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Where we are today

date Topic

1.Sep 2011 introduction to conservation laws, Clawpack
15.Sep 2011 the Riemann problem, characteristics
22.Sep 2011 finite volume methods for linear systems, high resolution
29.Sep 2011 boundary conditions, accuracy, variable coeff.
6.0ct 2011 nonlinear conservation laws, finite volume methods
13.0ct 2011 nonlinear equations & systems
20.0ct 2011 finite volume methods for nonlinear systems
27.0ct 2011 source terms and multidimensions
3.Nov 2011 multidimensional systems
10.Nov 2011 no lecture
17.Nov 2011 capacity functions, source terms, project plans
24.Nov 2011 other topics and project plans
1.Dec 2011 student presentations
8.Dec 2011 no lecture
15.Dec 2011 FINAL REPORTS DUE
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Review of the Riemann problem

The Riemann problem is the original system of equations, g, + f(g). =0

plus the special initial condition consisting of a jump discontinuity:

In the linear hyperbolic system, we have ¢, + f’(q)qx =0 and the

Jacobian

ail
Jg'
o=
of "
Jg'

with the eigenvalues A” , since the system is hyperbolic.
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Review of the Riemann problem

The solution vector is resolved or projected onto the eigenvectors 7”,

g(x,t)= pr (x,0)r?
p=1
and the system is replaced by the equivalent m advection equations
w? + A'w? =0,

with the solution W’ (x,t) = w”(x — A”t,0). The initial left-right
discontinuity is split among the eigenvectors

m m
—_ PP P P pP
4 =4, = 20" =D (W) —w])r’.
p=1 p=1 (x=A't) (x=A%1) (x=A31)

The solution at a later time is a mixture of
these left and right states, depending on

whether x is to the left or the right of the t
corresponding characteristic.

X-2T) xX-227) 0 ()é—ﬂn X
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Review of the Riemann problem

If we define the waves W' = a”r” = (w; —w’) then the solution to the
Riemann problem can be written

qg(x,t)=q, + ZH(X o 9) 4%

p=1

-

0 1ftx<0

where H is the Heaviside function H(x)=+ , :
1 1fx>0

.

The Riemann solution for a
linear system is a similarity

solution: it depends on x/t
and not on x or f separately.
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Next question: How do we get the fluxes?

Qn+1
/ i
ntl Fl\, Fl.,
7T 71T
n n n
t Qi_1 Qi Qi+1
n Xi_172 Xit1/2

The equation we want to solve is ¢, + f(g), =0 and we think we know
how to do it, from one time step to the next, by solving Riemann problems at

each interface.

If it's a linear system we can write f(Q)x — f’(q)qx and resolve the
(constant) Jacobian into its eigenvalues and eigenvectors. But we still need
a way to determine the appropriate numerical flux that we will use to
advance the numerical solution from one time step to the next, using
something like:

At
n+1 n n n
Qi = Qi o E(EH/Z _ Fi—l/z)
We'll put aside the Riemann problem for the moment, we’ll need it in an hour
or SO.
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Explicit versus Implicit

Qn+1
/ i
ntl Fl\, Fl.,
7T 71T
n n n
t Qi_1 Qi Qi+1
n Xi_172 Xit1/2

For hyperbolic equations, the domain of dependence is bounded, since
information propagates with a finite speed.

We can therefore use explicit methods, in which the state at the later time is
calculated in terms of the state at the present time.

For elliptic and parabolic equations, implicit methods, solving an equation
iInvolving both the later and present times, are required.
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General formulation for conservation laws

Qn+1
/ i
ntl Fl\, Fl.,
7T 71T
n n n
t Qi_1 Qi Qi+1
n Xi_172 Xit1/2

In finite volume methods, we divide the problem domain (here one-dimensional)
into a grid of cells, and form an approximation of the solution value within each cell:

1 Xiv1/2
n —_—
O = } q(x I, XAx, where Ax = Xivia — XiZin
/ SX i—1/2

The integral form of the conservation law is
d Xit1/2
] aCendr = £(gCx 000 = F(G(.0)

Then by integrating over time, we get

01" =0 | [ Fland = [ Fats )
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Getting the fluxes o'
t-n+1 Fﬁl/Z | F: 1/2
AN N
f Qin—l an Qirfl-l
n Ai1/2 Ai1/2

1

If we can find a way to formulate F},,, = ~ f(q(xlﬂ,z,t))dt in terms of

the O, then we can write:
At

Q-’H1 "'Q _E( i+1/2 Eﬁ1/2)

This scheme is in conservation form. The fluxes cancel except at the boundaries:
N N
n+1 n n n
AXZQI T = AXEQZ _AI(FNH/Z — I )
i=1 i=1

In hyperbolic equations, information propagates at finite speed, so we should

formulate theF’j_l/2 from the values Q;, Q. ,in neighbouring cells. Then the

future Q" 'will depend on the three values Q. ,, 0" ,and Q.. . This is known

as a three-point stencil.
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Convergence: consistency and stability

The key to finite volume methods is how to approximate the time-integral of
the flux from the present time to the future time.

n 1 L
Fop = E J;n f(q(x;,,,,t))dt

Everything depends now on how we formulate the flux function F;,,,,, so we
need to define criteria for judging the choice.

The method must be convergent, i.e. the numerical solution must approach
the true solution as the cell size and time step decrease (Ax,At — 0).

The method must be consistent with the system of equations.

The method must be stable, so that small errors don’t grow rapidly.
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The Courant-Friedrich-Lewy stabilitytlimit

The numerical stencil must contain the true
domain of influence. This is a necessary
condition for stability.

Domain of
influence

Since influence is propagated by the
characteristic waves, the true domain of
influence depends on the wave speeds.

For a symmetric wave equation there are two
waves, but only a single characteristic speed.
For acoustics in a stationary medium, the

characteristic speed is the speed of sound c.

