University of Oslo
FYS4170/9170 — Relativistic Quantum Field Theory

Problem set 4

Problem 1 Group theory, part 1: Group condi-
tions (T. Klungland)

In this exercise you are asked to show that SU (IV), the group of unitary
N x N with determinant equal to 1, satisfy the definition of a group.
Condition 2 holds automatically like it did for the general linear group;
you need to show the rest.

NB: This problem and the next are based on the group theory note
posted on the course website; it is recommended you read it before solving.

a) Show that SU (V) satisfies condition 1, that is: For any Uy, U, € SU (N),
Us = U1Uy € SU (), meaning that U:;rUg =] and det U3 = 1.

b) Show that SU (V) satisfies condition 3, i.e. that Iyxny € SU(N).

c) Show that SU(N) satisfies condition 4. For each U € SU(N), an
inverse exists by definition since UTU = I, but it must be verified that
Ul =UT € SU(N).

Problem 2 Group theory, part 2: SU(2) algebra

(T. Klungland)

This exercise explores the algebra of SU(2), and the generators of its
fundamental and adjoint representations.

a) Consider an element of the fundamental representation of SU (2)
expanded infinitesimally away from the identity:

U = Irxo +1aju;, (1)

where a; € R, j = 1,2,3, are infinitesimal parameters, and u; are the
generators of the fundamental representation. These provide a basis for the
space of all such elements (argue why three basis elements are sufficient!).
By requiring that U € SU (2), keeping only the first order in a;, show that
the generators must satisfy the conditions

u;, (2)
0. (3)

uf
Tr (ul)

Hint: Note that the parameters a; are arbitrary, meaning that U =
I>yo + iaju; must satisfy detU = 1 and UtU = o for any set of
parameters.
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b) One possible basis of the algebra is given by the Pauli matrices, u; = %oi,

where
0 1 0 —i 1 0
alz(l 0), aF(i 0>, agz(o _1). (4)

Argue that these actually are a basis for the algebra, and show explicitly
that it satisfies
[ui, uj] = ie€ijpur, (5)

where ¢;;; is the Levi-Civita symbol.

c) For the interested student: Construct the generators of the adjoint
representation according to the definition at the end of the group theory
note, and show that these satisfy (5).

Problem 3 Poincare algebra (. skaar)

The Lorentz transformations form a group, the Lorentz group, consisting of
rotations and boosts: z# — x’* = A¥,z¥. More generally, one often considers
the Poincare group, which also includes translations z# — 2/ = z# + a*.
When we do a Lorentz transformation A, the quantum states undergo a
unitary transformation U(A) (P&S p. 23; will also be discussed on p. 59).
Similarly, because spacetime is invariant under translations, translation by
a four vector a leads to a unitary transformation on the quantum states.
We will use a notation U(A,a) which denotes the quantum unitary
transformation which results from a Lorentz transformation A followed by

translation a:
ot 't = A gV + at. (6)

If you would like a detailed treatment, see Weinberg Ch. 2.

a) Argue that

U(AQ,GQ)U(Al,al) = U(AgAl,Agal +a2). (7)

Hint: The U matrices must form a representation of the Poincare group.
In other words, the transformation U(As2,a2)U(A1,a1) corrsponds to
first doing a Lorentz transformation Aj, then translation ai, then
Lorentz transformation Ao, and finally translation as. Find the resulting
Poincare transformation z# — a’#, and then the resulting U.

b) For an infinitesimal translation a* = e, the unitary operator must be

of the form
U(l,e) =1 —ie, P* + O(e?), (8)

where the terms O(e?) can be dropped. Here P* is an operator independent
of €, and a factor —i has been taken out for later convenience. We will later
identify P* as the four-momentum operator.

Prove that P* is hermittian.

Hint: Use that U(1,€) is unitary, and ignore terms second order in e.
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c) Prove that
U YA, a)P*U(A,a) = A" P”. (9)

Eq. (9) means that the operator P* transforms under Lorentz
transformations as a four-vector.

Hint: Since the matrices U form a representation of the Poincare group,
we must have

UL (A, a)UQ1,e)UA, a) =U(1,A e (10)

First prove this relation; then use it.

d) Prove that
P, PY) =0 (11)

for all y and v.

Hint: Use (9), set A =1 and a = € (where ¢ is infinitesimal).

e) Similarly to the method we have used to prove (11), we can obtain the
remaining Poincare algebra. Let A = 1 + w, where w is infinitesimal, and
a = €. Then )

U(l+w,e) =1 —ie, P" + %WWJW, (12)

for some infinitesimal coefficients %wuy and operators J*”. Going through
the same steps as above, one obtains (you don’t have to verify these
equations):

i[JH, JP7) = g P JHT — ghP IV — gTR PV + g7 JPH, (13a)
i[PH, JP?] = gM'P P — gH PP, (13b)
[PH, P"] = 0. (13c)
The set (13) is the so-called Lie algebra of the Poincare group.
Prove that w,, = —w,,, and therefore, that we can take J"# = —JH".

Hint: Use the condition for the Lorentz transformation matrix
g,ul/A'upAVg = Ypo> (14>

as you learned in FYS3120. Also convince yourself that the
antisymmetry w,, = —w,, means that any symmetric part of J# does
not contribute to the product w,, J*".

f) The Lie algebra describes the behavior of the group elements close to
identity, (12). We will now consider more general group elements. Consider,
for example, U(1,a) for any a:

U(l,a) = [U(1,a/n)]" = [1 —ia,P"/n+ O(n~?)]". (15)
By letting n — oo, argue that
U(l,a) = e"tant”, (16)

What is the physical interpretation of PY?
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g) Prove that
eP¢(0)e™ " = (). (17)

Hint: Use the unitary translation operator (16).

h) Remarkably, the conclusions and interpretations so far have been found
from the Poincare symmetry of the theory only; thus the results are valid
even though we don’t know the details of the theory. In particular they are
valid for interacting theories.

Why can we choose the eigenstates of the Hamiltonian H = P° to be
simultaneous eigenstates of P??

Hint: Eq. (11).

i) For the free-field ladder operators, use (17) to verify

iPx —iPx __ —ipx
e Tape = ape” P, (18a)
iHt, —iHt _ _ _—iBpt
e tape = ape” P, (18b)
—iP-x iPx __ ip-X
e ape” X = ape'PX, (18c)

which correspond to (2.46) and (2.48) in P&S.



