Week 4

Entropy and entropic forces



Focus question

* Biological question: if energy is always conserved,
how can some devices be more efficient than
others?

* Physical idea: Order controls when energy can do
useful work. Order is not conserved.
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Particle dynamics:
* Newtons law of motion
* Reversible
* Possible evolution
Why does it never happen?




* One body: reversible motion (My son can be shot
from the water up to Pantern)

* Multibody systems:
* reversible laws of motion (beads CAN move all to one side)
* irreversible collective dynamics (it will never happen)

* Macro defenition of equilibrium:
* Homogeneous particle distribution

* Micro definition of equilibrium?
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New concept: |
Microstates and macrostates | €&

* What is the most likely outcome of tossing 3 coins?

 Microstates: state of all coins
* heads: si=1, tails: si=0

i:123 n

* all microstates are equally likely 000 O
100 1

 Macrostate: sum of states 010 1
° r]:z:i Si(= 0’1’2’3) 001 1
110 2

* Which is the most likely macrostate 101 2
3 : . 011 2

e 8 = 2° possible microstates 111 3

 Probabilities: n=0:P=1/8
n=1: P=4/8
n=2: P=4/8
n=3: P=1/8



Microstates and macrostates

* Box with left and right side

|
 Example: N =5 o :
|
 Particles can be distinguished |
(i=1, 2,.. 5) :
* Particle state s;: 0000
o |eft: Si:]- e 00001
* right: 5;=0 . 00010
* Macrostates n=%;s5,(=0,1,2, ..5) e 00100
* List the possible microstates of * 01000
n=1 * 10000

5 microstates => multiplicity 1(n,N) of macrostate n=1is (1,5) =5



Multiplicity of macrostates

n=0 n=1

00000 00001
00010
00100
01000
10000

Q(0,5)=1 Q(0,5)=5

General formula for multiplicity: Q(n, N) =

Number of possible microstates: O, = Y>_, Q(n) = 32(= 2°)

n=2

00011
00101
01001
10001
00110
01010
01100
10010
10100
11000

Q(0,5)=10 €©(0,5)=10 Q(4,5)=5 Q(5,5)=1

n=3

11100
11010
10110
01110
11001
10101
10011
01101
01011
00111

n=4

11110
11101
11011
10111
01111

(N—-n)!n!

Probability of macrostates: P(n, N) = Q(n, N)/2V

n=5
11111

Q(2,5) =

2N
- (N—-n)'n!
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“undament of statistical
mechanics

Fundamental assumption of statistical mechanics:
In an isolated system in thermal equilibrium, all
accessible microstates are equally probable.

An isolated system will evolve towards the most
probable state = macrostate with the highest
multiplicity. We call this the equilibrium state.



Sharpness of distribution

n=[5 10 30 100 300 1000];

1=1;
%107 —
10 300 15 for i=1:2
for j=1:3
250 nk=1;
8 for k=1:n(1)
- _. 200 — 10 g nk(k)=nchoosek(n(1),k);
X 6 % i
= < 150 = subplot(2,3,1)
= = = plot(nk, 'k', 'LineWidth",2)
= 4 = — xlabel('k', 'FontSize',20)
100 5 ] ] 1 s 1
ylabel('n!/(n!(n-k)!",'FontSize',20)
2 axl = gca; % current axes
50 axl.FontSize = 20;
1=1+1;
0 0 0 end
0 2 4 0 5 10 0 10 20 30 | eang
k k k
28 88 299
12 x10 10 x10 3 x10
10 8 ﬂ 25
= 8 = = 2
X X 6 2
5 & 5
z 6 = =15
< S 4 =
C 4 C C 1
2 z 0.5 J k
0 0 0
0 50 100 0 100 200 300 0 500 1000
k k k
N! . . /
Q(N,n) = ——— We need an approximation for N/ when N>>1
n!(N—-n)!
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Equilibrium between two systems

Na Ng
* Canvary one of the threea € (N,V, U), Va Vo
* keeping the other 2 constant & =

System: can contain “anything”
* keep total constant: « = a4 + ag = const.