Domain of
dependence]

At
We define the CFL number vV = CE and require that vV <1 for stability.

For a hyperbolic system of equations, we can have up to m different wave
speeds given by A1, 12,..., A7, so the Courant number must be

= ﬁmax‘ﬂp‘ <1
Ax
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The Courant-Friedrich-Lewy stability limit

The domain of influence for the symmetric wave
equation, wave speed ¢, three-point stencil.

Unstable, because the domain
of influence is larger than the
numerical stencil.

At the limit of stability the domain
of influence corresponds exactly
to the numerical stencil.

At < —

]
Within the limit of stability the
stencil completely contains the
omain of influence.
" i—1/2
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Causal domains in space-time

The domains of influence and dependence depend on the
characteristics of the equations.

The Courant-Friedrich-Lewy condition for stability states [
that the numerical domain of dependence must completely D e
contain the physical domain of dependence. iri‘mzlr?cg

For any hyperbolic system, the domain of dependence is
bounded. This is not true for elliptic or parabolic systems.

The three-point stencil with this

rglati_on betwegn the space and Ax

time intervals is okay because

the physical domain of e - 1 ¢ ¢
Domain of

dependence lies
within the
numerical
stencil.

dependence
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Formulation of the flux function and update rule

1 ! +1 At
n e n+l __ n__ n _n
Fippp = A7 J.t JF(q(x,,,,1))dt Q" =0, Ax (Fi+1/2 Fi—l/z)
Here are a few historical choices for centred methods:
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Formulation of the flux function and update rule

n 1 Lt n+1 At n n
Fi+1/2 = Zt J.t f(q(xm/z 1)) dt Q — Q o E(EHQ o F 1/2)
Here are a few historical choices for centred methods:
"= —[f<Q, D+ O] Naive method:
n+l unstable
0" =0 - —[f(Q,+1) £
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Formulation of the flux function and update rule

n 1 fnst n+1 At n n
Fi+1/2 = EJ; f(q(xm/z 1)) dt Q — Q o E(EHQ o F 1/2)
Here are a few historical choices for centred methods:
"= —[f<Q, D+ O] Naive method:
n+l unstable
0" =0 - —[f(Q,+1) £
S = _[f(Q, D+ (O )} — _(Q -0 1) Lax-Friedrichs method;
stable, but diffusive;
n 1 I -
o (Qz + Qz+1)_ _I:f(Qm) o 1)] first-order accurate
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Formulation of the flux function and update rule

n 1 tn+1 n+1 At n n
Fi+1/2 = EJ; f(q(xm/z’t))dt Q "= Q o E(EHQ o F 1/2)
Here are a few historical choices for centred methods:
" = —[f(Q, D+f@N] Naive method:
n+l unstable
o' =0 ——[f(Q,+1) £
S = _[f(Q, D+ Q) |- _(Q -0 1) Lax-Friedrichs method;
stable, but diffusive;
n 1 I -
o (Qz +O" ) _ _[ 0" ) - f(O" 1)] first-order accurate
1 At
n+l/2 _ ~ n ny__ ny n
0"y = (01 +0) - [ f@-F@!)] Two-step
f(Qn+1/2 Richtmyer-Lax-Wendroff;
1/2 l K second-order accurate,
4 but oscillatory
n+l n
Q ' —Q _E( i+1/2 F—l/z)
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Advection using simple methods

QO] at time t = 1. 00000000

i i Ll i

0.0 0.2 0.4 0.6 0.8 1.0

QO] at time t =

5. 00000000

1st Order Godunov (Lax-Friedrichs)
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Advection using simple methods

2nd Order Lax-Wendroff
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But centred methods do not make the best
use of the structure of hyperbolic equations

In hyperbolic equations, the information propagates along characteristics.

Since we know where the information is coming from, we should make use
of that knowledge to formulate the flux function.

For the one-dimensional advection equation, there is only one characteristic,
the fluid velocity u. The information comes from the left if © is positive, from

the right if u is negative.

So in this simple case, we can use a one-sided upwind method, where we
decide which side to use from the flow direction.

For systems with characteristics travelling in both directions, we must
transfer some information from each side. How do we do this?
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A simple upwind method for advection

Qn+l
+1 Al Ve A
ik 7 %
n n
" i/ / O
Xi-172 Xit1/2

In the advection problem, the flux is in one direction, F:m = qu-"_l and the

update is Ql-nﬂ _ Q,-" - 1u/\t [Q Ql 1]

If you don’t know a priori which direction the flux is, you can use:

El,=u QF + “+Qz‘n—1

At
|
0 =0 - E(” (O -0 ) +u Q) —0M)
where
u” =max(u,0), u =min(u,0).
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20

reconstruct

. )
Reconstruct a piece-

wise polynomial function H

from cell averages. )
\ evolve

Evolve this function to a\
later-time by solving

L Riemann problems. )
average

Average the later-time
function back to the

g cells . )

We have just now simply prototyped
the Godunov REA method.
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How does this work?
% 0’

i+1_ ............................

7" n+1 .

o I"_"_"_;_Q_i_:l_ 0
S S N 0 l””'_____Qgi_l _________
Ql‘_1 - E
o
characteristics
AiZ1/2 Ait1/2
| | | At
An illustration of the upwind method for CFL number V=u—=20.7

The cell averages Q,-n are advected by the velocity © from time n to n+1 to

produce an intermediate value q". Because the shift is less than a full clell,
new cell averages must be computed to obtain the new quantities QZH.
Each cell edge has a discontinuity: we can solve for the new cell value either
directly (as we have done), or with the help of the Riemann technique.
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First-order upwind for advection problem

Reconstruct a function from the cell averages: piecewise constant in this case

Evolve the solution: advect it with the characteristic speed

FYS-GEO 4500

e —

=

L

il

L
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Then compute the new cell averages

ut
—z

— 2

At
The cell average is changed by 4+ E(Qin_l — Ql.”)

