-;,35$4 58�
*)!$#�����B %�46%��;')/ � %�462;,.-0/ ��,32 # �35$-;-7% � ,.4 .6' � ��������� 
E5$-7%(- �A!8-�- �6%(�7% � 2 ��,L�K-�58���R��-;���7%#�5$,.4�-72�58��-;,.BC%N,32S46%�' !8-;,.* %��F2;,.46#&%N- �6%�4

a > a0
��& �

ΩΛ0 < 1/3
- �6%C-;� !8462;,.-;,35$4 -75

!$#&#&%��3%���!8-;,35$4 : ,���� �A!�# #�%�4I,.4I- �6% �R��-;���7% �
� �6%D#��;,.-;,3#+!�� � %�462;,.-0/1,32

ρcr = ρΛ tanh−2(t/tΛ) � ��������� �,�
� ��,32�,32 # �35$-;-7% � ,.4 .6' � �������,�,� � �6%D#��;,.-;,3#+!�� � %�462;,.-0/ � %&#��7%+!$27%&2 : ,.- �I-;,.BC% �
# � � � ���������,%�� 2 �65 : 2�- �A!8-�- �6%(�7%��O!8-;,.* % � %�462;,.-0/ 58�F- �6% *)!$#�����B %�46%��;')/ ,32

ΩΛ = tanh2(t/tΛ) � ��������� ���: ��,3# ��,32 # �35$-;-7% � ,.4 .6' � �������+��� � �6% � %�462;,.-0/ 58�E- �6%1*$!$#�����B % 4A% �7')/M!�# #��75H!$# �6%&2
- �6%S#��;,.-;,3#+!�� � %�462;,.-0/ � ��,.46#&%S- �6% � %�4627,.-0/958� - �6%S*$!$#�����B %�46%��;')/9,32E#&5$462;-�!84�-���- ��,32�,32!�%�-;-7%���%���#��7%&2727% � !�/ 2�!+/�,.4�'@- �A!8-
- �6%N#��;,.-;,3#+!�� � %�462;,.-0/ !�# #���5H!$# �6%&2
- �6% � %�4627,L- / 58�
- �6%(*)!$#�����B %�46%��;')/ � �6���;- �6%��;BC5$�7%���2;,.46#&%(- �6%(-75$-�!���%�46%��;')/ � %�462;,.-0/ ,32�%����A!�� -75 - �6%



��� ��� � ��� � ��� � � ��� � ��	����� � ��� � � � � � �

��,.')���7% ����������� � �6% #&5)27B ,3#Q�7% � 2 ��,L�R-D58� �.,.',��-D%�B ,.-;-7% � !8-(- �6%Q-;���;465 * %��(-;,.BC%Q�K�75$B
� %&#&%��3%���!8-;,35$4C-75(!$#&#&%��3%���!8-;,35$41!$2��K��46#�-;,35$4C58��- �6% #��7%&2�%�4�-F�7%��O!8-;,.* % � %�4627,.-0/
58��*)!$#�����B
%�46%��;')/ �

��,.')���7% �������,� � � �6%�#��;,.-;,3#+!�� � %�4627,L- /
,.4C��4�,.-72 58� - �6%�#&5$462;-�!84�- � % 4A2;,.-0/Q5 � - �6% *)!$#�����B
%�46%��;')/9!$2��R��46#�-;,35$4@58��-;,.BC% �



� � � ��� ���
� � � ��� � � � � � ���������

��,.')���7% �������+��� � �6%D�7%��O!8-;,.* % � %�4627,.-0/958� - �6%D*$!$#�����B %�46%��;')/ � %�462;,.-0/I!$2��K��46#�-;,35$4T58�
-;,.BC% �
#��;,.-;,3#+!�� � % 4A2;,.-0/ !�����- �6%�-;,.BC%��H- ��,32 !��3275 BC%+!8462 - �A!8- - �6% � %�462;,.-0/Q58��BN!8-;-7%�� � %&#��7%+!$27%&2�"!$2;-7%���- �A!84I- �6%D#��;,.-;,3#+!�� � %�462;,.-0/ � � �6% � %�462;,.-0/ 58�FBN!8-;-7%��E!$2��R��46#�-;,35$4<58�F-;,.BC%(,32

ρM = ρΛ sinh−2(t/tΛ) � ��������� ) �: ��,3# �I,32�2 �65 : 4I')��!�# ��,3#+!����./9,L4 .6' � �������+� � �6%(�7%��O!8-;,.* % � %�462;,.-0/ 58�FBN!8-;-7%�� !$2 �K��46# G
-;,35$4<58�F-;,.BC%(,32

ΩM = cosh−2(t/tΛ) � �������,�����: ��,3# �M,32 � %�#�,3#�-7% � ,.4�.6' �	��������� � � � ,.4�'T- �6% �7%��O!8-;,.*H% � %�462;,.-;,3%&2Q58� .6' � �������+� !84 �.6' � ��������� 5$�9- �6% %�� #��7%&2727,35$462 � ��������� �,� !84 � � ��������� ) � : %T'H%�-9- �6%�-75$-�!��(�7%��O!8-;,.* %
� %�462;,.-0/ ΩTOT = ΩM +ΩΛ = 1

�
� �6% ��4�,.* %��727% !�%&#+!8BC%�*$!$#�����B � 5$B ,.4A!8-�% � !8- ! #�5$,.4�- 58��-;,.BC%

t2
: �6%�4

ρΛ(t2) =
ρM (t2)

� �6�75$B %�� � � ��������� ) � �>5 ���35 : 2P- �A!8- - ��,32 #�5$,.4�- 58�=-;,.BC% ,32P'),.*H%�4 !�/
sinh(t2/tΛ) =

1
� � #&#&5$� � ,.4�'N-75C%�� � � ����� ),) � : %('H% -

t2 =
arc sinh(1)

arc tanh(
√
ΩΛ0)

t0 � �������,�,���
�6�75$B %�� � � ����� ) �,� �>5 � �35 : 2�- �A!8-�- �6%D#&5$�;�7%&2 #�5$4 � ,.4�' �7% � 2 ��,L�R-�,32

z(t2) = A−1/3 − 1 � �������,�+���
& 4627%��;-;,.4�'

ΩΛ0 = 0.7
'),.*H%&2

t2 = 0.73t0
!84 � z(t2) = 0.32

� � �6%<-;� !8462;,.-;,35$4 -75
!$#&#&%��3%���!8-7% � %���#A!8462;,35$4 �A!�# #�%�462 !�% �K5$�7%�- �6%���4�,.* %��727% !�%&#&5$BC%&2J*)!$#�����B � 5$B ,.4A!8-7% � �

 5$-7% �K�75$B %��?2 � � ���������,��� !84 � � ��������� ��� - �A!8-�,.49- �6%D#+!$27%(58�F- �6% ��!8- �6�;,3% � BN!84�4=G

� %�BN!��3-;�7%���4�,.* %��727%�BC5 � %���� - �6% � %&#&%��3%���!8-;,35$4 #A!8��!8BC%�-7%��JBN!+/&!�%�%���#��7%&2727% � ,.4 -7%��;BC2



