
(NVDPHQ�,1�����+����

����

ħ ,QIRUPDVMRQ�RP�HNVDPHQ
81,9(56,7<�2)�26/2
)DFXOW\�RI�PDWKHPDWLFV�DQG�QDWXUDO�VFLHQFHV
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�
7LPH�IRU�H[DP�������������������WLO����������������
�
3HUPLWWHG�DLGV��1RQH�
$�FDOFXODWRU�LV�DYDLODEOH�LQ�,QVSHUD�
�
,W�LV�LPSRUWDQW�WR�UHDG�WKLV�LQIRUPDWLRQ�FDUHIXOO\�EHIRUH�\RX�VWDUW��
�
7KH�H[DP�FRQWDLQV�PXOWLSOH�FKRLFH�TXHVWLRQV��DQG�WH[W�TXHVWLRQV�ZKHUH�\RX�VKDOO�ZULWH�VKRUW
SURJUDPV�RU�UHDG�SURJUDPV�DQG�ZULWH�WKH�RXWSXW�IURP�WKH�SURJUDP��7KHUH�DUH����TXHVWLRQV�WKDW
VKRXOG�EH�DQVZHUHG�LQ�WRWDO��DQG�LQ�WRWDO����SRLQWV�DYDLODEOH�RQ�WKHVH�TXHVWLRQV��4XHVWLRQ����VKDOO
QRW�EH�DQVZHUHG��EXW�LV�XVHG�E\�WKH�H[DPLQHUV�GXULQJ�WKH�JUDGLQJ�RI�WKH�H[DP��WR�LQFOXGH�WKH
SRLQWV�IURP�WKH�PLG�WHUP�H[DPV��
�
7KH�QXPEHU�RI�SRLQWV�DYDLODEOH�LV�VSHFLILHG�IRU�HDFK�TXHVWLRQ��)RU�TXHVWLRQV�ZLWK�PXOWLSOH�VXE�
TXHVWLRQV��HDFK�VXE�TXHVWLRQ�KDV�WKH�VDPH�QXPEHU�RI�SRLQWV��
�
,I�\RX�DUH�PLVVLQJ�LQIRUPDWLRQ�\RX�FDQ�PDNH�\RXU�RZQ�UHDVRQDEOH�DVVXPSWLRQV��DV�ORQJ�DV�WKH\
DUH�LQ�OLQH�ZLWK�WKH��QDWXUH��RI�WKH�TXHVWLRQ��,Q�WH[W�TXHVWLRQV�\RX�VKRXOG�WKHQ�VSHFLI\�WKH
DVVXPSWLRQV�\RX�PDGH��IRU�LQVWDQFH�LQ�FRPPHQWV�WR�WKH�FRGH��
�
$OO�FRGH�LQ�WKH�TXHVWLRQ�WH[WV�LV�ZULWWHQ�LQ�3\WKRQ����
�
0RVW�RI�WKH�TXHVWLRQV�OHDG�WR�VKRUW�FRGH�ZLWK�OLWWOH�QHHG�IRU�FRPPHQWV��XQOHVV�\RX�GR�VRPHWKLQJ
FRPSOLFDWHG�RU�QRQ�VWDQGDUG���ZKLFK�LV�QRW�UHFRPPHQGHG��EXW�LQ�WKLV�FDVH�WKH�FRPPHQWV�VKDOO
H[SODLQ�WKH�LGHDV�EHKLQG�WKH�SURJUDP�WR�PDNH�LW�HDVLHU�WR�HYDOXDWH�WKH�FRGH��
�
$�TXHVWLRQ�PD\�DVN�\RX�WR�ZULWH�D�IXQFWLRQ��$�PDLQ�SURJUDP�ZKLFK�FDOOV�WKH�IXQFWLRQ�LV�LQ�WKLV�FDVH
QRW�QHHGHG��XQOHVV�LW�LV�VSHFLILFDOO\�DVNHG�IRU�LQ�WKH�TXHVWLRQ�WH[W���
�
�
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:KDW�LV�WKH�YDOXH�RI�WKH�YDULDEOH�Q�ZKHQ�WKHVH�SURJUDP�VWDWHPHQWV�KDYH�EHHQ�H[HFXWHG"�
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� +YLONH�K¡UHU�VDPPHQ"
$VVXPH�WKDW�ZH�KDYH�WKH�OLVW�[� �>>��@�>�@���������@��7R�WKH�OHIW�RI�WKH�WDEOH�EHORZ�WKHUH�DUH�VHYHQ
H[SUHVVLRQV��DQG�DW�WKH�WRS�RI�WKH�WDEOH�WKHUH�DUH�VL[�SRVVLEOH�UHVXOWV�RI�HYDOXDWLQJ�WKHVH
H[SUHVVLRQV��&KRRVH�WKH�FRUUHFW�DOWHUQDWLYH�IRU�HDFK�H[SUHVVLRQ���
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� +YLONHQ�OLQMH�PDQJOHU"
7KH�IXQFWLRQ�GLII�QG�I�[�K��FRPSXWHV�DQ�HVWLPDWH�RI�WKH�VHFRQG�GHULYDWLYH�RI�D�IXQFWLRQ�I�LQ�D�SRLQW
[�

GHI�GLII�QG�I��[��K �(�����
�U� ��I�[�K�����
I�[����I�[�K����K
K��
�UHWXUQ�U

,Q�WKH�FRGH�GHILQHG�EHORZ�ZH�ZDQW�WR�XVH�WKH�IXQFWLRQ�WR�HVWLPDWH�WKH�VHFRQG�GHULYDWLYH�RI�
�IRU�[� ������DQG�WR�VWXG\�KRZ�WKH�HVWLPDWH�FKDQJHV�DV�ZH�UHGXFH�K��

IRU�N�LQ�UDQJH�������
�K� ���
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��0LVVLQJ�OLQH�JRHV�KHUH�
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2QH�OLQH�LV�PLVVLQJ�LQ�WKH�FRGH��:KLFK�RI�WKH�IROORZLQJ�OLQHV�VKRXOG�EH�LQVHUWHG�WR�PDNH�WKH�FRGH
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� /RJLVNH�XWWU\NN
'HFLGH�IRU�HDFK�RI�WKH�ORJLFDO�H[SUHVVLRQV�RQ�WKH�OHIW�VLGH�RI�WKH�WDEOH�ZKDW�WKH�UHVXOW�LV�ZKHQ�WKH\
DUH�HYDOXDWHG��
3OHDVH�PDWFK�WKH�YDOXHV�
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� )LQQH�VW¡UVWH�YHUGL
:H�KDYH�D�OLVW�[�FRQWDLQLQJ�QXPEHUV��IRU�LQVWDQFH�[� �>�������������������������������@����DQG�ZH�ZDQW
WR�ILQG�WKH�ODUJHV�YDOXH�LQ�WKLV�OLVW��:KLFK�RI�WKH�FRGH�DOWHUQDWLYHV�RQ�WKH�OHIW�ZLOO�UHVXOW�LQ�\�EHLQJ
HTXDO�WR�WKH�ODUJHVW�YDOXH�LQ�["��DQVZHU��<HV��IRU�WKH�DOWHUQDWLYHV�WKDW�\RX�EHOLHYH�UHVXOW�LQ��\�EHLQJ
HTXDO�WR�WKH�ODUJHVW�YDOXH�LQ�[��DQG�DQVZHU��1R��IRU�WKH�DOWHUQDWLYHV�\RX�EHOLHYH�GR�QRW�UHVXOW�LQ�\
EHLQJ�HTXDO�WR�WKH�ODUJHV�YDOXH�LQ�[���

3OHDVH�PDWFK�WKH�YDOXHV�
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# Alternative A¬
y = -1¬
for e in x:¬
   if e > y:¬
      y = e¬
    ¬
# Alternative B¬
y = x[-1]¬
for i in range(len(x)):¬
   y = max(y,x[i])¬
      ¬
# Alternative C¬
for i in range(len(x)-1):¬
   if x[i+1] < x[i]:¬
      x[i+1] = x[i]¬
y = x[-1]¬
¬
# Alternative D¬
v = [x[i] for i in range(1, len(x)) if x[i] > x[i-1]]¬
y = v[-1]¬
¬
# Alternative E¬
¬
import numpy as np¬
v = np.asarray(x)¬
y = -min(-v)¬
¬
# Alternative F¬
v = [x[0]]¬
for i in range(len(x)):¬
   if v[-1] <= x[i]:¬

v.append(x[i])¬
y = v[-1]¬
¬
# Alternative G¬
s = f"y=max({x})"¬
exec(s)¬
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� )HLOKnQGWHULQJ��H[FHSWLRQV�
2QH�OLQH�LV�PLVVLQJ�LQ�WKH�IROORZLQJ�SURJUDP��
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:H�UHSODFH�WKH�PLVVLQJ�OLQH�ZLWK�RQH�RI�WKH�DOWHUQDWLYHV�RQ�WKH�OHIW�VLGH�RI�WKH�WDEOH�EHORZ��DQG�UXQ
WKH�SURJUDP�ZLWK�WKH�FRPPDQG�
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7KH�GHULYDWLYH�RI�D�IXQFWLRQ� �FDQ�EH�HVWLPDWHG�ZLWK�D�FHQWHUHG�GLIIHUHQFH��

ZKHUH� �LV�D�FRQVWDQW��

:ULWH�D�3\WKRQ�IXQFWLRQ�PLGSRLQW�I��[���G[ �H�����ZKLFK�XVHV�WKLV�IRUPXOD�WR�HVWLPDWH�WKH
GHULYDWLYH�RI�WKH�IXQFWLRQ�I�[��LQ�WKH�SRLQW�[���7KH�IXQFWLRQ�VKDOO�UHWXUQ�WKH�HVWLPDWHG�YDOXH��,QFOXGH
FRGH�WR�FDOO�WKH�IXQFWLRQ�WR�HVWLPDWH�WKH�GHULYDWLYH�RI�VLQ�[��LQ�WKH�SRLQW�� ��,QFOXGH
QHFHVVDU\�LPSRUW�
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� %HUHJQLQJ�DY�HQ�VXP
7KH�LQYHUVH�VLQH�IXQFWLRQ� �FDQ�EH�DSSUR[LPDWHG�E\��

ZKHUH� �LV�WKH�IDFWRULDO�RI� �

D� :ULWH�D�3\WKRQ�IXQFWLRQ�DUFVLQBDSSUR[�[�1���ZKLFK�IRU�JLYHQ�[�DQG�1�FRPSXWHV�WKH�VXP�DERYH
DQG�UHWXUQV�LW��8VH�WKH�IXQFWLRQ�IDFWRULDO�Q��IURP�WKH�PDWK�PRGXOH�WR�FRPSXWH�WKH�IDFWRULDO��Q���

E� 7R�VWXG\�KRZ�JRRG�WKH�DSSUR[LPDWLRQ�DERYH�LV��ZH�ZDQW�WR�FRPSDUH�WKH�DQVZHU�ZH�JHW�ZLWK�WKH
DQVZHU�IURP�WKH�EXLOWLQ�IXQFWLRQ�DVLQ�[��LQ�WKH�PDWK�PRGXOH��:ULWH�D�SURJUDP�ZKLFK�XVHV�WKH
IXQFWLRQ�IURP�TXHVWLRQ�D��WR�DSSUR[LPDWH�WKH�LQYHUVH�VLQH�IXQFWLRQ�IRU�[� �����RJ�1 ��������������DQG
SULQWV�D�WDEOH�ZLWK�WKUHH�FROXPQV��1��DUFVLQBDSSUR[�[�1��DQG�WKH�HUURU�DEV�DVLQ�[���
DUFVLQBDSSUR[�[�1���
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�� .ODVVH�IRU�WLOIHOGLJH�WDOO
:H�FDQQRW�PDNH�WKH�FRPSXWHU�JHQHUDWH�WUXO\�UDQGRP�QXPEHUV��EXW�WKHUH�DUH�VHYHUDO�VR�FDOOHG
SVHXGR�UDQGRP�QXPEHU�JHQHUDWRUV��351*V��ZKLFK�FDQ�JHQHUDWH�VHTXHQFHV�RI�QXPEHUV�WKDW�LQ
SUDFWLFH�FDQ�EH�DVVXPHG�WR�EH�UDQGRP��7KH�IXQFWLRQ�EHORZ�LPSOHPHQWV�VXFK�D�351*��7KH
DUJXPHQW�Q�VSHFLILHV�KRZ�PDQ\�UDQGRP�QXPEHUV�ZH�ZDQW�WR�JHQHUDWH��DQG�WKH�RWKHU�DUJXPHQWV
VHHG�VHHG��P��D�RJ�E�FDQ�EH�XVHG�WR�DGMXVW�KRZ�WKH�DOJRULWKP�EHKDYHV���

�GHI�UDQGBJHQ�Q��VHHG��P��D��E���
�UHV� �>�@�
�[� �VHHG�
�IRU�L�LQ�UDQJH�Q���
�[� ��D�
�[���E����P�

�����UHV�DSSHQG�[��P�����
�UHWXUQ�UHV

D� :H�ZDQW�WR�LPSOHPHQW�WKH�UDQGRP�QXPEHU�JHQHUDWRU�DERYH�DV�D�IXQFWLRQ�RI�Q�DORQH��ZLWK
VHHG��P��D�RJ�E�DV�SDUDPHWHUV�WR�WKH�IXQFWLRQ��'R�WKLV�E\�LPSOHPHQWLQJ�WKH�UDQGRP�QXPEHU
JHQHUDWRU�DV�D�FODVV�5DQGRP*HQHUDWRU�ZLWK�WZR�VSHFLDO�PHWKRGV��VR�WKDW�WKH�IROORZLQJ�FRGH
ZRUNV�

�UDQG� �5DQGRP*HQHUDWRU�VHHG ������P �

������D ����E ���
�[� �UDQG���������6KDOO�JHQHUDWH�D�OLVW�RI����UDQGRP�QXPEHUV�

E� ([WHQG�WKH�FODVV�5DQGRP*HQHUDWRU�ZLWK�D�QHZ�VSHFLDO�PHWKRG�VR�WKDW�WKH�IROORZLQJ�FRGH
ZRUNV�

�UDQG� �5DQGRP*HQHUDWRU�VHHG ������P �

������D ����E ���
�SULQW�UDQG������3ULQWV�WKH�YDOXHV�RI�WKH�SDUDPHWHUV�VHHG��P��D�DQG�E�
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����GHI�BBLQLWBB�VHOI��VHHG��P��D��E��
VHOI�VHHG��VHOI�P��VHOI�D��VHOI�E� �VHHG��P��D��E

����GHI�BBFDOOBB�VHOI��Q��
UHV� �>@
[� �VHOI�VHHG
IRU�L�LQ�UDQJH�Q��

[� ��VHOI�D�
�[���VHOI�E����VHOI�P
UHV�DSSHQG�[��VHOI�P����

UHWXUQ�UHV

����GHI�BBVWUBB�VHOI��
UHWXUQ�I�VHHG ^VHOI�VHHG`��P ^VHOI�P`��D ^VHOI�D`��E ^VHOI�E`��
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�� '1$�VHNYHQVHU
$�'1$�VHTXHQFH�LV�D�WH[W�VWULQJ�RI�DUELWUDU\�OHQJWK�ZKLFK�RQO\�FRQWDLQV�WKH�IRXU�OHWWHUV�$��&��*��7�
$Q�H[DPSOH�RI�D�'1$�VHTXHQFH�LV��&*7$&*&&*$���,Q�WKLV�H[HUFLVH�\RX�VKDOO�PDNH�D�SURJUDP
WR�DQDO\]H�VXFK�'1$�VHTXHQFHV��,QLWLDOO\��WKH�'1$�VHTXHQFH�LV�VWRUHG�LQ�D�WH[W�ILOH�DQG�QHHGV�WR
EH�UHDG�IURP�WKLV��6XFK�D�ILOH�LQFOXGHV�D�VLQJOH�'1$�VHTXHQFH��EXW�IRU�UHDGDELOLW\�WKH�VHTXHQFH�LV
XVXDOO\�GLYLGHG�LQWR�VHYHUDO�QXPEHUHG�OLQHV��$Q�H[DPSOH�RI�WKH�FRQWHQWV�RI�VXFK�D�ILOH��QRWH��WKH
QXPEHUV�RQ�WKH�OHIW�DUH�DOVR�SDUW�RI�WKH�ILOH��

�� �&*7$&*&&*$&*7$&*&&*$
�� �&*&&*$&*7$&*&*&&*$&*
�� �*7$&*&*&&*$&**7$&*&*

,Q�WKLV�VSHFLILF�FDVH�WKH�'1$�VHTXHQFH�LV�GLYLGHG�LQWR�WKUHH�OLQHV��EXW�WKH�QXPEHU�RI�OLQHV�FDQ
YDU\�IURP�ILOH�WR�ILOH��(DFK�OLQH�FRQWDLQV�D�OLQH�QXPEHU��IROORZHG�E\�RQH�RU�PRUH�EODQNV��DQG�WKH�D
SDUW�RI�WKH�'1$�VHTXHQFH��7KH�FRPSOHWH�'1$�VHTXHQFH�LV�REWDLQHG�E\�MRLQLQJ��FRQFDWHQDWLQJ�
WKHVH�SDUWLDO�VHTXHQFHV�LQ�WKH�RUGHU�WKH\�DSSHDU�LQ�WKH�ILOH��

D� :ULWH�D�IXQFWLRQ�UHDGB'1$�ILOHQDPH��ZKLFK�UHDGV�D�'1$�VHTXHQFH�IURP�D�ILOH�RQ�WKH�IRUPDW
JLYHQ�DERYH��DQG�UHWXUQV�D�WH[W�VWULQJ�FRQWDLQLQJ�WKH�'1$�VHTXHQFH��<RX�FDQ�DVVXPH�WKDW�WKH�ILOH
KDV�WKH�FRUUHFW�IRUPDW��5HPHPEHU�WKDW�WKH�OLQH�QXPEHUV�DQG�WKH�EODQNV�RQ�HDFK�OLQH�VKDOO�QRW�EH
SDUW�RI�WKH�WH[W�VWULQJ�UHWXUQHG�E\�WKH�IXQFWLRQ�

E� :ULWH�D�IXQFWLRQ�ILQGB&*�GQD��ZKLFK�WDNHV�D�WH[W�VWULQJ�ZLWK�D�'1$�VHTXHQFH�DV�LQSXW��DQG
UHWXUQV�D�OLVW�ZLWK�DOO�WKH�SRVLWLRQV�ZKHUH�WKH�VHTXHQFH��&*��RFFXUV��,I��IRU�LQVWDQFH��GQD�LV�WKH
VHTXHQFH��&*$7&*&*���WKH�IXQFWLRQ�VKDOO�UHWXUQ�WKH�OLVW�>�������@��DQG�LI�GQD�LV�WKH
VHTXHQFH��$$7��LW�VKDOO�UHWXUQ�WKH�HPSW\�OLVW�>@�

F� :ULWH�D�WHVW�IXQFWLRQ�WHVWBILQGB&*���IRU�WKH�IXQFWLRQ�LQ�TXHVWLRQ�E���7KH�WHVW�IXQFWLRQ�VKDOO
YHULI\�WKDW�ILQGB&*�UHWXUQV�WKH�FRUUHFW�UHVXOW�IRU�WKH�WZR�VHTXHQFHV��7$7$&*��RJ��&*&*&*��

G� :KHQ�WKH�VHTXHQFH��&*��RFFXUV�N�WLPHV�FRQVHFXWLYHO\�LQ�D�'1$�VHTXHQFH��ZH�FDOO�LW�D�&*
UHSHWLWLRQ�RI�OHQJWK�N��)RU�LQVWDQFH��WKH�VHTXHQFH��&*$$&*&*&*��FRQWDLQV�RQH�&*�UHSHWLWLRQ
RI�OHQJWK���DQG�RQH�&*�UHSHWLWLRQ�RI�OHQJWK����:ULWH�D�IXQFWLRQ�ORQJHVWB&*BUHSHWLWLRQ�GQD�
ZKLFK�WDNHV�D�WH[W�VWULQJ�ZLWK�D�'1$�VHTXHQFH�DV�LQSXW��DQG�UHWXUQV�WKH�OHQJKW�RI�WKH�ORQJHVW�&*
UHSHWLWLRQ�LQ�WKH�VHTXHQFH��)RU�LQVWDQFH��WKH�IXQFWLRQ�VKDOO�UHWXUQ�WKH�YDOXH���IRU�WKH�'1$
VHTXHQFH��&*$$&*&*&*��DQG�WKH�YDOXH���IRU�WKH�'1$��$$*&7&$��
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0D[LPXP�PDUNV����

�
GHI�UHDGB'1$�ILOHQDPH��
����LQILOH� �RSHQ�ILOHQDPH��
U
�
����GQDBVHT� �>@
����IRU�OLQH�LQ�LQILOH�

ZRUGV� �OLQH�VSOLW��
GQDBVHT�DSSHQG�ZRUGV>�@�

����UHWXUQ�

�MRLQ�GQDBVHT�

GHI�ILQGB&*�GQD��
����SRV� �>@�
����IRU�L�LQ�UDQJH�OHQ�GQD�����

LI�GQD>L�L��@  �&*��
SRV�DSSHQG�L�

����UHWXUQ�SRV

GHI�WHVWBILQGB&*���
����V� ��7$7$&*�
����H[SHFWHG� �>�@
����FRPSXWHG� �ILQGB&*�V�
����DVVHUW�H[SHFWHG  FRPSXWHG��I�(UURU�GHWHFWHG��^V`�
����V� ��&*&*&*�
����H[SHFWHG� �>�����@
����FRPSXWHG� �ILQGB&*�V�
����DVVHUW�H[SHFWHG  FRPSXWHG��I�(UURU�GHWHFWHG��^V`�

GHI�ORQJHVWB&*BUHSHWLWLRQ�GQD��
����SRV� �ILQGB&*�GQD�
����UHV� �FRXQW� ��
����IRU�N�LQ�UDQJH���OHQ�SRV���
��������LI�SRV>N@  SRV>N��@���
�����������FRXQW�� ��
�����������UHV� �PD[�UHV�FRXQW�
��������HOVH�
�����������FRXQW� ��
����UHWXUQ�PLQ�UHV�OHQ�SRV��
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�� 1XOOSXQNWHU
$VVXPH�WKDW�ZH�QXPHULFDOO\�ZDQW�WR�ILQG�D�URRW��]HUR��RI�D�JLYHQ�IXQFWLRQ�� ��L�H���ZH�ZDQW�WR�ILQG�[
VXFK�WKDW� ���7KH�VHFDQW�PHWKRG�GRHV�WKLV�E\�VROYLQJ�WKH�IROORZLQJ�GLIIHUHQFH�HTXDWLRQ
IRU� �

ZKHUH� �DQG� �DUH�LQLWLDO�FRQGLWLRQV��,I�ZH�EHOLHYH�WKH�VROXWLRQ�LV�LQ�WKH�LQWHUYDO� ��ZH�FDQ�IRU
LQVWDQFH�FKRRVH� �RJ� �

D� :ULWH�D�IXQFWLRQ�VHFDQW�I��[���[���1��ZKLFK�LPSOHPHQWV�WKH�VHFDQW�PHWKRG�IRU�D�JLYHQ�IXQFWLRQ
I��ZLWK�LQLWLDO�FRQGLWLRQV�[��DQG�[���DQG�ZKHUH�1�LV�WKH�XSSHU�OLPLW�DV�LQGLFDWHG�DERYH��7KH�IXQFWLRQ
VKDOO�UHWXUQ�WKH�ODVW�FRPSXWHG�YDOXH� �

E� ,Q�SUDFWLFH�ZH�GR�QRW�NQRZ�KRZ�PDQ\�WHUPV�WKDW�PXVW�EH�FRPSXWHG��L�H���KRZ�ODUJH�1�PXVW
EH��WR�DFKLHYH�� ��,W�LV�RIWHQ�PRUH�XVHIXO�WR�VHW�D�WROHUDQFH�YDOXH� ��DQG�WKHQ
FRPSXWH�H[DFWO\�WKH�QXPEHU�RI�WHUPV�1�WKDW�DUH�QHHGHG�WR�DFKLHYH� ���:ULWH�D
IXQFWLRQ�VHFDQWBWRO�I��[���[���HSV��1PD[��ZKLFK�GRHV�WKLV���+HUH�I�LV�WKH�IXQFWLRQ�IRU�ZKLFK�ZH
ZDQW�WR�ILQG�WKH�URRW��[��DQG�[��DUH�LQLWLDO�YDOXHV��HSV�LV�WKH�WROHUDQFH��DQG�1PD[�LV�WKH�PD[LPXP
QXPEHU�RI�WHUPV�WR�EH�FRPSXWHG�LQ�WKH�VHTXHQFH� ��7KH�IXQFWLRQ�VKDOO�UHWXUQ�WKH�ODVW�FRPSXWHG
YDOXH�RI�WKH�VHTXHQFH��UHJDUGOHVV�RI�ZKHWKHU�WKLV�VDWLVILHV�WKH�WROHUDQFH�FULWHULRQ�RU�QRW��1RWH��WKH
IXQFWLRQ�VKDOO�FRPSXWH�H[DFWO\�WKH�QXPEHUV�RI�WHUPV�LQ�WKH�VHTXHQFH�WKDW�LV�QHHGHG�WR�VDWLVI\�WKH
WROHUDQFH�FULWHULRQ��EXW�LI�WKH�FULWHULRQ�LV�VWLOO�QRW�VDWLVILHG�DIWHU�FRPSXWLQJ�1PD[�WHUPV��WKH
IXQFWLRQ�VKDOO�UHWXUQ�WKH�YDOXH� �
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�
GHI�VHFDQW�I�[��[��1��
����LPSRUW�QXPS\�DV�QS
����[� �QS�]HURV�1���
����[>�@�[>�@� �[��[�
����IRU�Q�LQ�UDQJH���1����

]��]�� �[>Q��@�[>Q��@
I��I�� �I�]���I�]��
[>Q@� ��I�
]��I�
]����I��I��

����UHWXUQ�[>1@

GHI�VHFDQWBWRO�I�[��[��HSV�1PD[��
����LPSRUW�QXPS\�DV�QS
����[� �QS�]HURV�1PD[���
����[>�@�[>�@� �[��[�
����Q� ��
����ZKLOH�Q�1PD[���DQG�DEV�I�[>Q��@��! HSV�

]��]�� �[>Q��@�[>Q��@
I��I�� �I�]���I�]��
[>Q@� ��I�
]��I�
]����I��I���
Q�� ��

����UHWXUQ�[>Q��@
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�� 2'(�V\VWHP�IRU�Y UHW
:H�ZLOO�VWXG\�D�V\VWHP�RI�GLIIHUHQWLDO�HTXDWLRQV�FDOOHG�WKH�/RUHQ]�PRGHO��7KH�PRGHO�LV�PHDQW�WR
JLYH�DQ�H[WUHPHO\�VLPSOLILHG�GHVFULSWLRQ�RI�WKH�ZHDWKHU��DQG�LQ�SDUWLFXODU�WR�PRGHO�XQSUHGLFWDEOH
EHKDYLRXU�RI�WKH�ZHDWKHU��7KH�PRGHO�FRQVLVWV�RI�WKUHH�IXQFWLRQV� �� �RJ� ��ZKHUH� �
6RPHZKDW�VLPSOLILHG�� �LV�D�PHDVXUH�RI�WKH�PRWLRQ�LQ�WKH�DWPRVSKHUH��ZKLOH� �RJ�
GHVFULEHV�WKH�KRUL]RQWDO�DQG�YHUWLFDO�WHPSHUDWXUH�GLVWULEXWLRQ�LQ�WKH�DWPRVSKHUH���7KH�IROORZLQJ
V\VWHP�RI�GLIIHUHQWLDO�HTXDWLRQV�GHVFULEHV�KRZ� �� �RJ� �HYROYH�RYHU�D�WLPH
LQWHUYDO�>��7@�

$W�WLPH�W ��ZH�KDYH�WKH�LQLWLDO�FRQGLWLRQV�[��� [���\��� \��RJ�]��� ]���7KH�FRQVWDQWV� �DUH
DOO�SRVLWLYH��DQG�LQ�DGGLWLRQ�ZH�KDYH� �

D� :ULWH�D�IXQFWLRQ�/RUHQ]�[���\���]���D��E��F��7��1��ZKLFK�WDNHV�LQLWLDO�YDOXHV�[���\��DQG�]��
SDUDPHWHUV�D��E�DQG�F��WKH�ILQDO�WLPH�7��DQG�WKH�QXPEHU�RI�WLPH�SRLQWV�1�VRP�DUJXPHQWV��RJ
FRPSXWHV�DQG�UHWXUQV�WKH�VROXWLRQ�IRU� �ZKHUH� �DQG�

���8VH�WKH�5XQJH.XWWD��PHWKRG�LQ�WKH�2'(6ROYHU�PRGXOH�WR�VROYH�WKH
HTXDWLRQV��7KH�UHOHYDQW�SDUWV�RI�WKH�2'(6ROYHU�PRGXOH�DUH�LQFOXGHG�DV�DQ�DWWDFKPHQW�WR�WKLV
TXHVWLRQ��7KH�IXQFWLRQ�/RUHQ]�VKDOO�UHWXUQ�IRXU�QXPS\�DUUD\V��DOO��KDYLQJ�OHQJWK�1��

�W��ZKLFK�FRQWDLQV�WKH�WLPH�SRLQWV� �ZKHUH�WKH�QXPHULFDO�VROXWLRQ�LV�FRPSXWHG
�[��ZKLFK�FRQWDLQV�
�\��ZKLFK�FRQWDLQV�
�]��ZKLFK�FRQWDLQV� �

E� :H�ZDQW�WR�VROYH�WKH�PRGHO�ZLWK�LQLWLDO�YDOXHV �DQG�ZLWK�SDUDPHWHU
YDOXHV� ��:ULWH�FRGH�WR�FDOO�WKH�IXQFWLRQ�/RUHQ]�ZLWK�WKH�JLYHQ
SDUDPHWHUV�DQG�ZLWK�7 ����DQG�1 �����$OVR�LQFOXGH�FRGH�WR�SORW�WKH�VROXWLRQV� �� �RJ�
��7KH�WKUHH�FXUYHV�VKDOO�EH�SORWWHG�ZLWK�GLIIHUHQW�FRORXUV��LQ�WKH�VDPH�ZLQGRZ��DQG�ZLWK�D�OHJHQG
ZKLFK�H[SODLQV�ZKLFK�FRORXU�LV� �� �DQG� ��UHVSHFWLYHO\��,QFOXGH�QHFHVVDU\�LPSRUW��

F� ,W�LV�ZHOO�NQRZQ�WKDW�WKH�/RUHQ]�LV�YHU\�VHQVLWLYH�WR�WKH�LQLWLDO�FRQGLWLRQV��L�H���WKDW�YHU\�VPDOO
SHUWXUEDWLRQV�RI�[�����\����RU�]����FDQ�KDYH�D�ODUJH�LPSDFW�RQ�WKH�VROXWLRQV� �� �RJ� �DW�D
ODWHU�WLPH� ��7R�LQYHVWLJDWH�WKLV�EHKDYLRXU�ZH�VKDOO�NHHS�WKH�YDOXHV�RI�WKH�SDUDPHWHUV� �DQG
WKH�WZR�ODVW�LQLWLDO�YDOXHV� �IL[HG��VR�WKDW�WKH�YDOXHV�RI� �� �RJ� �DW�WLPH� �DUH
GHWHUPLQHG�IURP��L�H���DUH�D�IXQFWLRQ�RI��WKH�LQLWLDO�FRQGLWLRQ� RQO\��8VH�WKH�VDPH�YDOXHV�IRU�WKH
SDUDPHWHUV� �DQG�IRU�WKH�WZR�ODVW�LQLWLDO�FRQGLWLRQV� �DV�LQ�TXHVWLRQ�E����$OVR�OHW�7�RJ�1
KDYH�WKH�VDPH�YDOXHV�DV�LQ�TXHVWLRQ�E����:ULWH�FRGH�ZKLFK�FKRRVHV�����GLIIHUHQW�YDOXHV�IRU�WKH
LQLWLDO�YDOXH� �RQ�WKH�LQWHUYDO�>�������@�DQG�IRU�HDFK�VXFK�YDOXH�VROYHV�WKH�/RUHQ]�PRGHO�DQG
VWRUHV�WKH�YDOXH�RI� �DW�WLPH�W 7��7KHQ�ZULWH�FRGH�WR�SORW�WKH�YDOXH�RI� �DV�D�IXQFWLRQ�RI�WKH�
�YDOXH�
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� IURP�2'(6ROYHU�LPSRUW�

LPSRUW�QXPS\�DV�QS

��4XHVWLRQ�D�
GHI�/RUHQ]�[��\��]��D�E�F�7�1��
����GHI�I�X�W��

[�\�]� �X>�@�X>�@�X>�@
UHWXUQ�>D
\�D
[��E
[�\�[
]�[
\�F
]@

����UN� �5XQJH.XWWD��I�
����UN�VHWBLQLWLDOBFRQGLWLRQ�>[��\��]�@�
����X�W� �UN�VROYH�QS�OLQVSDFH���7�1��
����UHWXUQ�W�X>���@�X>���@�X>���@

��4XHVWLRQ�E�
LPSRUW�PDWSORWOLE�S\SORW�DV�SOW
W�[�\�]� �/RUHQ]������������������������
SOW�SORW�W�[�W�\�W�]�
SOW�OHJHQG�>
[
�
\
�
]
@�
SOW�VKRZ��

��4XHVWLRQ�F�
[��[1� �QS�OLQVSDFH��������������QS�]HURV�����
IRU�L�LQ�UDQJH������
����W�[�\�]� �/RUHQ]�[�>L@����������������������
����[1>L@� �[>��@
SOW�SORW�[��[1�
SOW�VKRZ��



import numpy as np¬
¬
class ODESolver:¬
    def __init__(self, f):¬

self.f = lambda u, t: np.asarray(f(u, t), float)¬
¬
    def set_initial_condition(self, U0):¬

if isinstance(U0, (float,int)):  # scalar ODE¬
self.neq = 1 # no of equations¬
U0 = float(U0)¬

else: # system of ODEs¬
U0 = np.asarray(U0)¬
self.neq = U0.size # no of equations¬

self.U0 = U0¬
¬
    def solve(self, time_points):¬

self.t = np.asarray(time_points)¬
N = len(self.t)¬
if self.neq == 1:  # scalar ODEs¬

self.u = np.zeros(N)¬
else: # systems of ODEs¬

self.u = np.zeros((N,self.neq))¬
¬

self.u[0] = self.U0¬
¬

for n in range(N-1):¬
self.n = n¬
self.u[n+1] = self.advance()¬

return self.u, self.t¬
¬
class ForwardEuler(ODESolver):¬
    def advance(self):¬

u, f, n, t = self.u, self.f, self.n, self.t¬
dt = t[n+1] - t[n]¬
unew = u[n] + dt*f(u[n], t[n])¬
return unew¬