So the upwind method is, as before, simply

0 =0 _u%(Qin —Ql-"_l)
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To generalise, let’s write it in wave-propagation form

We write the change in the cell average as

AV . At
”E(Qi—l -0, ) = _SEVVi—lﬂ
Where W_,, = (Ql.” — Ql.”_l) is the wave strength and s is the wave speed.

At this point, this is only a change in notation, to prepare for the use of the
method with systems of equations. But this is the same VV we have
already encountered in the Riemann problem.

In the advection equation there is (of course) only one upwind direction.

In a system of equations, waves may travel in any direction. We have to
handle this now.

That’s where the Riemann solver comes in.

FYS-GEO 4500 Galen Gisler, Physics of Geological Processes, University of Oslo Autumn 2011

Thursday, 6 October 2011



Generalising the upwind method to systems

The general upwind method for s of either sign for a single wave is

Q; = Q; — %(S W, +s _va/z)

and as before, we define

s" = max(s,0), s  =min(s,0).

Now recall the Riemann solution for a many-wave problem:

( .
i ) , 0 1x<0
q(x,t)=q1+ZH(x—7Lt)W ;. H(x) =1 . :
= I 1tx>0
P= \
We just put these together.
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Godunov’'s method for linear systems

The upwind scheme is representative of REA algorithms, first
invented by S.K. Godunov in 1959. REA stands for:

1. Reconstruct a piece-wise constant function from the cell
averages.

q"(x,t, )=0Q. forx incell i

2. Evolve the hyperbolic equation with this function to obtain a
later-time function, by solving Riemann problems at the ‘_>
interfaces. ~n
q (x’tn+1)

3. Average this function over each grid cell to obtain new cell

daverages. 1
n+1 J‘xi+1/2 ~n
L = — X,1 X
Ql Ax Xi_1/s q ( o n-|—1)d

This is done at each time step. The method can be improved by using other
interpolation functions, polynomials for example, to improve the accuracy.

Physics is needed in the second step (evolution stage), as all the characteristics must
be known and used in the solution. The first and third steps (projection stages) are
entirely numerical (and problem independent).
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Reconstruct - Evolve - Average
q"(x,t,)=0Q; for x in cell i
G (X,t,,1)
0" = [ g (v,

Xi—1/2

characteristics

Xi_1/2 Xit1/2
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Care must be taken with interacting

I l t . t.
Q'
A WY NN A W 4
— e e e
A O AR q
‘ . . . ' v v ‘ . . . . . '
P MSN D P
‘ . . . . ' . “ .. ‘ . . . . '
. N . N > s ;. ;.
‘ Y Y Y Y \' AN W A W AR W ‘l . . . . '
PN I v Y NN B
YRR IR ATAWAY, ST G D)
O T . '
‘ . . \'\ Y LAY I‘I . . '
. N OO B .
‘ AY \'\ AN AY AN AY l‘l . '
l— N AV /XYY Y l
vvvvvvvvv
s . A\ Y I
N AR '
" AAAAAAAA "

In problems where the characteristics travel in both directions, solving the
Riemann problem independently at each interface requires that the
characteristics from neighbouring cell boundaries do not intersect.

Ar 1
This apparently gives a considerably stricter CFL limit: v=uy—< 5

But in fact there are ways of solving the Riemann problem (cooperatively
among adjacent cells) that relax this limit.
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Numerical flux function in Godunov’s method

| R
Recall the formula for the numerical flux:  F,,, = EL 1f(q(xm/z,t))a’t

The numerical flux should be the average of the true flux over the time
step, but we don’t know how the true flux varies.

But if we replace ¢ (x,t) by q"(x,t)
we have a tremendous advantage,
since the solution to the Riemann
problem is a similarity solution,
constant along rays from the interface

(yellow, orange dashed lines).

DS
S
~~‘ ]
>

Leveque defines a special symbol for q" (xi—1/2 1), namely qi(Qin_l ,Q,-n)

and then the flux function is simply
n \L n n
F;’—l/z — f(q (Qi_laQi ))
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Godunov’'s method for a general system

Given a set of cell quantities Ql-n at time n:

1. Solve the Riemann problem at x,_, , to obtain qi(Qi’”l_l,Ql.”)

2. Define the flux: F" , = f(c] (0.,,0; ))
At

3. Apply the flux differencing formula: Q”+1 —Q _E( 1/ Fifl/z)

This will work for any general system of conservation laws. Only the
formulation of the Riemann problem itself changes with the system.
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The wave propagation implementation of
Godunov’s method

For a linear m X m system ¢, + Ag. =0, the Riemann problem consists of
m waves YV¥ propagating with constant speed A?.

m m
Then Q-0 = Zaip—l/zrp :Z Wi
p=I p=l1
A’ At

— A’Ar

n Xi_1/2 Xit1/2

FYS-GEO 4500 Galen Gisler, Physics of Geological Processes, University of Oslo Autumn 2011

31

Thursday, 6 October 2011



The wave propagation implementation of
Godunov’s method

This is analogous to the basic upwind scheme.

A three-equation system has three characteristics. At timestep 7, there is a
discontinuity at the cell edge between Q. and Q... As we evolve the
Riemann solution forward to form g"(x,t, ), this discontinuity splits into
three pieces.

We use our knowledge of the splitting to compute the new cell averages.

