I. DIFFUSION AS A MIXING PROCESS

Diffusion equation:

dp
J=—Dys—
12 oy
Divergence theorem (continuity equation)
0
P vI=0

ot

Combine the two to get the partial differential equation for diffusion:

dp ?p
ot + 1)126—312 =0

(1)

(2)

(3)

Starting with particles in y = 0 at time t = 0: p(t = 0,y) = d(y), where ¢ is the Kroeneker delta function the diffusion

equation has solution (you may easily verify this):

1 y2
t,y) = ———exp(—

(4)



1D Random walk = -

. . -1 :
 Random motion of a walker along a line / J

* Discrete time steps N = 0,1,2 - inunitsof At = 1
* Discrete space: lattice index j = 0,41, 42 --- with increments Ax = 1

* At each timestep, the walker has probability p = %to therightj —»j + 1

and probability g = ito theleft j - j—1

* What is the probability distribution for R steps to the rightN steps, P(N,R)?

* What is the mean displacement (S) after N steps?
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1D Random Walk

1 walker
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1D Random Walk
many walkers
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1D Random walk ISV

e Particle moves on a grid
* Equal probability for left and right step

» After N steps: R steps right, L steps left
e R+L=N,
e S =R — L (netdisplacement)

 Number of configurations (multiplicity) which have R right steps

out of N steps
N!

R!'(N — R)!
* Probability for R steps to the right out of N steps

Q(N,R) =

N
R!'(N — R)!

P(N,R) =27V



Average displacement from the origin

1 1
q=5 p=-
N! :
P(N,R) = 27" 'V
R!(N_R)! j—1 j j+1

Distribution is symmetrical => most probable = mean
value:

Ry — N
(R) =~
Mean displacement (§) = (R) — (N —(R)) = 2(R) — N
(S)=0
0= (S~ (S =
(p 89 in compendium)
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Binomial distribution in continuum limit
=> diffusion

v N
PIN,) =270 v — 1
(n= steps to right)
N!~ NNe N\2mNor InN! ~ NInN - N
ﬂ _(n—<n>)2
1 N 1 g

Lots of algebra =>P(N,n)zme 2 = =—==e

Gaussian distribution

Compare with solution to diffusion equation: 0% = 2Dt, N = 8Dt
Measure

* Width of distribution: o

 Second moment of distribution: Y. y2p(y)

: do?
 Mean square dlsplacement:d;‘t = 2D