* Multiplicity Qo = Q4Qp is maximum
* =most likely state
* =equilibrium state

) 2Q
maximum when —2£ = (

aCZA
'Qtotal
0(Q8) _ | 00 00, _ o
aOfA - aaA B aaA B thOt/d =0
-10Q5 109,

= — +
daA daB ‘Q‘B aaB 'Q‘A 50(A

dInQp dInQy,

Equilibrium condition:
dag day




Boltzmann’s Entropy

S =kIn()

Relates the number of microstates
(qunultiplicity) with the
thermodynamic (macroscopic) state
of the system

k =1.381x10"23J K1
[S]=JK™!

Relates the thermodynamic state of the
system with the probability to be in a
given macrostate

Fys2160, 2020

Entropy
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Boltzmann’s Entropy and equilibrium

At equilibrium, the multiplicity is maximized. This means that the
equilibrium state has maximum entropy

Example:
Thermal equilibrium of two interacting ideal gases through energy exchange

a-Qtotal — 0= aStotal _
U, U,

0S» 0Sp 0S4 0Sp dUp 0S4 0Sp
——— ——— ﬁ — ﬁ — .
aua T 9Ua 0 aUa | 9Ug v, 0 Uy~ 9Ug Most likely macrostate

System A and system B have the same temperature: T4 = T

0

Maximum total Entropy

_ Thermodynamic equilibrium
[S] _]K 1 y q
Qtotal ' [U] ]

Interacting systems have the
dS, _ dSp _ l same temperature at
ou, dUg T equilibrium

T (65)"1
-~ \au
> 13




Equilibrium between two systems

* N=N,+Ng V=V,+Vy U=U,+Up, all (N,V,U) constant

* Canvary one of the threea € (N,V, U),
* keeping the other 2 constant
* keep total constant: a = a4 + ag = const.

* Sior = Sy + Sp is maximum in equilibrium

Equilibrium criterium:

dSp 0S5, A
dag Oay Vs

Entropy: S = kIn Q(N,V,U)

. . 0S4 _ 0Sp 1_ ,0S [S] JK1
Thermal equilibrium: 30, 30, - = ( )NV, o=
0S4, 0Sg [Pl _ ]

Mechanical equilibrium: eV P = T( )N U T = miK
: .. . 0Ss _ 0Sp _ T
Chemical equilibrium: N, — N, U= T( )UV T = K




Thermodynamic identity v .

Change in entropy due to energy, volume, particle number

has a total differential:

ds = (55) dU++(aS) dV—k(aS) N
U/ y v v N

Use definitions: %— ( )NV, P = T( )N u, U= —T( )UV
ds = —du +oav - Lan
T T T

=> Thermodynamic identity for U(S,V,N)

dU = TdS — PdV + udN

The thermodynamic identity holds true for any infinitesimal
change in a system



ldeal gas: entropy S and temperature T

Sackur-Tetrode Entropy:

3
S(U.V.N —kN[l (V (4”mu>7>+5]
U V,N) = "V Bz N

* Temperature:
T (65)_1 (kN d ] U%)_l (BkN 1)"1 U 3NKT
= |— = _ = |—— - e
aU av 2 U 2

Equipartition of energy: 37” for the kinetic energy per particle in 3D

Heat capacity Cy:



Pressure P in the ideal gas:

3
* Entropy: S(U,V,N) = kN [ In (% (‘ZITT%)Z) +g]

3
S(U,V,N) = kN[lnf(N) +an+§an]

* Equation of state:

P T<as) NiT-L v =¥ by — NkT
— —_— - —_ e Y f—
vy av'" v

This is now derived from counting the number of microstates of the gas particles!