2
/ M LAt A

n Xi_1/2 Xit1/2
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The waves split the discontinuity
!—I LAt A At

A7 At
Ax

three waves, keeping track of which direction the information is coming from,

we have: QnJrl =0/ - E( )/\}:1/2 + lSVVifl/z + llVViil/Z) '

The wave V\/ﬁl/z changes the cell average by —

W—uz Taking all

Defining A" = max(A,0), A~ =min(4,0) (as we did for the upwind
advection case), we generalise to the m X m case:

At

QnJrl — Q _E Z(AP) W -1/2 +2(AP) z+1/2
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The waves split the discontinuity

2
|M| LAt A At

A7 At
Ax

three waves, keeping track of which direction the information is coming from,

we have: QnJrl =0/ - E( )/\}:1/2 + ASVV:IQ + )“lyviil/z) '

The wave V\/ﬁl/z changes the cell average by — W—uz Taking all

Defining A" = max(A,0), A~ =min(4,0) (as we did for the upwind
advection case), we generalise to the m X m case:

+1
Q" =0 -
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Introduce the notion of fluctuations

it ATAQ,_,, = 2(/1” )" WY is the effect of all right-going waves, and
p=1

.A_AQH/Q = Z(/’Lp ) W., is the effect of all left-going waves from X1,
p=1

then we can write the update as

A
QinJrl =0 — Et(‘AJFAQi—l/z + A_AQiH/z)

Notice that we take the right-going waves from the left interface and the left-
going waves from the right interface!

The symbols A*AQ..,, will be referred to as fluctuations.

This notation will be useful for nonlinear systems.
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What are these fluctuations?

The symbols AiAQ,-ﬂ/zare the fluctuations, and we will use these heavily
when we get to nonlinear systems.

But for linear systems, these are easily resolved into A*(Q]' — Q") etc.

Here's how...
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To resolve the fluctuations in a linear system:

For the linear m X m system ¢, + Aq. =0, remember we had

_;Ll i

R'AR=A= A

)ﬁm

Now we separate this into matrices of positive and negative eigenvalues:

-y _ (Y
A2y

(A*)

(A" A"y

and we define A" =RA'R'",A A =RA R so AT+A =AA"+A =A

Then Q' = Q! —_[A O -0 )+A (0O, —0; )]
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The fluctuations for a linear system

Recall the solution in terms of waves for the m X m case

At | N
QnJrl — Q o E 2(/1]9) W ST Z(AP )_Vvifl/z
p=1

and remember that by our definition of the waves for a linear system:

Q Ql I leaz il _Z;LPW 12

so, keeping careful track of where the left-going and right-going waves come
from, we have

1 n A + n n — n n
Qin+ — Qi - A)l; I:A (Ql — Qi_1)+ A (Qi+1 o Qi ):|
In analogy with

QnJrl — Q — E(A+AQ1 2 T A AQz+1/2)
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Flux-difference splitting

For the linear system, WF, =, ,r" and since A* = RA*R™

then Ao ,r’ =(A")Y a?,,r" . From this we get
A“AQ, 2(%’) W, =A%(Q - Q1)

and then the update is

At
1
o' =0 —E(N(Q —Q! )+ A QL -0)
or, written in terms of the flux, Q" = Q! e F,,—-F,,
. + —
with — FL, =A"Q_ +AQ,
FYS-GEO 4500 Galen Gisler, Physics of Geological Processes, University of Oslo Autumn 2011

Thursday, 6 October 2011



Flux-difference splitting

For the more general conservation law, ¢, + f(g). =0 we define

F', = f(O. 1>+ZW> W2, = f(O,)+ A AQ, ,,
F',,=f(Q)- 2(% WP, = £(0)- AAQ,

These two are equivalent, the same flux through the same cell border,

representing either a left-going flux that updates (). ,or a right-going
fluctuation that updates Q. .

If we subtract one from the other, we have
fO)-f(Q_)=AAQ,_,,+AAQ, ,,

directly showing the difference in fluxes split into right- and left-going
fluctuations.
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Generalisation to nonlinear problems

For the nonlinear Riemann problem, the solution is still a similarity solution:
q(x,t)=q (x/t)

A system of m equations consists of n1,, waves propagating at constant
speed.

Often m , = m but not always.

Some waves may be rarefaction waves instead of discontinuities (as in the
shock tube problem).

The numerical method is based on an approximate Riemann solution with
the decomposition

m
. _ p
0, =01 = 2 Wh
p=l
here W, i i !
where VV.", , is a wave propagating at some speed s;_,,.

We'll get much more of this later ...
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Review of Finite Volume Methods

41

Qn+1
i F'y,, | Fl,
R T
t Qin—l an Qirfl—l
n Xi_172 Xit1/2
We need a scheme for obtaining the fluxes from
one cell to the next in terms of the available Domain of
solution values at the present time step. influence
The conservation law tells us how to do this, so
we must ensure that the difference formula we
produce is in conservation form.
In hyperbolic problems, the domain of influence o
IS limited; we use this limitation to decide where
to take information from. ¢ .
o @ o o o
Domain of
dependence
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Review of the upwind method

Reconstruct -
q" (x,t )=Q; forxin cell i

Evolve -

én ('x9tn+1)

Average

n+1 Xiv12
0 =[G (.t M

Xi—1/2

%ﬂcs

- —  —  — —— —— - —— —— —

FYS-GEO 4500

Xi_1/2

Xit1/2
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Review: The wave propagation
implementation of Godunov’s method

A three-equation system has three characteristics. At timestep 7, there is a

discontinuity at the cell edge between Q; and Q. ;. As we evolve the
Riemann solution forward to form g"(x,z,,, ), this discontinuity splits into
three pieces.

We use our knowledge of the splitting to compute the new cell averages.

