
Elasticity and Structures

Elasticity:
Stress (Mekanisk spenning)
Strain  (Tøyning)
Elastic constants
Anisotropic materials
Fracture (brudd)
Thin film stress

Structures:
Beams

Beam equation
Solutions for different loads

Plates (later, in connection with 
piezoresistors)

Plate equation
Solutions
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Translating biomolecular recognition into 
nanomechanics
Science 288, 2000

Bulk silicon micromachining



Bulk silicon micromachining
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How to manufacture a beam in single-
crystalline silicon

Silicon wafer:
Anisotropic etch of membrane  from 
back side of wafer (e.g. in TMAH)
Reactive Ion Etch, through-etch of 
membrane area around beam.
Beam remains, surrounded by hole
Beam thickness equals membrane 
thickness
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Coventor tutorial

Surface micromachining
Aluminum beam on nitride on 
silicon substrate
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Why study elasticity?
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Will the mechanical element break 
due to accelerations and forces?
Fracture

During production
During operation due to 
environment

Deflections of sensor and actuator 
elements due to forces

Piezoresistive sensors are based 
on measuring stress/strain in 
element



Sensing principles
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Capacitive, based on displacement
Piezoresistive, based on 
mechanical stress-strain



Stress
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Stress (= mekanisk spenning)

Stress = force divided by area             
(as area shrinks to zero)
Stress is a vector acting on a surface 
Direction of both force and surface 
given
Stress is the convenient mathematical 
description of internal forces in a 
medium
Stress has multiple values at a point in 
space, it varies with the orientation of a 
surface on which the stress acts



Hooke’s law, elasticity constants

x

L

σxx = F/A
ε xx=σxx /E
εxx=∆L/L

E Youngs modulus, 
elastisitetskonstanten
ν poisson ratio

F F
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Material behaviour at large strains

Linear elastic behaviour for small 
strains

Slope equals Young’s modulus

Brittle materials exhibits linear 
elasticity until they break
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Silicon as a mechanical material

Silicon fracture stress: 7000MPa
(theoretical value)
Special for you: SensoNor single 
crystal silicon: under 500MPa is safe

Desirable mechanical properties:

Linear elastic behaviour until brittle 
fracture

High fracture stress
Large Young’s module (E)

Silicon: Brittle material
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Example: Stress in a bar
Simple example: Uniaxial stress

Two stress values at the same 
point

The stress at the bullet point was 
in one case F/A (F - force, A -
area) and in another case 0!

“Stress” means stress at a point on 
a surface

The surface orientation (normal 
vector n) is needed for stress 
vector computations
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The stress tensor

13ICT



Normal and Shear stresses
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Stresses on an infinitesimal cube

Cube is at rest

Normal stresses on opposite sides 
are equal 

No translational motion

Shear stresses σ21= σ12

No rotation
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Stress tensor
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Strain
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Example: Deformation of a square
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Example on computing normal/shear 
stress
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Basic quantities in elasticity
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General: Finite Element Analysis
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Solve Navier’s equation             
(partial differential equation)

Divide domain into elements
Approximation of function 
(solution to partial differential 
equation) over domain 
Simple function over each 
element (linear, parabolic)

0)()( 2 =∇+⋅∇∇+ uu rr µµλ

Connect elements at nodes



The mathematical framework of 3D 
elasticity
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Relation between stress and strain 
in a coordinate system with 
axes equivalent to the axes of the unit 
cell
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Elastic constants

Silicon is anisotropic
Cubic crystal

Need three independent 
elastic constants
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Silicon anisotropic elasticity constants
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Silicon elasticity constants for 
crystal directions:

E[100]=129GPa
E[110]=168GPa
E[111]=186GPa



Beam model
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Beam equation
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Elements of beam theory
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Beam equation
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Summary of beam equations
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Remarks to beam equation
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Types of support and loads of beams

33ICT

fixed, clamped point load

free
distributed load
(uniform load)

pinned
simply supported



Example: beam with end load
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Plate equation
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