��� ��� � ��� � ��� � � ��� � ��	����� � ��� � � � � � �

��,.')���7% �������+��� � �6% � %�462;,.-0/N58�PBN!8-;-7%�� ,.4 ��4�,.-72 58� - �6% � %�462;,.-0/C58� *)!$#�����B %�46%��;')/ !$2
�K��46#�-;,35$4<58��-;,.BC% �

��,.')���7% ��������� � � �6%(�7%��O!8-;,.* % � %�462;,.-0/ 58�FBN!8-;-7%��E!$2��R��46#�-;,35$4@58��-;,.BC% �



� � � ��� ���
� � � ��� � � � � � ���������

58� - �6%��7%��O!8-;,.*H% � %�4627,.-0/@58�J*)!$#�����B 5$4 �./��
q = (1/2)(1 − 3ΩΛ)

� � �6%Q2;� #�%��;465 *$! & !
5 !627%��;*)!8-;,35$462 �A!+*H% 2 �65 : 4 - �A!8-D- �6% %���#A!8462;,35$4 ,32(465 : !$#&#&%��3%���!8-;,.4�' � 2 %�46#&%Q,L� - �6%
��4�,.* %��727% ,32 ��!8-���- ��,32�!��35$46%(BC%+!8462�- �A!8-

ΩΛ0 > 1/3
�

� 2�BC%�4�-;,35$46% � !�!�5 * %��ABN!84�/ � , �P%��7%�4�- 5 !62�%��;*$!8-;,35$462E,.4 � ,3#+!8-7%
- �A!8- : % �.,.* %D,.4�!
��4�,.* %��727% : ,.- � #��;,.-;,3#+!�� � %�462;,.-0/�� : �6%��7% #&5 � � BN!8-;-7%��C#&5$4�-;�;,�!���-7%&2 : ,.- � !�!�5$��- � ���
58�(- �6% � %�462;,.-0/ !84 � *$!$#�����B % 4A% �7')/ : ,.- � !�!�5$��- �%��� � ���6# � ! ��4�,.* %��727%I,32 : %����
� %&27#��;,�!�% � !�/ - �6% �6�;,3% � BN!84�4=G�� %&BN!��3-7�7%(��4�,.* %��727% BC5 � %��P- �A!8- �A!+* %(!�%&%�4�#��7%&2�%�4�-7% �!�!�5 * % �
2 5 : %�* %���� - ��,32 BC5 � %�� ,32 465$-
� ��,.-7% : ,.- �65$��- #��75 ! �3%�BC2�,.4
%�� # �O!8,.4�,.4�'E- �A%J5 !627%��;*H% �#��75 #�%��;-;,3%&2�58��- �6% ��4�,.*H%��727% �$& 4�#A!8�;-;,3#�� �O!8��- �6%��7% ,32�465 : B
�6# �9�7%&27%+!8�7# � � ,.�7%&#�-7% � !8-

275 �.*?,.4�'1- �6%Q2751#+!����3% � - ��� � -�� ,9� � -*� + � � � � � � � � 2 : %&�A!+* %�27%&%�4 � - �6% � %�462;,.-0/@58�J- �6%
*)!$#�����B %�46%��;')/9,.2�#&5$4627-�!84�- � ���;,.4�'N- �6%D%���#A!8462;,35$4 � : ��,��3%D- �6% � %�4627,.-0/ 58� - �6%(BN!8- G
-7%�� � %&#��7%+!$2�%�2 ,.4�* %��727%��./ #��75 #�5$�;-;,35$4A!�� -75 !N* 5 �L�6BC%�#&5$BC5 *?,.4�' : ,.- �T- �A%�%�� #A!84 � ,.4�'BN!8-;-7%�� ��� %�-��J5$46%95 !62�%��;*H%&2Q- ��!8- - �6% � %�4627,.-0/M58�EBN!8-;-7%�� !84 � - �6% � % 4A2;,.-0/M58�E- �6%
*)!$#�����B %�46%��;')/ !8�7%C58� - �6% 2 !8BC% 5$� � % �
58� BN!8')4�,.-;� � % !8-D- �6% #��7%&27%�4�-S-;,.BC% � � ��,32
27%&%�BC2 -75 !�% !12;-;��!84�'H% !84 � ��46%���# �O!8,.46% � #&5$,.46#�, � %�46#&% ,.4T- �6%�BC5 � %�� � � �3275 � �A2;-(!8-
- �6%&#��7%&27%�4?- -;,.BC%�- �6%Q#��;,.-;,3#+!�� � %�462;,.-0/@,32(!�# #��75H!$# ��,.4�'I- �6% � %�4627,.-0/@58� - �6%�*)!$#�����B
%�46%��;')/ � � -�%+!8� �.,3%���-;,.BC%&2 - �A% �7%��O!8-;,.* % � %�462;,.-0/ : !$2�#��35)27%J-75 
+%��75 �)!84 � 465 : ,.-�# �A!84�'H%&2
!�# #��75H!$# ��,.4�'�- �6%�#&5$462;-�!84?-J*$!��.�6%

1
,.4N- �6% �K��-;���7% � � � � � � !8�;�75 ��� � � !8�;�75 ��� � � ����� �A!$2

,����.�62;-;��!8-7% � - ��,32 !$2 #�%&#�- 58� - �6%S#&5$,.46#�, � %�46#&%&#��75 ! �3%�B !�/ # �35$-;-;,.4�'
Ω̇Λ

!$2 !Q�K��46#�-;,35$4
58�

ln(t/t0)
� � , �P%��7%�4�-;,O!8-;,.4�'N- �6%D%�� #��7%&2�2;,35$4 � ��������� ��� : %('H%�-

tΛ
2

dΩΛ

dt
=

sinh(t/tΛ)

cosh3(t/tΛ) � �������,�+���
: ��,3# �I,32 # �.5$-7-7% � ,.4 .6' � ����� ���
1 ��-;-;,.4�'

Ω̈Λ = 0 : % .64 � - �A!8-1- �6%@��!8-7%@58�
# �A!84�'H%T58�
ΩΛ

: !$21BN! �?,.BN!��D!8-
- �6% #�5$,.4�-E58�F-;,.BC%

t1
: �6%�4<- �A% � %&#&%��3%���!8-;,35$4T58� - �6%D#&5)27B ,3#D%���#A!8462;,35$4<-;���;46% � ,.4�-75

!$#&#&%��3%���!8-;,35$4 � � �6%��7% ,32�465 : !�')�7%+!8- !$#�-;,.*�,.-0/S,L4Q5$� � %���-75E-;�;/D-75E%���# �O!8,.4�- �6%&27% #&5$,.46#�,LG
� %�46#&%&2�!�/
,.4�-;�75 � �6#�,.4�'SBC5$�7%�'H%�46%���!����K5$�;BC2 58��*$!$#�����B %�46%��;')/�#+!����3% � ����,.4�-7%&2727%�46#&%��!84 � : ,.- � ! � %�4627,.-0/ � %�-7%��;B ,.46% � � /?4A!8B ,3#+!����./ !�/�- �6%@%�* 5 �.��-;,35$4 58�
! 27#+!��O!8� .A%�� �
� � ���;46%�� � � �����'�
2 5 : %�* %����P- �6%C2;,.B # �3%&2;-(- /�#�% 58� *)!$#�����B %�46%��;')/T,32 - �6%	� & � # � 0E46%QBN!+/ �65 #�%