2
f M A At ] ; A At

n Xi_1/2 Xit1/2
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Review: splitting the discontinuity
!—I LAt A At

Q -0, ZO‘ e _ZW 12

A7 At

2
Ax Vvi—l/2 . The three

2
The wave Vvi—l/z changes the cell average by —

waves together give us:

0" =0 — L (W2 + AWy 4 AWy

Defining A" =max(A4,0), A~ =min(A,0), we generalise to m waves:

At

QnJrl — Q _E Z(Ap) W -1/2 +Z(lp) z+1/2
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Review: Fluctuations

if A"AQ._,, Z(ﬂ,p) WY , is the effect of all right-going waves, and

p=1

-A_AQH/Z — Z(AP ) VVifl/z Is the effect of all left-going waves from X,
p=1
then we can write the update as

QnJrl Q _E(A+AQ1 1/2 + A AQ1+1/2)

We take the right-going waves from the left interface and the left-going waves
from the right interface.

The symbols 4*AQ.,,, are the fluctuations.
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i )
Reconstruct a piece-

wise polynomial function H

reconstruct

from cell averages. )

N\

.

Evolve this function to a\
later-time by solving
Riemann problems.

evolve

J

N

-

.

Average the later-time
function back to the
cells .

average

1

Next we examine high-resolution implementations

of the Godunov REA method.
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Next: High Resolution
Methods
(Ch 6)
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Extending Godunov’s method to high-resolution

2
/ |M| AMAr AN

n Xi_1/2 Xiv1/2

Q,-" defines a piece-wise constant function. The discontinuities at the cell
interfaces give rise to Riemann problems

-, f(q (0.,,0; ))

and the solution at the next time step is obtained from

Q n+1 Q At F n F n
J _ ! i+1/2 —1/2
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Godunov’s method with piece-wise constant
reconstruction is only first order

1. Reconstruct a piece-wise constant function from the cell
averages.

q"(x,t )=Q" forx in cell i

later-time function, by solving Riemann problems at th o

interf . ~n
INterraces 7 (x,tnﬂ)

3. Average this function over each grid cell to obtain new cel

averages. TR | J~xi+1/z s
S = — X,I X
Ql Ax Xi_1/s q ( 'Y n+1 )d

This is done at each time step. The method can be improved by using other
interpolation functions, polynomials for example, to improve the accuracy.

Physics is needed in the second step (evolution stage), as all the characteristics must
be known and used in the solution. The first and third steps (projection stages) are
entirely numerical (and problem independent).
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Reconstruct - Evolve - Average
q" (x,t )=Q; forx in cell i
én(’x’tnﬂ)

n+l Xiv12 oy
0 =[G (x.t,, M

Xi—1/2

characteristics

Xi_1/2 Xit1/2
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Improvements on the simple system

Recall the update formula developed in chapter 4 that uses the notion of
fluctuations:

QnJrl Q _E(A+AQ1 1/2 + A AQ1+1/2)

This gives a method that is only first-order accurate. We can improve it by
iIntroducing corrections, and writing:

Qn+1 _ Q _E(AJ“AQl 1y T A~ AQHUZ)—%(FZHQ — i?i_uz)

There are several possible techniques, and we illustrate a few here and
show how well or how poorly they do.
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Piece-wise Linear Reconstruction

Instead of using piece-wise constant [ * 1
reconstruction as in the simple REA
update,
s
—_——
—_—
We could use a piece-wise linear ~———

. R
reconstruction: \ / ——

N

We can choose how to do this, subject to the constraint that the cell averages

are conserved, and that the slopes somehow reflect the local function
behaviour. This is how second-order and high-resolution methods are done.
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Second-order methods:

Start with the linear system ¢, + Ag, =0

Write the Taylor series expansion about the present time for the solution g at
the advanced time:

1
q(x,t . )=q(x,t, )+ Atq (x,t )+ E(At)2 q,(x,t )+...

The differential equation gives us q, = —Aqx and therefore q, = Aqux

so that:

1
q(x,t,)=q(x,t )—AtAq (x,t, )+ E(At)2 Aqux (x,f,)+...
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Lax-Wendroff: -
0!, 04 0.,

[

L Xi_1/2 Xit1/2

From the first three terms of the Taylor expansion
1 2 42
q(x,t ..)=q(x,t )—AtAg (x,t )+ 5 (At)"A°q_.(x,t)

(

.u1,) = (01, - 07)

using centred differences: <

\QXx (x,1,) = (i) (Q:H —20; + Qin—l)

we come to the Lax-Wendroff (1960) formula:

2
At 1( At
n+l1 n n 2 n n n
O, —Q _2Ax (Qi+1_Qi—1)+2 Ax A (Qi+1_2Qi +Qi—1)
FYS-GEO 4500 Galen Gisler, Physics of Geological Processes, University of Oslo Autumn 2011

54

Thursday, 6 October 2011



. . Qin+1
Beam-Wa rm|ng t advection .
an—2 Qin_l an
4
" Xz Xicin Ais1/2

From the first three terms of the Taylor expansion
1 2 42
q(x,t ..)=q(x,t )—AtAg (x,t )+ 5 (At)"A°q_.(x,t)

-

.01, = (307 ~407, +01.)

Using upwind differences: - N
x,t )=|— "9 ”_ + l_”_
KQX_X:( n) ( ' ) (Ql Ql 1 Q 2)

leads to the Beam-Warming (1976) formula for one-sided flows:

At 1( At
n+tl _ ~yn n n n 2 n n n
Qi — Qi o A(3Qi o 4Qi—1 + Qi—2 ) + A (Qz - 2Qi—1 + Qi—2)
2Ax 2\ Ax
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Demonstration of simple methods

FYS-GEO 4500

QO] at time t = 1. 0O0000000

i i Ll i

0.0 0.2 0.4 0.6 0.8 1.0

QO] at time t = 5. 00000000

0.0 0.2 0.4 0.6 0.8 1.0

1st Order Godunov (Lax-Friedrichs)
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Demonstration of simple methods

FYS-GEO 4500

QO] at time t = 1. 00000000

Ll
0.6

o.8 1.

QO] at time t = 5. 00000000
0.0 ﬁ k
' o.8 1.

