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Let us consider some simple universe models. 

1. Empty, flat universe model with vanishing cosmological constant: 0p k     . 

Then eq.(10.34) gives 0a  . Integrating with the normalization  0 1a t   gives 

  1a t  . The line-element then takes the form 

2 2 2 2 2 2ds c dt dr r d      

This represents the Minkowski spacetime in spherical coordinates. 

2. Empty universe model with vanishing cosmological constant: 0, 0p k     . 

Then eq.(10.34) gives 2 0a k  . This requires 1k   . For an expanding universe 

model we then get 1a  . Integrating with the normalization  0 1a t   gives 

  0/a t t t . The line-element then takes the form 
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The universe model represented by this line-element is called the Milne universe 

model. 

   Applying the coordinate transformation 

 
transforms the line-element to the form 

2 2 2 2 2 2ds c dT dR R d     , 

which represents the Minkowski spacetime. When there exists a coordinate 

transformation between two line-elements they represent the same spacetime in two 

coordinate systems, which may be comoving with different reference frames.  The 

coordinate R is comoving with a static reference frame, SR. The coordinate r is 

comoving with another reference frame, RF. We can find the motion of the reference 

particles of RF relative to those of SR as follows. 

   Solving the last of the two transformation equations with respect to R gives 

 
The reference particles of RF have r = constant. Hence for these particles R increases 

linearly with T. This means that the frame in which r is comoving, is expanding with a 

constant expansion velocity. Hence the Milne universe is nothing but the Minkowski 

spacetime as described from an expanding reference frame. 

3. Expanding, flat, empty (?) universe model with positive cosmological constant: 

0, 0p k      . For this universe model eq.(10.34) reduces to  

3

a
H

a


  . 

Hence the Hubble parameter is constant. Integration with  0 1a t   gives 

   0H t ta t e 
 . 

The line-element takes the form 
   022 2 2 2 2 2H t t

ds c dt e dr r d


     . 

   The spacetime represented by this line-element is called the De Sitter spacetime. 

It was represented by De Sitter in 1917 as a static and spherically symmetric solution 

of Einsteins’s equations with a cosmological constant for empty space. Five years 

later is was shown that the reference particles of the static frame were not freely 

moving, and that when transforming the solution to a coordinate system comoving 

with freely moving reference particles, one obtained the line-element above. Also 

Lemaitre showed in 1933 that the cosmological constant could be interpreted to 

represent the constant energy density of Lorentz Invariant Vacuum Energy, LIVE.  
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