- �A!8-S! �K��-;���7%Q- �6%&5$�;/�58� ���A!84�-;��B ')��!+*?,.-0/@BN!+/�27%�-;- �3%Q- �6%QBN!8-;-7%��
!84 � �3%�-(�62 ��4=G
� %��72;-�!84 � - �6% *)!$#�����B %�46%��;')/ � & 4M- �6% BC%+!84�-;,.BC% : %1#+!84 �.%+!8�;4�B
�6# � !�!�5$��-�- �6%
� /?4A!8B ,3#&2N58�D!�*)!$#�����B � 5$B ,.4A!8-7% � ��4�,.*H%��727% !�/�2;-;� � /?,.4�' 2;,.B # �3%@!84 � !�%+!8��-;,L�K� �
��4�,.* %��727% BC5 � %��32E2;�6# �<!$2�- �6% �6�;,3% � BN!84�4=G�� %�BN!��3-;�7%SBC5 � %�� �
%�
���� ���	�Q��
�����
� 	 � � ������� � � $ �

��������� � � ������� � ��� ��
 ��� ������� 
 
�� ��� 
 �������
���
� �
��� � � 	 ����� � � � ��� � �
� �6% � 5)27B ,3#	�@,3#��75 : !+*H% � !$#"!?')�75$��4 � � � �!� � ��! � ,O!8-;,35$4 �K�75$B - : 5 #�5$,.4�-72

A
!84 � B,.4�5 # #�5)2;,.-7% � ,.�7%&#�-;,35$462 �A!$2E- �A%
2 !8BC%S-7%�B #�%���!8-;���7% � � ��,32 BC%+!8462 - �A!8- ,.-(�A!$2 !�%&%�4

��! � ,O!8-7% � !?/Q275$���7#&%&2J58� - �6%�2�!8BC%�-7%�B #�%���!8-;���7%E,.4C- �6%&27% #�5$,.4�-72 � � ���62��H- �6%���4�,.*H%��72�%



��� �
� � ��� � � 	����
��� � � � � � ��������� � ���

��,.')���7% ������������� !8-7% 58�A# �A!84�'H% 58�
ΩΛ

!$2 �K��46#�-;,35$4�58�
ln( tt0 )

� � �6%J*)!��.�6%
ln( tt0 ) = −40#&5$�;�7%&2 #�5$4 � 2�-75Q- �6%D#&5)2;B ,3# #�5$,.4�-E58��-;,.BC%

t0 ∼ 1s
�

B
�62;- �A!+* % !�%&%�4 ,.4N- �6%��;B ,3#E%�� ��,��.,�!��;,.��B !8-J- �6% � %&#&5$� # �.,.4�'
-;,.BC%��
td = 3 ·105 / %+!8�72 �

� ��,32�,.B # �.,3%&2�- �A!8- #�5$,.4�-72
A

!84 � B ��� !8-�5 # #�5)2;,.-7%D2;, � %&2�58��- �6% ��4�,.* %��727%
	 ����! � !�%&%�4
,.4 #+!8�62�!���#&5$4�-�!$#�- !��.�7%+! � /N!8-J- �A!8-J-;,.BC% �'&'� % � ��! �.,.',��- 27,.')4A!��AB
�62;- �A!+*H% �A! � -;,.BC%�-75
BC5 * %(�K�75$B

A
-75
B � ���;,.4�'1- �6%D-;,.BC%D�K�75$B

t = 0
-75
t = 3 · 105 / %+!8�72 � � �6% #�5$,.4�-72

A
!84 � B B
�62;- �A!+* % !�%&%�4 : ,.- ��,.4@%+!$# �<5$- �6%���� 2 �65$�;,�
+5$462E!8-�- �6% � %&#&5$� # �.,.4�' �
� 5$4627, � %��<! # �65$-75$4 BC5 *?,.4�' ��! � ,O!����./ ,.4 2 #A!$#&% � %&27#�,�!�% � !�/ - �6% � 5 !�%��;-7275$4=G

� !�� !H%��EBC%�-;�;,3# � ����������� : ,.- �
k = 0

� �P,.',��- �K5 ���35 : 2(!C4�� ����'H%&5 � %&2;,3#�#����;*H%���, � % � - �6%
#����;* % ,32 � % .646% � !�/

ds2 = 0
� � % 'H%�-

dr =
dt

a(t)
. � �������,�����

� �6%D#&5�5$� � ,.4A!8-7% � ,32;-�!846#&%(- �6% # �65$-75$4"�A!$2�BC5 * % � � ���;,.4�'C- �6%(-;,.BC%
t
,32

∆r =

∫ t

0

dt

a(t)
. � �������,�����

� �6% # ��/?2;,3#+!�� � ,32;-�!846#&%E- �6%$�.,.',��- �A!$2 BC5 *H% � !8- - �6%�-;,.BC%
t
,32 #+!����3% � - �6% '��� �������

,�� /
�8$�� -�� �A!84 � ,32
lh = a(t)∆t = a(t)

∫ t

0

dt

a(t)
. � �������,�+%��

��53.64 � ! � �A!84�-;,.-�!8-7,L* %�%���#��7%&272;,35$4 �K5$� - �6%�� �65$�;,�
+5$4 #��75 ! �3%�B�	 � : % BN!+/Q#&5$462;, � %��!�BC5 � %�� : ,.- �Q#��;,.-;,3#+!��?BN!$272 � %�462;,.-0/ � # �6#��., � ,O!84 2 #A!$#&%��., ! %J'H%&5$BC%�-;�;/ � � �E2;,.4�'
p = wρ!84 � Ω = 1

��,.4�-7%�')��!8-;,35$4@58� %�� �A!8-;,35$4 � �������,%�� '),.* %&2

a ∝ t
2

3+3w . � �������,���,�



� ��� ��� ���
� � � ��� � � � � � ���������

& 4627%��;-;,.4�'C- ��,32�,.4�-75 - �6%D%���#��7%&272;,35$49�K5$�
lh

!84 � ,.4�-7%�')��!8-;,.4�'N'),.* %&2

lh =
3w + 3

3w + 1
t. � �������,�����

� %�- �62 #+!�����- �6%E*H5 �.��BC%E,.4627, � %E- �6% �65$�;,�
+5$41- �6% � �65$�;,�
+5$4 * 5 �.��BC%
	 !84 � � %�465$-7% ,.- !�/
VH