2nd Order Lax-Wendroff
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Demonstration of simple methods

FYS-GEO 4500

QO] at time ¢

= 1L.O0000000

0.0 0.2 0.4

0.6 0.8 1.0

= 5. 00000000

QO] at time ¢

T

2nd Order Beam-Warming
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Why is Lax-Wendroff Oscillatory?

We can choose a variety of slopes for a piecewise linear reconstruction.

constant centred

_O_I_o_ o, =0 T Lo 0 n_ i — 0O,

L

l Ax
downwind

Gln — Qir—ll—l B an
Ax

> >

The aim is to approximate the derivative over the it cell, for second-order
accuracy. The overshoots in these methods cause oscillatory behaviour near
discontinuities.
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59

Why is Lax-Wendroff Oscillatory?

We can choose a variety of slopes for a piecewise linear reconstruction.

constant centred

_O_LO_ o, =0 T Lo 0 n_ i — 0O,

L

l Ax
downwind

Gln — Qir—ll—l B an
Ax

problem

— — > A4 >

The aim is to approximate the derivative over the it cell, for second-order
accuracy. The overshoots in these methods cause oscillatory behaviour near
discontinuities.
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Need for limiters

Second-order methods give good results when the solutions are smooth but
generate oscillations where discontinuities occur.

First-order methods give poorer results, but do not generate oscillations near
discontinuities. That is, they keep the solution varying monotonically.

The idea behind high-resolution methods is to get second-order accuracy
when possible, but to keep the solution monotonic where the solution is not
smooth.

Limiters are introduced to manage this.

The breakthrough work in this area was made by Bram van Leer in a series
of papers culminating in 1979.
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Qin+1
tn+1 n p
I_.a.x-Wendroff as a n N n Bl n
finite-volume method o, | O Q.
Ly Xi_1/2 Xiv1/2
At

Qn+1_Q =

The basic finite-volume update formula is A

We can put Lax-Wendroff in this form if we write:

Fip = %A(Qi’:—l T Q,-n) LA

2 Ax

1 At

F1/2__A(Q Qzl) 7 Ax

then:

Qn+1 At

0 oA

At

(QZH - Qin—l ) T

FYS-GEO 4500 Galen Gisler, Physics of Geological Processes, University of Oslo

———A(Q/ -0

————A (Qz+1 an)

n
i—1

n
( i+1/2 F—1/2)

LAY 2 (on _oor a0
Z(ij A (Qi+1_2Qi +Qi—1)
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First we rewrite the Lax-\Wendroff flux

Fla = Al +0n) -5 0 A%(0r-n)
A* = RA*R™ %5 _
using T A=AT+A A" = r .
[Al=AT—A" Cany
we get _ _

., (A Q; +A+Ql 1) %‘A‘(I__‘A‘)(Q -0 1)

which is like the upwind flux with an added (antidiffusive) correction term. We
can improve this by limiting the amount of correction actually applied, based
on the solution behaviour.

We illustrate how this is done with the scalar advection equation.
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How do we choose a slope limiter?

We want to use the slope when the function is smooth to achieve second-
order accuracy.

But when the function is not smooth, using the slope results in overshoots,
causing oscillatory behaviour.

So we limit the slope, based on the local behaviour of the solution.

We write the slope as
function, and

Gln — (Qilj—l B an

¢. , where ¢ is the flux limiter
Ax

¢ =1 inthe Lax-Wendroff scheme,

¢ = 0 In the piecewise-constant upwind scheme.
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The REA algorithm suggests ...

that we update the advection equation by

Q,-nJrl — Qin — MEN(Q? - Qin—l)_ %MEAI(M_ uAt)(G? - G?—l)

where the slope is given by

o - (Q,-’L -0 j "

Ax

and @ is the flux limiter function.
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How do we choose a slope limiter?

Monotonicity preserving methods:
If a grid function that is initially monotone, i.e. Q; =2 Q' for all i at step n
remains monotone at the next time: Q"' > foralli at step n+1

then the method is monotonicity preserving.

Total Variation Diminishing (TVD) methods:

Define the total variation of a grid function Q as: TV(Q) = Z‘Ql. — Qi_l‘
grid

A method is Total Variation Diminishing if TV(IO™) < TV(O")

TVD methods are monotonicity preserving. We chose slope limiters that
ensure the method is TVD.
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The minmod slope limiter
aif |a|<|b| and ab >0

Define the minmod function: minmod(a,b) =<b1f |b|<|a] and ab >0
01fab<0

Then choose the slope to use by:

o, = minmod

Qin o Qin—l Qir—ll—l o an
Ax  Ax

If the slopes have the same sign, the one with the smaller absolute value is
chosen; if they have opposite signs, the slope is 0.

Extended to more arguments, the minmod function returns 0 unless all the arguments are the same
sign, otherwise it returns the argument with the smallest absolute value.
minmod

centred (Lax-Wendroff)
(0
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For generality, we write the slope in terms
of the flux-limiter function ¢

For minmod: o, = minmod O —9 ’Qz'+1 — 0
Ax Ax
— 1+ l 9
( Ax )4)( )

where ¢(60) = minmod(6,1)

and 0 = Q"n _ Q"‘rll
Qi+1 o Qi

6 measures the local smoothness of the data. At extrema, O is
negative; if the data are smooth, 6 = 1 and at discontinuities, 6
can be very large.
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Widely used flux limiters are:

Linear methods
upwind: ¢(0)=0
Lax-Wendroff: ¢(0) =1
Beam-Warming: ¢(0)=0

Fromm: @(0)= %(1 +0)

High-resolution methods
minmod:  ¢(8) = minmod(1,0)
superbee: @®(0) = max(0,min(1,20),min(2,0))
Mc:  ¢(0)=max(0,min((1+860)/2,2,20))

