


1D Random walk
• Random motion of a walker along a line

• Discrete time steps 𝑁 = 0,1,2⋯ in units of Δ𝑡 = 1
• Discrete space: lattice index 𝑗 = 0,±1,±2⋯with increments Δ𝑥 = 1

• At each timestep, the walker has probability 𝑝 = .
/ to the right 𝑗 → 𝑗 + 1

and  probability 𝑞 = .
/

to the left 𝑗 → 𝑗 − 1

• What is the probability distribution for R steps to the rightN steps, 𝑃(𝑁,𝑅)?  

• What is the mean displacement ⟨𝑆⟩ after 𝑁 steps?
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1D Random Walk
1 walker
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1D Random Walk
many walkers

Fys2160 2018 4

𝑝 =
1
2𝑞 =

1
2

𝑗 + 1𝑗𝑗 − 1



1D Random walk
• Particle moves on a grid

• Equal probability for left and right step
• After 𝑁 steps: 𝑅 steps right, 𝐿 steps left

• 𝑅 + 𝐿 = 𝑁,
• 𝑆 = 𝑅 − 𝐿 (net displacement)

• Number of configurations (multiplicity) which have 𝑅 right steps 
out of 𝑁 steps

Ω 𝑁, 𝑅 =
𝑁!

𝑅! 𝑁 − 𝑅 !
• Probability for 𝑅 steps to the right out of 𝑁 steps

𝑃 𝑁, 𝑅 = 2>?
𝑁!

𝑅! 𝑁 − 𝑅 !
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Average displacement from the origin

𝑃 𝑁, 𝑅 = 2>?
𝑁!

𝑅! 𝑁 − 𝑅 !
Distribution	is	symmetrical =>	most	probable	=	mean
value:

𝑅 =
𝑁
2

Mean displacement 𝑆 = 𝑅 − (𝑁 − 𝑅 ) = 2 𝑅 − 𝑁

𝑆 = 0

𝜎/ = 𝑆/ − 𝑆 / =
𝑁
4

(p 89 in compendium)

Fys2160 2018 6

𝑝 =
1
2𝑞 =

1
2

𝑗 + 1𝑗𝑗 − 1



Binomial distribution in continuum limit
=> diffusion

𝑃 𝑁, 𝑛 = 2>?
𝑁!

𝑛! 𝑁 − 𝑛 !
(n= steps to right)
𝑵! ≈ 𝑵𝑵𝒆>𝑵 𝟐𝝅𝑵 or	 𝒍𝒏 𝑵! ≈ 𝑵𝒍𝒏 𝑵 − 𝑵

Lots of algebra =>𝑃 𝑁, 𝑛 ≈ .
/bcd
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Gaussian distribution
Compare with solution to diffusion equation: 𝜎/ = 2𝐷𝑡, 𝑁 = 8𝐷𝑡
Measure
• Width of distribution: 𝜎
• Second moment of distribution: ∑𝑦/𝜌(𝑦)

• Mean square displacement: qc
d

qr
= 2𝐷