� ���75$B %����A!8-;,35$4 � �������,����� �>5 ���35 : 2�- �A!8-
VH ∝ t3

� � -�- �6% � %&#&5$� # �.,.4�' -;,.BC%��6- �6%�65$�;,�
+5$4<*H5 �.��BC%(BN!+/1- �6%��7% �>5$�7% !�% : �;,.-;-7%�4

(VH)d =

(
td
t0

)3

V0, � �������,� ) �
: �6%��7%

V0
,32 - �6%�2;,�
+%�58�J- �6% #���%�2�%�4�-(�65$�;,�
+5$4�* 5 �.��BC% � # *H%�4�-72 : ,.- ��,.4T- ��,32E* 5 �.��BC%

!8�7%E#+!8�62�!����./C#&5$4�46%&#�-7% � ��!84 � !(* 5 �.��BC%E58�P- ��,32 27,�
+%�BN!+/ !�%�,.4N- �6%��;BN!�� %�� ��,��.,�!��;,.��B
!8-�- �6% � %&#&5$� # �.,.4�' -;,.BC% �

� %�-
(V0)d

!�% - �6%92;,�
+%�� !8-Q- �6% � %&#&5$� # �.,.4�' � 58� - �6%�#A!8�;-C58� - �6% ��4�,.*H%��727% - �A!8-
#&5$�;�7%&2 #�5$4 � 2J-75(- �6% #��7%&27%�4�- �65$�;,�
+5$4N*H5 �.��BC%�� , � % � - �6%�5 !627%��;*)!�! �3%���4�,.* %��727% � �65$�J5$���
# �6#��., � %+!84@��4�,.*H%��72�% ��- �6%D%����A!8-;,35$4 � �������,���,� �65 � � 2���'),.*?,.4�'

(V0)d =
a3(td)

a3(t0)
V0 =

(
td
t0

) 2
w+1

V0. � �������+� ���
�6�75$B %�� �A!8-;,35$462 � ����� �,� ) � !84 � � �������+� ��� � : %('H%�-

(V0)d
(VH)d

=

(
td
t0

) 3w+1
w+1

. � �������+�����
� 2;,.4�'1- �A!8-

td = 10−4t0
!84 � ,.4627%��;-;,.4�'

w = 0
�K5$� � �627-�� : % .64 � V0)d

(VH)d
= 104

�
� ���62�� - �6%��7% : !$2 �75�5$B �>5$�

104
#+!8�62�!����./@#&5$4�46%&#�-7% � !8�7%+!$2(!8- - �6% � %&#&5$� # �.,.4�'9-;,.BC%

: ,.- ��,.4 : �A!8- #��7%&2�% 4?- �./ �7%�#��7%&27%�4�-72C5$��� 5 !627%��;*)!�! �3%1��4�,.* %��727% � 1�5$,.4�-72N!8- 5 # #�5)2;,.-7%
2;, � %&2 58� 5$��� 5 !62�%��;*$!�! �3% ��4�,.* % ��27% : %��7%1- �6%��7% �K5$�7% 465$- #+!8�62 !����./ #&5$4�46%&#�-7% � !8-Q- �6%
� %&#&5$� # �.,.4�' � !$#&#&5$� � ,.4�' -�5N- �6% �6�;,3% � BN!84�4�BC5 � %��32 58� - �6%S��4�,.* %��727% � � �6%&27%
BC5 � %��32#+!84 - �6%��7% �K5$��% 465$- %�� # �O!8,.4 - �A!8- - �6% -7%�B #�%���!8-;���7%�58��- �A% ��! � ,O!8-;,35$4 �K�75$B 27�6# � #�5$,.4�-72
,32�- �6%D2�!8BC% �
� �
��� ��� � � ��� � � � � � � � �
� #&#&5$� � ,.4�'C-75C%�� � � ����� � ��� ��- �6%(-75$-�!�� BN!$2�2 #A!8��!8BC%�-7%��

Ω = ρ
ρcr

,32�'),.*H%�4 !�/
Ω− 1 =

k

ȧ2
. � �������+�,���� / �A2;,.4�'�- �6% %���#A!8462;,35$4 �>!$#�-75$� � �������,���,� �K5$�<! ��4�,.*H%��72�%T46%+!8�I#��;,.-;,3#+!��DBN!$272

� %�462;,.-0/�� : %('H%�-
Ω− 1

Ω0 − 1
=

(
t

t0

)2( 3w+1
3w+3)

. � �������+�,���
�A5$��!Q��! � ,O!8-;,35$4 � 5$B ,.4A!8-7% � ��4�,.* %��727%�� : % 'H%�-

Ω− 1

Ω0 − 1
=

t

t0
. � �������+�����



��� �
� � ��� � � 	����
��� � � � � � ��������� � ��

�T%+!$2;���7%�BC%�4�-72 ,.4 � ,3#+!8-7%Q- �A!8-
Ω0 − 1

,32 58� 5$� � %��(58�JBN!8')4�,.-;� � % �,� � �6% !8'H%�58�
- �6%Q��4�,.* %��727%�,32S!�!�5$��-

t0 = 1017s
� � �A% 4 : % 2;-;,�#�� �O!8-7% ,.4�,.-;,O!�� #&5$4 � ,.-;,35$462(�>5$� - �6%

��4�,.* %��727%���,.-S,32
4A!8-;����!�� -75@#&5$462;, � %���- �6% 1 �O!846#"! -;,.BC%��
tP = 10−43s

��27,.46#&%C- ��,32
,32
- �6% �.,.B ,.-D-75 - �6%Q*$!��., � ,.-0/�58� 'H%�46%���!�� �7%��O!8-;,.*�,.-0/ � � -(%+!8� �.,3%��D-;,.BC%�� � �A!84�-;��B % �P%&#�-72
: ,���� !�%9,.B #�5$�;-�!84�-���!84 � 5$46%I#+!84 465$-C'),.* %I!T��%'�.,O!�! �3% � %&2�#��;,�#�-;,35$4 : ,.- �65$�6-C�627,.4�'
���A!84�-;��B ')��!+*?,.-�!8-;,35$4 � � �6%C2;-;,�#�� �O!8-7% � ,.4�,.-;,O!�� #&5$4 � ,.-;,35$4 �>5$�(- �6% BN!$272 #A!8��!8BC%�-7%��
- �6%�4�!�%�#&5$BC%&2 - ��!8-

Ω− 1
,32 58��5$� � %�� 10−60 !8- - �A%)1��O!846#"!N-;,.BC% ��� �6# �9!84 %��=-;�7%�BC%

.646%J-;��4�,.4�' 58��- �6%J,.4�,.-;,O!���*)!��.�6%J58��- �6%J��4�,.* %��727% � 2 BN!$272 � %�4627,.-0/(#+!84
465$- !�%J%���# �O!8,.46% �: ,.- ��,.4<27-�!84 � !8� � � ,.' ��!84�'N#&5)2;BC5 �35$')/ �
� � � � � � � � ��� � � �
� �6% �6�;,3% � BN!84
BC5 � %��32F#+!84S4A5$-�%���# �O!8,.4 ���6%&2;-;,35$462�!�!�5$��- : ��/ - �A% ��4�,.* %��727%J,32 46%+!8� �./�65$BC5$'H%�46%&5$�62D!84 � ��!$2 !84T,3275$-;�75 #�,3#�%�� #A!84627,35$4 ��465$� 2 !+/I!84�/?- ��,.4�'9!�!�5$��- : ��/9- �6%
��4�,.* %��727% ,32�%�� #A!84 � ,.4�' �
����������� � � � � 
�� � ��� � � 
����

� �$�������� � �  � � � ��� � ��� � �%� � � � 	�� ���� � � �
�!� 	 ��� ��� � � � �� 	 � �
� �6%"#A!8�;-;,3#��3%&2 �7%&2 #�5$4627,�! �3%I�K5$�N- �6%@%��3%&#�-;�75 : %+! ! �>5$�7#&%��

W± !84 � Z0 !8�7%IBN!$2727,.*H%

� #+!8�62;,.4�'�- �6% : %+! !Q�>5$�7#&%�-75
5$4 �./ �A!+* %E2 �65$�;- � ,32;-�!846#&% % �P%&#�-72 �'� � ��,32 : !$2 5$�;,.'),.4A!����./
!�#��75 ! �3%�B �>5$�D- �6% � ��!84�-;��B�.A%�� � - �6%&5$�;/ � %&27#��;,�!�,.4�'<- ��,32D�>5$�7#&% ��2;,.46#&%C,.-DBN! � %N,.-
� ,��N#�� �.-�-75 #��7%+!8-7% !��7%�465$�;BN!��.,32�!�! �3% - �6%&5$�;/�� � � ��,32 : !$2�275 �.*H% � !�/ 2�,.')'H2F!84 �
	 ,�! ! �3%
,.4 � ) %�� !�/ ,.4�-;�75 � �6#�,.4�' - �6%D2758G #+!����3% � 2E,.')'H2�BC%&# �A!84�,32;B �
� �6%SBN!8,.4T, � %+!C,32�- �A!8-E- �6%SBN!$272;,.* % !�5)275$462

W± !84 � Z0 !8�7%D'),.* %�4�! BN!$272 !�/
,.4�-7%���!$#�-;,.4�' : ,.- �N!�����������������

φ
� � �6%�% �P%&#�- #+!8�627%&2F- �6% BN!$272 58��- �6% #A!8�;-;,3#��3%&2 -75(!�%#��75 #�5$�;-;,35$4A!�� -75�- �6% *$!��.�6% 58��- �6% 2�,.')'H2 .A%�� � ,.4 *)!$#�����B �$& - ,32 - �6%��7% �>5$�7% 46%&#&%&272�!8�;/

�>5$�
- �6%NBC%&# �A!84�,32;B - �A!8-�- �6% 2E,.')'H2 .A%�� � �A!$2Q!I*)!��.�6% � , �P%��7%�4�-
�K�75$B 
+%��75@,.4 - �6%
*)!$#�����B � - �6%���� �"!#!#$%����&'�(� �)� �* ���+�����,!'�
B
�62;- !�% 465$4=G�
+%��75 �'�

� %�- �62 27%&%$�65 : - �6% 2�,.')'H2 .A%�� � #+!84 'H%�- !(465$4=G�
+%��75
*)!$#�����B %���#�%&#�-�!8-;,35$41*$!��.�6% �
� �6% ,.B #�5$�;-�!84�- - ��,.4�'@�>5$��5$���&#���� #�5)2�% ,32
- �A!8-Q- �6% #�5$-7%�4�-;,O!�� �K5$��- �6% 2E,.')'H2 .A%�� �BN!+/ !�%E-7%�B #�%���!8-;���7% � %�#�%�4 � %�4�- � � %�- �62�!$272;��BC%E- �A!8- - �6%(#�5$-7%�4�-;,O!����>5$� - �6%)2E,.')'H2
.A%�� � ,32 � %&27#��;,�!�% � !�/1- �6% �K��46#�-;,35$4

V (φ) =
1

2
µ2φ2 +

1

4
λφ4, � �������+� ���

: �6%��7%�- �6%�2;,.')4�58�
µ2 � %�#�%�4 � 2(5$4 : �6%�- �6%�� - �6%
-7%�B #�%���!8-;���7%Q,32(!�!�5 *H%�5$�(!�%��35 : !

#��;,.-;,3#+!���-7%�B #�%���!8-;���7%
Tc

� � ��,32E2;,.')4"�A!$2 !84<,.B #�5$�;-�!84�- #&5$4627%����6%�46#&%D�K5$��- �6%S2 �A!�#�%
58�D- �6%"#�5$-7%�4�-;,O!��

V
� � �6% #�5$-7%�4�-;,O!�� ,3212 �65 : 4 ,.4 .6')���7% �������+% �K5$� - : 5 � , �P%��7%�4�-

-7%�B #�%���!8-;���7%&2 � �A5$�
T > Tc

�
µ2 > 0

� !84 � - �6%Q2 �A!�#�%�,32 �., ! %�,.4 .6' � �������+% � ! � ��!84 �- �6%��7%N,32�!I2;-�!�! �3%CB ,.4�,.B
��B �>5$�
φ = 0

� 2 5 : %�*H%���� �>5$�
T < Tc

�
µ2 < 0

�F!84 � - �6%
2 �A!�#�%Q,32 �., ! %�,.4 .6' � �������+% � ! �'�%& 4�- ��,32(#+!$2�%�- �6% #�5$-7%�4�-;,O!�� �A!$2D2;-�!�! �3%QB ,.4�,.BN! �>5$�
φ = ±φ0 = ± |µ|√

λ

!84 � !84 ��462;-�!�! �3% BN! �=,.B
��B !8-
φ = 0

� �A5$� !�5$- � #+!$27%&2�� - �6%
-/.10�24365)7�8�9:2<;>=@?BA)0�CDABA)0E2�F#CHGD5/CHIEGH=:CHIKJ�7H5LA)0�2�G�CHMEGH248N7�?O7�I�?LPQCDIKIE7DAL=:I�PR9@M�S62TA)2<5);U?B9@=@V"2

m2W 2
µ WX 0E=@P/0�C(5)2YIE7HAZG"CDMEG�2Y=@I�[�C(5)=:CHI\A



� � � ��� ���
� � � ��� � � � � � ���������

#�5$-7%�4�-;,O!��
V (φ)

,32
,.4�*$!8�;,O!84�-���4 � %���- �6%12;/?B BC%�-;�;/ -;��!8462 �>5$�;BN!8-;,35$4
φ 7→ −φ � , � % �V (φ) = V (−φ) �'�

� �6% � �7%+!�� 	E*)!$#�����B 27-�!8-7% 58� - �A% 2;/?27-7%�B ,32�!8-�!�2;-�!�! �3% B ,.4�,.B
��B 58� - �6%(#�5$-7%�4=G
-;,O!�� � �A5$�

T > Tc
�=- �6% B ,.4�,.B
��B ,32 ,.49- �6% �02;/?B BC%�-;�;,3#
	(2;-�!8-7%

φ = 0
� 0E49- �6%(5$- �6%���A!84 � ���>5$�

T < Tc
- ��,32 2;-�!8-7%S,32 ��462;-�!�! �3% � & -E,32E- �6%��7% �>5$�7%�#+!����3% � !��"�"!��327%S*)!$#�����B�	 �

� �6%C2;/=2;-7%�B : ,���� BC5 * % ,L4?-75I5$46%C58� - �6%C27-�!�! �3%QB ,.4�,.BN!$2�!8-
φ = ±φ0

� � �6%�4 - �6%
2;/=2;-7%�B ,32E,.4�5$46%�58�J- �6%&27%�2;-�!8-7%&2���,.- ,32E465 �35$4�'H%�� 27/�B BC%�-;�;,3#
�64 � %�� - �6%�# �A!84�'H%Q58�
2;,.')4 58�

φ
� � �6# �1!D2;/?B BC%�-;�;/�� : ��,3# � ,32J465$-J�7% �A%&#�-7% � ,.4N- �6%�*$!$#�����B 2;-�!8-7%�� ,32 #+!����3% ��)& ��� �)� �4� ��! ��� � � � �����
� � 
 5$-7%(- �A!8-��R�75$B .6')���7% �������+% � ! � : %D27%&% - ��!8-�- �6%D%�46%��;')/958�

- �6% �>!��32�% *$!$#�����B ,32 �O!8�;'H%���- �A!849�K5$��- �6% �7%+!�� *)!$#�����B �

��,.')���7% �������+%�� � �6%D2 �A!�#�%(58�F- �6% #�5$-7%�4�-;,O!�� � %�#�%�4 � 2�5$4I- �6%D2;,.')4I58�
µ2

�
� ! � � 2E,.',�6%���-7%�B #�% � !8-;���7%D- �A!84I- �6%D#��;,.-;,3#+!���� : ,.- �

µ2 > 0
�

� ! � � � 5 : %���-7%�B #�%���!8-;���7%S- �A!84I- �6%D#��;,.-;,3#&!���� : ,.- �
µ2 < 0

�

� �6% #&%�4�-;��!�� , � %+! � : ��,3# �95$�;,.'),.4A!8-7% � - �6% � ,.4 ��!8-;,35$4A!8�;/1#&5)2;BC5 �35$')/�	 � : !$2 -75
-�! ! %
,.4�-75<#&5$462;, � %���!8-;,35$4M- �6%N#&5$4627%����6%�46#&%&2
58��- �6%C��4�, .A% � ���A!84�-;��B�.A%�� � - �6%&5$�;,3%&2���- �6%
' !8��'H%(- �6%&5$�;,3%&2 �A!8-�- �6%D#&5$462;-;�;�6#�-;,35$4@58�F�7%��O!8-;,.*�,327-;,3#(BC5 � %��32��>5$��- �6%D%+!8� �./ ��4�,.*H%��727% �
� #&#&5$� � ,.4�'S-75(- �6% �6�;,3% � BN!84�4 BC5 � %��32�� - �6%�-7%�B #�%���!8-;���7% : !$2J%��?-;�7%�BC%��./ �6,L',�N,.4C- �6%
%+!8� �./ ��,32;-75$�;/158� - �6% ��4�,.* %��727% �'& ��5$46% #&5$4627, � %��72 2�,.')'H2 .A%�� � 2�!$27275�#�,O!8-7% � : ,.- � ��� �
BC5 � %��32 � ')��!84 � ��4�, .A% � - �6%&5$�;,3%&2 � �=5$46% .64 � 2�!
#��;,.-;,3#+!�� -7%�B #�%���!8-;���7%

Tc
#&5$�;�7%&2 #�5$4 � G,.4�' -75T- �6%9%�46%��;')/

kTc = 1014GeV
� : �6%��7%

k
,32 � 5 �.-�
&BN!84�4�� 2N#&5$462;-�!84�- � � % �K5$�7%

- �6%
��4�,.*H%��72�% : !$2 !�!�5$��-
t1 = 10−35s

5 � � ��- �6%S-7%�B #�%���!8-;���7% : !$2 �O!8�;'H%�� - �A!84T- ��,32 �
� ���62���- �6% 2E,.')'H2 .�%'� � : !$2�,.49- �6%D2;/?B BC%�-;�;,3# ')�75$��4 � 27-�!8-7% ��� #&#&5$� � ,.4�'C-75QBC5)2;-�58�
- �6%(,.4 ��!8-;,35$4<BC5 � %��32���- �6%(��4�,.* %��727% : !$2 � 5$B ,.4A!8-7% � !�/1��! � ,O!8-;,35$4T!8-�- ��,32�-;,.BC% �

� �6%�4 - �6% -7%�B #�%���!8-;���7% � %&#��7%+!$2�%�2 � - �6% 2E,.')'H2 #�5$-7%�4�-;,O!�� # �A!84�'H%&2 � � ��,32D#&5$� � ��A!�# #�%�49!$2 2 �65 : 4 ,.4 .6')���7% ��������� � 2E%��7%���- �6%��7%E,32 ! #�5$-7%�4?-;,O!�� !A!8�;�;,3%���!8- - �6% #��;,.-7#+!��
-7%�B #�%���!8-;���7%�� : ��,3# ��BC%+!8462�- �A!8-Q- �6%��7%1#+!84M465$-&!�% !@#��O!$272;,3#+!�� # �A!$27% -;��!8462;,.-;,35$4 �
� �6%�-;��!8462;,.-;,35$4 -75�- �6% 2;-�!�! �3%�B ,.4�,.B
��B B
�62;- �A!�# #�%�4 !�/�� �A!84�-7��B -;��4�46%��.,.4�' �
� ��,32�,32�#+!����3% � !	.6�72;-�5$� � %��$# �A!$27% -;��!84627,.-;,35$4 �



��� �
� � ��� � � 	����
��� � � � � � ��������� � � �

��,.')���7% ��������� � � �6%I-7%�B #�%���!8-;���7% � %�#�%�4 � %�46#&%T58�S! 2E,.')'H2 #�5$-7%�4�-;,O!�� : ,.- � ! .6�72;-
5$� � %�� # �A!$27%(-;��!8462;,.-;,35$4 �

�  � � 	 ��� ��� � � 	���� � � � � �
� �O!84 � ��- ��� 2C5$�;,.'),.4A!���,.4 ��!8-;,35$4 BC5 � %�� � � ��- � � ) ����� : !$2 !A!$27% � 5$4 ! .6�72;-C5$� � %��# �A!$27%(-;��!8462;,.-;,35$4 �

� #&#&5$� � ,.4�'I-759BC5)2;-D58� - �6% ,.4 ��!8-;,35$4A!8�;/�BC5 � %��32�� - �6%Q��4�,.* %��727% : !$2 � 5$B ,.4A!8-7% �!�/S��! � ,O!8-;,35$4 � ���;,.4�'(- �6% -;,.BC% !�% �K5$�7%
10−35s