(6 +10))
vanLeer: @(0)=
(1+16))
FYS-GEO 4500 Galen Gisler, Physics of Geological Processes, University of Oslo
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0.5
1.5
2.5
3.5
4.5
5.5
6.5
7.5

N o O = WO

Comparing minmod, superbee, MC and

vanLeer limiters

FYS-GEO 4500

superbee
o
cell data left right centred theta minmod superbee MC vanLeer (@)
slope slope slope
-2
-2 -3 -2.5 0.666667 -2 -3 -2.5 -2.4
-3 -2 -2.5 1.5 -3 -3 -2.5 -2.4
-2 1 -0.5 -2 0 0 0 0
1 3 2 0.333333 1 2 2 1.5
3 3 3 1 3 3 3 3
3 -1 1 -3 3 0 0 0
-1
centred MC
(o)
o o]
o
minmod vanlLeer
O (o)
o o
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Now we have an REA second order scheme

The steps are identical to the first order REA scheme,
except for reconstruction: econstruct

1. Reconstruct a piece-wise linear function from the cell
averages.
q (x,t )=Q; +0;(x—x;) for x in cell i

with the property that TV(q) < TV(Q) evolve

2. Evolve the hyperbolic equation with this function to obtain
a later-time function, by solving Riemann problems at the
interfaces. g"(x, £ )

average

3. Average this function over each grid cell to obtain new —
cell averages. 1

n+l J‘xi+1/2 ~n —__
S = X,t ., )dx
Ql A_x X1 q ( +1 )d

The reconstruction step depends on the slope limiter that is chosen, and
should be subject to TVD constraints. The other two steps do not affect TVD.
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Reconstruct - Evolve - Average
q"(x,t )=0"+0"(x—x,) for x in cell i
qn(’xﬁtm—l) 1

n+l Y2 g
Qi B E J:Cz'—l/z q (x’tnﬂ )dx
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Reconstruct - Evolve - Average
q"(x,t )=0"+0"(x—x,) for x in cell i

qn(’xﬁtm—l) 1

n+l Y2 g
Qi B E J:Cz'—l/z q (x’tnﬂ )dx
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Reconstruct - Evolve - Average
q"(x,t )=0"+0"(x—x,) for x in cell i

qn(’xﬁtm—l) 1

n+l Y2 g
Qi B E J:Cz'—l/z q (x’tnﬂ )dx
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Reconstruct - Evolve - Average
q"(x,t )=0"+0"(x—x,) for x in cell i

qn(’xﬁtm—l) 1

n+1 Y2 g
0/ =— [ "G (.t M

A)C Xi—1/2

X1 X2
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Reconstruct - Evolve - Average
q"(x,t)=0"+0"(x—x,) for x in cell i

qn(XStrH-l) 1

n+l Y2 g
Qi B E J:Cz'—l/z q (x’tnﬂ )dx

X2 Xig1
... and then a new piecewise linear reconstruction is done ...
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How do we make sure we satisfy the Total
Variation Diminishing Constraint?

AQ
. . d
Compare the limiter functions ¢(6) where 6 = s
AQdownwmd
Linear methods High-Resolution methods
4 4
Beam-Warming
3 3
MC
2 2
van Leer

1 Lax-Wendroff 1 Minmod

° 0 1 2 9 3 4 ° 0 1 2 9 3 4
TVD is satisfied when 0 < ¢(8) < minmod(2,26) Sweby’s region where TVD is satisfied

is shaded. Any second-order accurate
method must have ¢(1)=1.
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Wave limiters

We can think of slope limiters as limiters on the wave

strengths. Let =0, =0, . 0!,
Xic12
Then the upwind method for thzscalar advection
equation is n+l n !
0" =0 - MEVVi—l/z'
At At [ ~ ~
The Lax-Wendroff methodis: Q"' =Q" —u —W_ ., — —(F+1/2 —F_» ) ’
l l A_x l A_X l l
~ 1 At
where F, ,, = 5(1 — ME j‘u‘y\}il/z'
| | _ 1 At |~
For a high-resolution we use  F,_,,, = —| 1—[u—| [{u|Wii»,
2 Ax
where W1p =¢,_,,V ).
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Demonstration of methods with limiters

QO] at time t = 1. 00000000

0.0 0.2 0.4 0.6 0.8 1.

QO] at time t = 5. 00000000

T T

Minmod
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Demonstration of methods with limiters

FYS-GEO 4500

QO] at time t = 1. 00000000

0.0 0.2 0.4 0.6 0.8 1.0

QO] at time t = 5. 00000000

T T

0.8 1.0

Superbee
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Demonstration of methods with limiters

QO] at time t = 1. 00000000

0.0 0.2 0.4 0.6 0.8 1.

QO] at time t = 5. 00000000

T T

van Leer
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Demonstration of methods with limiters

FYS-GEO 4500

QO] at time t = 1. 00000000

0.0 0.2 0.4 0.6 0.8 1.

QO] at time t = 5. 00000000

T

Monotonised Centred
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/8

Set order and limiters in setrun.py

06 (\setrun@ -

Last Saved: 22.07.10 11.09.16
File Path v : ~/ClawpackAll/clawpac.../compareadv/setrun.py

4 | > | setrun.py <+ setrun < Ul | #,

.