Entropy of mixing

® OANVU
e © o
e ® oo
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Entropy of mixing: AS

If the gas is the same on both sides of the wall

Sinitiat = Sa+Sgp =2S(U,V,N)

ASior = S(2U,2V,2N) —25(U,V,U) ® o ANV,U ® B‘;N, V.U
o o ® o| 0 O
Using Sackur-Tetrode formula e ® oo o o :

S(U,V,N) = kN[l (V(4nmu)> 5] kNll Sl t]
= n 3h2 5 nN 2nN cons

AS; = k2N [ln— + - ln— + const] 2kN [ln +- ln + const]

ASt=0

Nothing changes, when we remove the wall!
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Entropy of mixing: AS

* Ifthe gasis different (distinguishable) on both sides of the wall

AS, = AS, + ASg

Using Sackur-Tetrode formula

S(UVN)—kNll Y dmis N]
) ) - nN 2nN f()

V4 i Vg ¢
AS, = kN In—*"8 4 kN in— 2L
Ajinitial B,initial
AS; = 2kN In 2

O Entropy increases when we mix different gases

O Effectively, the available volume increases upon mixing hence the
number of configurations increases

‘ ‘4NA,VA,U g:ﬁB;VBJ

o © ol “

o ©® g0 e ©
o

o ‘A:NA,ZVA,UA

° o %o
o o o o %
e ©® g0 e ©

B: NB,2V; UB@®
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A s B

Na Ng

V, Ve

[] UA UB
|[deal mixtures
V= VA + VB
Thermal and mechanical equilibrium: T, = Ty, Py = Py U=U,+ Ug

Composition: xi:%, i=AB, x,+x5=1, p:l‘\/’—jzl‘:’—l;:g

Ideal gas and ideal mixture = U and P are independent of composition: U = U, + U = const.

R o as as
Remove wall between A & B: Equilibrium criterium: (—A) = (—B) L ULV ->U,V
ONA v ONg/ . v
AV A B'YB
.. %4 N; N
Entropy change on mixing AS; = kN; ln; = kN (W In F) = —kNx; In x;
l l
Entropy of mixture Si(x;) = Sio(x; = 1) + AS;(x;)
: : : _ 9S4 dxa _ 0"A/y
Chemical potential of mixture: =-T (—) = =
P Ha N/ yy Ng Ny 0Ny
1 (352)
N axA U,V,NB
_ T (asA,O) T (aASA)
N axA U,V,NB N axA U,V,NB
T (0kNx4ln xy 0xalnxy
)i (2522
Hao Ty 9% VN Ha0 0xa Jyyn,

= #A,O + kT(ln Xq + 1)

= ppo+ kTInx,

T o as as : :
Equilibrium crlterlum:a—NA = # => Uy = ug ideal mixtures => Inxy = Inxp => X4 = Xp
A B

=~




vvyvy VY

State variables and functions: N, V,P, T,u, U,S,(H,F, G)

3. law: S —constant when T — 0

Equilibria
» Thermal: gzll = g_tsji & I=1T>
» Mechanical: 8\5/11 = g_,\s/z & P1 = P>
» Chemical: 8,%,11 = g—,ffz & M1 = 2
Defined

» Temperature:
» Pressure:

» Chemical potential:

» Heat Capacity: Cy = (g_U)N Vv



Open systems

2 b
ST O SE A T ISR g g OISO
Cot o Bo Sen g A B it 1,
. 65
5T e %0 8 ee B &
e ° 2 Y 0.&'
LS ) ® 7% 7 <
LSl e a ° =24
g ® P >
A% [ ] ® %) =2
RS ° ® > N
' e® 2 S B 25
i [ ® Y S A
§ 2 A N
3 . . R .
ES] ® o o B S
% o * e B 2
= C
’{2— ;

/

////////.T///W//;7 ,!Z Thermal reservoir

Firstlaw AU =Q + W =TAS — PAV
Q=0

Adiabatic compression:

AV <0, AN=0, AU=?
Heat: Q=TAS=0
S(U,V,N) =k [Nln v+imu+ f(N)]
Entropy: AS =k [Nln %+%ln% =0
1 1
SmZ=—m2
2 Uy A
% % (%) 5 12 heatin
5= =W => heating

With thermal reservoir:
(NVT) constant instead of (NVU) constant

T, =T, => Q=TAS <O
how can AS < 0?
2nd Jaw: ASior = AS +ASp =0

ASp =7
TDI dU = TdS — PdV + udN
1 1
ds, —;ilUR = 2dU
F=U-TS, dF =dU —TdS — SdT

=>

=> 2"d |]aw using only system variables: dF < 0