� � �6% ��4�,.* %��727% : !$2F- �6%�4 %���#A!84 � ,.4�'D275
�"!$2;- - �A!8-J- �6%��7% : !$2J465
#+!8�62�!���#&5$4�-�!$#�- !�%�- : %&%�41- �6% � , � %��7%�4�- #A!8�;-72 58� - �6%���4�,.*H%��72�%
- �A!8-$!�%&#+!8BC%S5$����5 !627%��;*)!�! �3%D��4�,.*H%��72�% � 1 �75 !A!�! �./��6- �6%D��4�,.*H%��72�% : !$2���!8- �6%��$�65$BC58G
'H%�46%&5$�62�� : ,.- �@#&5$462;, � %���!�! �3%
2 #A!$#&%��., ! %(*)!8�;,O!8-;,35$462�,.4I-7%�B #�%���!8-;���7% � � �6%��7% : !$2E!��3275
!8�7%+!$2D58� �>!��327%Q*)!$#�����B � : ,.- � %�46%��;')/ � %�462;,.-;,3%&2S# �A!8��!$#�-7%��;,32;-;,3#N58� - �6% � � � %�46%��;')/
27#+!��3%�� : ��,3# � !��3275�#&5$4�-;�75 �32 ,.-�� 2 # �7,L-7,.#+!���-7%�B #�%���!8-;���7% � � ��,��3% - �6% %�46%��;')/ � %�462;,.-0/58��- �6%N��! � ,O!8-;,35$4 � %&#��7%+!$27% � � �6,.#"! �./�� !$2

a−4 ��- �6%1%�46%��;')/ � %�4627,.-0/ 58��*)!$#�����B : !$2
#&5$462;-�!84�- � � - - �6%�-;,.BC%

t = 10−35s
� - �6%Q%�46%��;')/ � %�4627,L- /@58� - �6%���! � ,O!8-;,35$4 !�%&#+!8BC%�3%&272�- �A!84I- �A!8-�58�F- �6%(*$!$#�����B �

� - - �6% 2�!8BC% -;,.BC%�� - �6%�#�5$-7%�4�-;,O!��?2;-�!8�;-7% � -75�# �A!84�'H%��$2;�6# �D- �A!8- - �6% *$!$#�����B : %�4�-
�K�75$B !�%�,.4�'@27-�!�! �3%C-75 !�%�,.4�'�!84 ��4627-�!�! �3% �"!��327%C*$!$#�����B � � ���62 ��- �6%��7% : !$2�! .6�72;-
5$� � %�� # �A!$27%Q-;��!8462;,.-;,35$4 -75 - �6%Q��%&!�� *)!$# �6��B � � %&#+!8�627% 58� - �6% ,.4 �65$BC5$'H%�46%&5$��-0/ 58�
- �6%���4�,.* %��727% � 2 ,.4�,.-;,O!�� #&5$4 � ,.-;,35$4 �P- ��,32 �A!�# #�%�46% � : ,.- � � , �P%��7%�4�-(2 #�%&% � !8- � , �P%��;,.4�'# �O!$#&%&2 � � �6% #�5$-7%�4�-;,O!�� !A!8�;�7,.%��<2 �35 : % � � 5 : 4 - �6% #��75�#&%&272�� : ��,3# � �A!�# #�%�46% � !�/
-;��4�46%��.,.4�' ��!84 � - �6%���4�,.* %��727% : !$2 !8- 27%�* %���!�� # �O!$#&%&2 #&5$462;, � %���!�! �./C��4 � %��7#&5�5 �3% � ��!84 �- �6%��7%�!�# #�%+!8�7% � � !�� ! ! �3%&2 	 � 5$B ,L4�!8-7% � !�/ - �6%
%�46%��;')/I58� - �6%(�"!��327%D*$!$#�����B � � �6%&27%
!8�7%+!$2E!$#�-7% � 5$4I- �6%�BC27%��.* %&2 : ,.- �I��%'#6� �32;,.*H%(')��!+*?,.-0/ �

� / ,.4�-7%�')��!8-;,.4�' - �6%I%�� �A!8-;,35$4 58� BC5$-;,35$4 �K5$� - �6%I%�� #A!84627,35$4��"!$#�-75$� ,.4 27�6# � !
*)!$#�����B � 5$B ,.4A!8-7% � !�� ! ! �3%��A5$46%('H%�-72

a = eHt, H =

√
8πGρc

3
. � �������+�,%��



� � � ��� ���
� � � ��� � � � � � ���������

� / ,.4627%��;-;,.4�'�- �6%���� � *$!��.�6% !�!�5 *H%�� : %@'H%�-
H = 6.6 · 1034s−1 ��, � % �

H−1 =
1.5 · 10−35s

� � ,.- �9�7% �>%��7%�46#&%(-75	.A%�� � - �6%&5$�7%�-;,3#+!�� : 5$� !?2 !�/ � ,.4 � 46%�/ � 5 �3%�BN!84@!84 �5$- �6%��72�� � ��- �C!8�;')��BC%�4�-7% � - �A!8-J!E�7%+!��.,32;-;,3# � ����!8-;,35$4C58��- �6% 4��6#��3%+!8-;,35$4 #��75�#&%&272 �A!�#=G#�%�4�,.4�' � ���;,.4�' - �6%&# �A!$27%
-;��!84A2;,.-;,35$4�,32
10−33s

��� ���;,.4�' - ��,32 -;,.BC%��P- �6%�%���#A!8462;,35$4
�"!$#�-75$� ,.46#��7%+!$27%&2 !�/ !D�>!$#�-75$� 58�

1028
� � ��,32 *)!$#�����B � 5$B ,.4A!8-7% � %�#�5�# �1,32 #+!����3% � - �6%

 ��� � �* ���+� � � �
� %�-D�62 �35�5 !�#��35)27%��
!8- : �A!8- �A!�# #�%�462 : ,.- � - �6%C%�46%��;')/ 58� - �6% ��4�,.* %��727% ,.4 - �6%

#&5$���727%E58�P,.-�� 2 � %�* %'�35 #�BC%�4?-��=!$#&#&5$� � ,.4�'�-75D- �6%�,.4 ��!8-;,35$4A!8�;/CBC5 � %��32 � ��5D��4 � %��72;-�!84 �- ��,32 : % .6�727-(�A!+* %
-75 #&5$462;, � %�� : �A!8- �A!�# #�%�462S!8- - �6%Q%�4 � 58� - �6%�,.4 ��!8-;,35$4A!8�;/T%���! �
� �6%�4T- �6%	2�,.')'H2 .A%�� � �7%+!$# �6%&2 - �6%
B ,.4�,.B
��B #&5$�;�7%&2 #�5$4 � ,.4�'9-75 - �6%
�7%+!���*)!$#�����B �
,.-�2;-�!8�;-72
-75@5)27#�,����O!8-7% � � #&#&5$� � ,.4�'T-75<- �6% ���A!84�-;��B � %&2�#��;,�#�-;,35$4�58��- �6% 5)27#�,����O!8-;,.4�'
.A%�� � �H- �6%�%�46%��;')/Q58��- �6% �>!��327% *$!$#�����B ,32 #&5$4�* %��;-7% � ,.4�-75(��! � ,O!8-;,35$4 !84 � #A!8�;-;,3#��3%&2 �'& 4
- ��,32 : !+/Q- �6%�%����A!8-;,35$4 58�P2;- !8-7% �K5$� - �6%�%�46%��;')/ � 5$B ,.4A!8-;,.4�'
- �6% � %�*H%��35 #�BC%�4�- 58� - �6%
%���#A!8462;,35$4 �>!$#�-75$�
# �A!846'H%�2S�K�75$B

p = −ρ ��# �A!8��!$#�-7%��;,32;-;,3#C�>5$�D*)!$#�����B ��-75
p = 1

3ρ
�

# �A!8��!$#�-7%��;,32;-;,3#
58����! � ,O!8-;,35$4 �
� �6% %�46%��;')/ � %�462;,.-0/�!84 � - �6%Q-7%�B #�%���!8-;���7%C58� - �6%Q��! � ,O!8-;,35$4 ,32 - �6%�4�,.46#��7%+!$2�% �%�465$���;BC5$�62 �./ � � % �K5$�7%E!84 � ! �R-7%��J- ��,32 2 �65$�7- #�%��;,35 � !8�75$��4 � - �6%�-;,.BC%

t = 10−33s
- �6%

��! � ,O!8-;,35$4C%�46%��;')/
,.46#��7%+!$27%&2 ! � ,O!�!A!8-;,3#+!����./�� 2;�6# �Q- �A!8-
ρa4 =