148 - P4

149 A B e sy -

150 # Method to be usedi-

151 | =~ B e ——————— -

152 -

153 # Order of qccuracy: 1 =2 Godunov, 2 => Lax-Hendroff plus limiters-

154 clawdata.order = 2-

155 -

156 # Transverse order for 2d or 3d {(not used in 1d):-

157 clawdata.order_trans = G-

158 =

159 # Number of waves in the Riemann solutioni-

160 clawdata.mwaves = 1-

161 =

162 # List of Llimiters to use for each wave family: -

163 # Required: len{mthlim)} == mwaves-

164 | ~ # 1 => minmod, 2 => superbee, 3 => van Leer, 4 => monotonised centred-

165 clawdata.mthlim = [Z]- U

166 =

167 # Source terms splittingi-

168 # gresplit =8 => no source term {(src routine never called)-

169 # gresplit == 1 => Godunov {1st order) splitting used, -

170 | ¢ # gresplit == 2 => Strang {(2nd order) splitting used, not recommended.-

171 clawdata.src_split = @- A

172 - -

) J4 >
165 | 25 Python < | Western (Mac OSRoman) < Unix(LF) 5| |1 5719 /649 /205
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Wavepacket advection with superbee

1.0} -

0.0

—-1.0F o
0.0 0.2 0.4 0.6 0.8 1.0
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Wavepacket advection with superbee

q[0] attimet= 0.00000000

-1.0} =
0.0 0.2 0.4 0.6 0.8 1.0
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Wavepacket advection with superbee

q[O0] attimet= 10.00000000

1.0 |

-1.0}
0.0 0.2 0.4 0.6 0.8 1.0

Note that the extrema are clipped. This is a limitation of the methods with the
limiters we've discussed.
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Extension to linear systems

Approach 1:

Xi_12 Xit1/2

Diagonalise the systemto ¢, + Ag. =0

Apply the scalar algorithm to each component separately.

Approach 2:

Solve the linear Riemann problem to decompose Q. — Q" ,into a number
of waves.

Apply a wave limiter to each wave.

These approaches are equivalent, but we’ll use the wave propagation
method. Note that it is important to apply the limiters to the waves rather
than to the original variables.
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High-resolution methods for systems

The Lax-Wendroff method in flux difference form had the flux written as:

Fl=(A70 +A°Q; )+%\A\(1——\A\)(Q -0!)

We need to separate the eigenvectors in order to apply flux limiters, so we
rewrite the correction term, using the Godunov-Riemann splititng:

%\A\([——\A\j(Q -0!,)= \A\(I ——\A\)Eaz !

Recall from before that the discontinuity between cells 7 and i+1 is split into
m pieces by the Riemann characteristics:

A At
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High-resolution methods for systems

Now we apply the limiter to the coefficients of the eigenvectors:

55;11/2 — ap1/2¢(9 1/2)

o, l_<l—lif/lp>0
aip_l/z \l+1 if /’Lp <0

P
01 12 —

Then the flux function is

Flp=(A7Q +A0! )+ ZW\( %W\) ol 900"

If we write W,_y, = =al 00" )r’ asalimited version of the wave

strength, and s, = A” for a generalised wave speed, we have:

Fi (A O +A 11)+%i‘ zp1/2‘( Esipl/z‘jwl{jm

p=1
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Generalisation for Nonlinear Systems

For linear systems, we can rearrange the update into the form:

0=, -gm@ ot A D)2 Fuan = Fre)
with
L = Z{‘ 11)1/2‘( Ax Sfl/z‘)Wfl/Z

Generalising to nonlinear systems we can write the update as:

+1 r- r-

with the fluctuations suitably defined. There are some subtleties we’ll get into
later, associated with rarefaction waves and entropy conditions.
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Review of High-Resolution Methods

We improve the first-order upwind method by introducing corrections, and
writing:

Qn+1 =Q" _E(A+AQI 12 + A~ AQlH/z)—%(Fm/z —ﬁi—l/Z)

We derive the corrections by considering piece-wise linear (instead of piece-
wise constant) reconstructions.

- L
\__,//
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Review of High-Resolution Methods

Taking the basic Lax-Wendroff formula:

” At NS Y
0" =0 - (Q,.+1—Q,-_1)+2(Ax) A*(Qr, —20/ +0! )
we re-write it in the flux form
anH_Q _%(F;HQ E’iuz)
with
1 At
Fln = A(Qr+01) -5 oA (0r - 0r)

Then making use of the divided matrices A® we can write this as

F',=(AQ+AQ )+ \A\(I——\A\j(Q -0))
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Review of High-Resolution Methods

F 172 (A Q +A” Ql 1) %‘A‘(I__‘A‘)(Q Ql 1)

This version of the Lax-Wendroff formula has a correction term that can be
limited, if we choose, to avoid oscillations around extrema.

For a one-equation system (the advection equation), we can apply a simple
functional limiter to the slope:

no_ Qi’il_Qin n
-2,

Lax-Wendroff:  ¢(0)=1
minmod:  ¢(0) = minmod(1,0)
superbee: ¢(0) = max(0,min(1,20),min(2,0))
Mc:  0(0) =max(0,min((1+86)/2,2,20))

Examples of limiters:

vanLeer: ¢(0)= R ‘9‘)
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Review of High-Resolution Methods

For a system of equations, we use limiters on the waves. The wave-
propagation form for a high-resolution version of Lax-Wendroff is:

F’, = (A_Qin +A"Q!, ) + %i‘siplﬂ‘(l — % S 12 ‘)WfW

p=1

with the limited version of the waves defined as :

4

High-Resolution methods

/\./p

Wiin = ,00,)r"

and a generalised wave speed

MC
st =AF 2
i—1/2
vanlLeer
1 .
Minmod
0
0 1 2 9 3
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CAMBRIDGE TEXTS
IN APPLIED

Assignment for next time

Finite Volume
Methods for
Hyperbolic Problems

Read all of Chapter 4.

Work problems 4.1 and 4.2.
Read Chapter 6 at least through 6.15.

Run tests of different methods in claw/book/chap6/
compareadv and claw/book/chap6/wavepacket. RANDALL J. LEVEQUE
Reproduce Fig 6.1, 6.2, and 6.3. Add the other limiters

discussed in the book. Try increasing the number of

gridpoints. Does this help? Try advection with a triangular

pulse and discuss which limiter does best in that case.

Hand in resulting output plots together with your

conclusions.

Work problems 6.1, 6.5, and 6.10.
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