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FYS 3610
Solution = Week 35

a) The zeroth order gives the particle density n. Calculate the zeroth moment:

o - m(vZ + v2 + v?
ﬂ f(vy, vy, v,)dvpdvydv, =n = Afﬂ exp (— (v Zk;;" Z)> dvydv,dv,

Substitute x = \/m/2kzTv,, then dx = \/m/2kyTdv, and equivalent for v, and v,

2T |2ksT |2ksT ([] 2mkyT
=A —x%2 —y? —z%)dxdydz = A
n j \/ \/ ﬂfexp( X —y*—z°)dxdydz

3/
And therefore A = n (21;: T) 2,
B

3

b) Calculate first moment in x direction:

1 oo 1 I - m(vf + vy +vf)
Vpx = - vxf(vx, vy, vz)dvxdvydvz = U, €Xp 2T dvydvydv,

Substitute x = \/m/2kzTv,, then dx = \/m/2kyTdv, and equivalent for v, and v,

(o] (0] (0]

1
Vbx = jxexp(—xz) dx Jexp(—yz) dy Jexp(—zz) dz

— 00 — 00 — 00

Because of symmetry:

oo 0 oo

f xexp(—x?)dx = fx exp(—x?) dx + f x exp(—x?) dx

—o0 —00 0
) oo

= —f x exp(—x?) dx + f xexp(—x?)dx =0
0 0

Therefore v, , = 0 and by symmetry also v, ,, and v, ,.
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a) Induction equation looks like:

—

B - -
g—t=Vx(ﬁxB)+nV2B

Assume B = B,(x,t) and v = v, (x, t):

(’)BZ_ 6( B+ OZB
ot ox - x0w) T gz
b) With
2
Bz(x:t = 0) = f(x) = Agexp (—X /L2>
and
1 2
B,(x,t) = —— x—A)e — da
@0 = oo | f= D) xp( Wt)
we get

B,(x,t) = — A (1+ 1 ),12 2x 2N\ aa
z\X, = Zn\/ﬁ 0€Xp 12 4'772t L2 L2

(o]

B,(x,t) = ; Agexp(—[r?(12 —s)? + q])dA
2nVmt

— 00

Ao

B,(x,t) =
(x,t) vt

exp(—q) f exp(—at?)dr
with
T=A-—s5s
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a=T =L_2+4772t
2x
Zrzszﬁ
x
S =
1 1
2
L (L2+4n2t)
2
X
r252+q—§
2
_x? (1+ 1) x _x? . 1 X
=1 " \2 " 4 LZ(l+L) ayz LZ(l+L) " 2t + 12
L2 " 4n?t L2 " 4n2t

Executing the integration and simplifying yields

B,(x,t) =

2
0 X
zn\/ﬁeXp< e + 12

AoL x?
B,(x,t) = #exp raar Y a—
T Jarcr 2 40t + L2

¢) It describes a Gaussian distribution centered around x = 0. For t — oo the
amplitude of the distribution slowly decreases while the width increases
(conservation of total B!). This is analog to the dispersion of a wave packet.
Instead of being concentrated at one location, B disperses over the entire x axis —
it diffuses! The resistivity 7 is the time constant of the diffusion process. If the
conductivity is very large, the resistivity n becomes very small, such that the time
dependence of B,(x, t) becomes very weak. Hence the diffusion process is very
slow and the dispersion takes a very long time, the shape of the B-field
distribution is conserved over long times (frozen-in theorem!).

d) Constant in time: % = 0. Do the derivation:
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4n?

At ]
2 2 2,2 2
Janzt + L AL ( 4n2x )!exp< x ):o
|

|[ AL
|

_.|_
4n’t + L2 Jan?t + 12 \(4n?t + L?)?

Because the exponential function never can become zero:

2
Ayl —"
VAn%t + L2 N AL 4n?x? ~ 0o
antt+ 12 [fapre+ 2 \(4nPt+12)2)

Or

4n2A,L x? — o
(4n2t + 12)3/2 dn2t+12)
And with the same argument

X2 X2 — ]2
l-—— o t=
4n?t + L? 4n?

With this result of B,(x) becomes (do not resolve vVx? because this insures that B,(x) is
symmetric with respect to negative and positive x):

B, (x) Aol
x) = —e
z [—xz
Back to the differential equation we get
d 02

0= _a(vaZ) +WBZ

Integrate over x once

0
~vB, +--B, = C
Differentiate solution of B, once:
) AL
_B — __e—l — __B
ox * x2 x Z

Inserting and rearranging gives
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x B, x Agle!

The integration constant C must be zero because for any C # 0 we see

lim v, = 0
X—00

which is an unphysical solution. The interpretation is then that, while the B-field “wave
packet” wants to diffuse toward larger x, a — 1/x velocity profile constantly pushing from
left and right can hold the B-field profile together.
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