#&5$462;-�!84�- � � #&#&5$� � ,.4�'(-75
� -7% �"!84=G � 5 �.-�
&BN!846462(�O! : 58� ��! � ,O! � ,35$4 � ρ ∝ T 4 � � �6%��7% �>5$�7%��

aT =
#�5$4A2;-�!84�- � ���7,L46'! � ,O!�!A!8-;,3#@%�� #A!84627,35$4 � � ��,32NBC%+!8462C- �A!8- � ���;,.4�' - �A%9,.4 ��!8-;,35$4A!8�;/ %���! � : ��,��3%I- �6%

%���#A!8462;,35$4M�"!$#�-75$�Q,.46#��7%+!$27%&2C%�� #�5$46%�4?-;,O!�� �./��J- �6% %�46%��;')/ � %�4627,.-0/M!84 � -7%�B #�%���!8-;���7%
58�(��! � ,O!8-;,35$4 � %&#��7%+!$27%&21%�� #�5$46%�4?-;,O!�� �./ � � -C- �6%@%�4 � 58�D- �6%I,.4 ��!8-;,35$4A!8�;/ %���! � - �6%
��! � ,O!8-;,35$4Q,32��7%��6%+!8-7% � 275E- �A!8-�,.-��7%�-;���;462F-75E- �6% %�46%��;')/S,.- ��! � : �6%�4�- �6% ,.4 ��!8-;,35$4A!8�;/
%���! 2;-�!8�;-7% � �
& - BN!+/ !�% ,.4�-7%��7%&2;-;,.4�'Q-75�465$-7%E- �A!8- - �6% 
E% : -75$4�,O!849- �6%&5$�;/ 58� ')��!+*?,.-�!8-;,35$4 � 5�%&2465$-D!����35 : !84T,.4 ��!8-;,35$4A!8�;/�%���! �P2;,.46#&%�2;-;�7%&2�2 �A!$2 465 ')��!+*?,.-�!8-;,35$4A!�� % � %&#�-D!$#&#&5$� � ,.4�'-75 ,.- �

� �
� � � ��� � 	���� � � � � � � 	�� � � � � � � ��� � �
� � � � ��� � � � � ��� � � � � 	 � � ����
�
� � � � � �
� �6% �65$�;,�
+5$4 #��75 ! �3%�B : ,������6%��7% !�%�,.4�* %&2;-;,.' !8-7% � ,.4�- �6% �.,.',��-D58� - ��,32(BC5 � %'� � � �6%#��75 ! �3%�B : !$21- �A!8-1- �6%��7% : !$2 �75�5$B �K5$�9!�!�5$��- ��� � � � #+!8�62�!����./ #&5$4�46%&#�-7% � !8�7%+!$2
,.462;, � %�- �6%�!8�7%+!(2 #A!84�46% � !�/�5$��� #��7%&27%�4?- �./Q5 !627%��;*)!�! �3%���4�,.* %��727%�!8- - �6%�-;,.BC% � � %�- �62
#+!��3#�� �O!8-7%Q- �6%&�65$�;,�
+5$4���! � ,.�62 lh !84 � - �6%���! � ,.�62 a 58� - �6%��7%�'),35$4 #��7%&27%�4�- �./ : ,.- ��,.4
- �6% �65$�;,�
+5$4 �

lh = 15 · 109ly = 1.5 · 1026cm � !8-D- �6%Q-;,.BC%
t1 = 10−35s : �6%�4 - �6%

,.4 ��!8-;,35$4 2;-�!8�;-�% � � �6�75$B %����A!8-;,35$4 � �������,����� �K5$��- �6% ��! � ,O!8-;,35$4 � 5$B ,.4A!8-7% � #�%��;,35 �!�% �>5$�7% - �6%(,.4 ��!8-;,.4A!8�;/I%���! �65$46%('H%�-72

lh = 2t1 = 6 · 10−25cm. � �������+� �,�
� �6%S��! � ,.�62 � !8-�-;,.BC%

t1
��58� - �6%S�7%�'),35$4�#&5$�;�7%&2 #�5$4 � ,.4�' -75 5$��� 5 !627%��;*)!�! �3%
��4�,.*H%��727%��

,32
�K5$��4 � !�/ �62;,.4�'T- �A!8-
a ∝ eHt � ���;,.4�' - �6% ,.4 ��!8-;,35$4 %���!<�R�75$B

t1 = 10−35s
-75

t2 = 10−33s
�
a ∝ t

1
2

,.4 - �6%Q��! � ,O!8-;,35$4 � 5$B ,.4A!8-7% � #�%��;,35 � �R�75$B
t2

-�5
t3 = 1011s

�
!84 � a ∝ t 2

3
,.4 - �6% BN!8-;-7%�� � 5$B ,.4A!8-7% � #�%��;,35 � �K�75$B

t3
��4�-;,��P465 : �

t0 = 1017s
� � ��,32



��� �
� � ��� � � 	����
��� � � � � � ��������� � ���

'),.* %&2

a1 =
eHt1

eHt2

(
t2
t3

) 1
2
(
t3
t0

) 2
3

lh(t0) = 1.5 · 10−28cm. � �������+� ���
� %T2�%&%@- �A!8-I!8- - �6% !�%�'),.4�4�,.4�' 58�
- �6%T,.4 ��!8-;,35$4A!8�;/ %���! - �6% �65$�;,�
+5$4 ��! � ,.�62��

lh
� : !$2 �O!8�;'H%��D- �A!84 - �6%Q��! � ,.�62 a 58� - �6%Q�7%�'),35$4 #&5$�;�7%&2 #�5$4 � ,.4�'<-75 5$���D5 !627%��;*)!�! �3%

��4�,.* %��727% � � �6% : �65 �3%158��- ��,32
�7%�'),.5$4 : !$2
- �6%�4�#+!8�62�!����./ #&5$4�46%&#�-7% � �J!84 � - �6%��;B ,3#
%�����,��.,�!��;,.��B : !$2 %&2;- !�! �.,.2 �6% � � � ��,32C% ����,��.,�!��;,.��B �A!$2 !�%&%�4 !H%�#�- 2;,.46#&% - �6%�4 � !84 �%���# �O!8,.462�- �6%(5 !62�%��;*H% � ,3275$-;�75 #�/ 58�F- �6%D#&5)2;B ,3# !A!$#"!�')��5$��4 � ��! � ,O!8-;,35$4 �
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