¬
class RungeKutta4(ODESolver):¬
    def advance(self):¬

u, f, n, t = self.u, self.f, self.n, self.t¬
dt = t[n+1] - t[n]¬
dt2 = dt/2.0¬
k1 = f(u[n], t[n])¬
k2 = f(u[n] + dt2*k1, t[n] + dt2)¬
k3 = f(u[n] + dt2*k2, t[n] + dt2)¬
k4 = f(u[n] + dt*k3, t[n] + dt)¬
unew = u[n] + (dt/6.0)*(k1 + 2*k2 + 2*k3 + k4)¬
return unew¬
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�� %UHWWVSLOO
:H�ZLOO�KHUH�SURJUDP�D�VLPSOH�ERDUG�JDPH���/HW�1�!���EH�DQ�LQWHJHU��:H�KDYH�D�ERDUG�FRQVLVWLQJ
RI�1�[�1�VTXDUHV��ZKHUH�URZV�DQG�FROXPQV�DUH�QXPEHUHG�IURP���WR�1����:H�DOVR�KDYH�1�SLHFHV
SODFHG�RQ�WKH�ERDUG��QHYHU�WZR�LQ�WKH�VDPH�VTXDUH���+HUH
V�DQ�H[DPSOH�ZLWK�1� �����
�

�
7KH�VL]H�RI�WKH�ERDUG�DQG�WKH�LQLWLDO�SRVLWLRQ�RI�WKH�SLHFHV�DUH�VWRUHG�LQ�WKH�WH[W�ILOH�VWDUW�W[W��7KH
ILUVW�OLQH�JLYHV�1��DQG�WKH�QH[W�OLQV�JLYH�WKH�SLHFH�W\SH��URZ�QXPEHU�DQG�FROXPQ�QXPEHU
�VHSDUDWHG�E\�FRPPDV��IRU�HDFK�SLHFH��7KHUH�DUH�WZR�GLIIHUHQW�W\SHV�RI�SLHFHV�DQG�WKHVH�DUH
JLYHQ�DV���RU���LQ�WKH�ILOH��7KLV�LV�ZKDW�WKH�ILOH�ZRXOG�ORRN�OLNH�IRU�WKH�H[DPSOH�DERYH���������������
�����������������
�����������������
�����������������
+HUH�WKH�ILUVW�SLHFH�LV�RI�W\SH���DQG�WKH�WZR�QH[W�RQHV�DUH�RI�W\SH����
�
9L�VNDO�LPSOHPHQWHUH�VSLOOHW�VRP�HQ�NODVVH�
�
FODVV�*DPH�
���GHI�BBLQLWBB�VHOI��
���������,QVHUW�FRGH�KHUH��VHH�TXHVWLRQ�D�EHORZ��
�
���GHI�PRYH��VHOI��URZ���FRO���URZ���FRO���
���������,QVHUW�FRGH�KHUH��VHH�TXHVWLRQ�E�EHORZ��
�
���GHI�PRYH��VHOI��URZ���FRO���URZ���FRO���
���������,QVHUW�FRGH�KHUH��VHH�TXHVWLRQ�F�EHORZ��
�
D��:ULWH�WKH�FRQVWUXFWRU�RI�WKH�FODVV�*DPH��VR�WKDW�LW�UHDGV�WKH�ILOH�VWDUW�W[W�DQG�VDYHV�WKH
SRVLWLRQV�RI�WKH�SLHFHV�LQ�D���GLPHQVLRQDO�QXPS\�DUUD\�ERDUG�ZLWK�1�URZV�RJ�1�FROXPQV��7KVL
YDULDEOH�VKRXOG�EH�DQ�LQVWDQFH�YDULDEOH�DQG�FDQ�EH�FUHDWHG�OLNH�WKLV��DIWHU�1�KDV�EHHQ�UHDG�IURP
WKH�ILOH���
�
������������LPSRUW�QXPS\�DV�QS
������������VHOI�ERDUG� �QS�]HURV��1�1���
LQW
�
�
:KHQ�\RX�KDYH�VDYHG�WKH�SRVLWLRQV�RI�WKH�SLHFHV��VHOI�ERDUG>L�M@�  ���LI�WKHUH�LV�LV�QR�SLHFH�LQ�WKH
VTXDUH�RQ�WKH�L
WK�URZ�DQG�M
WK�FROXPQ��VHOI�ERDUG>L�M@�  ���LI�WKH�VTXDUH�FRQWDLQV�D�SLHFH�RI�W\SH���
DQG�VHOI�ERDUG>L�M@�  ���LI�WKH�VTXDUH�FRQWDLQV�D�SLHFH�RI�W\SH����
�
E��:ULWH�WKH�IXQFWLRQ�PRYH��VHOI��URZ���FRO���URZ���FRO���ZKLFK�PRYHV�D�SLHFH�RI�W\SH���IURP
WKH�SRVLWLRQ�URZ���FRO��WR�WKH�SRVLWLRQ�URZ���FRO���E\�PDNLQJ�WKH�QHFHVVDU\�FKDQJHV�WR�WKH
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LQVWDQFH�YDULDEOH�ERDUG��)LUVW�WKH�IXQFWLRQ�QHHGV�WR�FKHFN�WKDW�WKH�PRYH�LV�OHJDO��7KH�FULWHULD�IRU
D�OHJDO�PRYH�DUH��D��WKH�VTXDUH�URZ���FRO��PXVW�FRQWDLQ�D�SLHFH�RI�WKH�FRUUHFW�W\SH�DQG�WKH�QHZ
VTXDUH�URZ���FRO��PXVW�EH�HPSW\��E��SLHFHV�FDQ�RQO\�PRYH���SRVLWLRQ�KRUL]RQWDOO\��OHIW�RU�ULJKW��RU
RQH�SRVLWLRQ�YHUWLFDOO\��XS�RU�GRZQ���DQG��F��WKH�SLHFH�PXVW�QRW�EH�PRYHG�RXW�RI�WKH�ERDUG��7KH
ILJXUH�EHORZ�VKRZV�DQ�H[DPSOH�ZLWK�DOO�WKH�OHJDO�PRYHV�IRU�VXFK�D�SLHFH��+HUH�ZH�KDYH�1 ��
EOXH�LQGLFDWHV�WKH�VWDUW�SRVLWLRQ��DQG�JUHHQ�LQGLFDWHV�SRVVLEOH�SRVLWLRQV�DIWHU�WKH�PRYH��,I�WKH
PRYH�LV�LOOHJDO�WKH�IXQFWLRQ�VKDOO�HQG�ZLWKRXW�DOWHULQJ�WKH�YDULDEOH�ERDUG��EXW�LW�LV�QRW�QHFHVVDU\�WR
SULQW�DQ�HUURU�PHVVDJH�RU�D�PHVVDJH�WKDW�WKH�PRYH�LV�LOOHJDO��
�

�
F��:ULWH�WKH�IXQFWLRQ�PRYH��VHOI��URZ���FRO���URZ���FRO���ZKLFK�PRYHV�D�SLHFH�RI�W\SH���IURP
WKH�SRVLWLRQ�URZ���FRO��WR�WKH�SRVLWLRQ�URZ���FRO��E\�PDNLQJ�WKH�QHFHVVDU\�FKDQJHV�LQ�WKH
LQVWDQFH�YDULDEOH�ERDUG��+HUH�\RX�PXVW�DOVR�ILUVW�FKHFN�WKDW�WKH�PRYH�LV�OHJDO��7KH�FULWHULD�DUH
WKDW�WKHUH�PXVW�EH�D�SLHFH�RI�W\SH���LQ�WKH�VTXDUH�URZ���FRO���DQG�WKH�QHZ�VTXDUH�URZ���FRO�
PXVW�EH�HPSW\��3LHFHV�RI�W\SH���DOZD\V�PRYH�WZR�VTXDUHV�YHUWLFDOO\�DQG�RQH�VTXDUH�KRUL]LQWDOO\�
RU�WZR�VTXDUHV�KRUL]RQWDOO\�DQG�RQH�VTXDUH�YHUWLFDOO\��<RX�PXVW�DOVR�FKHFN�WKDW�WKH�SLHFH�LV�QRW
PRYHG�RXWVLGH�WKH�ERDUG��7KH�ILJXUH�EHORZ�VKRZV�DQ�H[DPSOH�ZLWK�DOO�OHJDO�PRYHV�IRU�VXFK�D
SLHFH��+HUH�ZH�KDYH�1 ���EOXH�LQGLFDWHV�WKH�VWDUW�SRVLWLRQ��DQG�JUHHQ�LQGLFDWHV�SRVVLEOH�SRVLWLRQV
DIWHU�WKH�PRYH��,I�WKH�PRYH�LV�LOOHJDO�WKH�IXQFWLRQ�VKDOO�HQG�ZLWKRXW�DOWHULQJ�WKH�YDULDEOH�ERDUG��EXW
LW�LV�QRW�QHFHVVDU\�WR�SULQW�DQ�HUURU�PHVVDJH�RU�D�PHVVDJH�WKDW�WKH�PRYH�LV�LOOHJDO��
�

�
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� LPSRUW�QXPS\�DV�QS

FODVV�*DPH�
����GHI�BBLQLWBB�VHOI��
��������LQILOH� �RSHQ�
VWDUW�W[W
��
U
�
��������VHOI�1� �LQW�LQILOH�UHDGOLQH���
��������VHOI�ERDUG� �QS�]HURV��VHOI�1�VHOI�1���
LQW
�
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%�VSOLQHV�LV�D�W\SH�RI�IXQFWLRQ�ZKLFK�LV�XVHG�LQ�D�QXPEHU�RI�DSSOLFDWLRQV��IRU�LQVWDQFH�LQ�FRPSXWHU
JUDSKLFV�DQG�QXPHULFDO�GHULYDWLRQ��,Q�WKLV�TXHVWLRQ�\RX�ZLOO�ZULWH�3\WKRQ�IXQFWLRQV�WKDW�FRPSXWH
WKH�YDOXHV�RI�VXFK�%�VSOLQHV�

7KH�VWDUWLQJ�SRLQW�IRU�%�VSOLQHV�LV�D�VHW�RI�YDOXHV��KHUDIWHU�FDOOHG�QRGHV��
�ZKHUH� �DQG� ��QRWLFH�WKDW�WKH�ILUVW� �HOHPHQWV�KDYH

QHJDWLYH�LQGH[���7KH�%�VSOLQHV�IXQFWLRQV�RI�GHJUHH���DUH�FDOOHG�
�DQG�DUH�GHILQHG�DV�IROORZV��

ZKHUH� �DQG�ZKHUH� �LV�D�UHDO�QXPEHU�

D� :ULWH�D�3\WKRQ�IXQFWLRQ�%VSOLQH��W��S��[��ZKLFK�FRPSXWHV�DQG�UHWXUQV�WKH�YDOXH�RI ��7KH
DUJXPHQWV�WR�WKH�IXQFWLRQ�DUH�W��D�IORDW���S��DQ�LQWHJHU���RJ�[��D�GLFWLRQDU\�ZLWK�DOO�WKH�QRGHV��JLYHQ
VR�WKDW�WKH�YDOXHV� �FDQ�EH�REWDLQHG�DV�[>�P@��[>�P��@�������[>Q�P@���
<RX�FDQ�HDVLO\�ILQG�WKH�YDOXHV�RI�P�DQG�Q�E\�ORRNLQJ�DW�WKH�VPDOOHVW�DQG�ODUJHVW�NH\�YDOXH�LQ�[�
�WKHVH�DUH��UHVSHFWLYHO\��HTXDO�WR��P�DQG�Q�P����<RX�FDQ�DVVXPH�WKDW�S�LV�Q�WKH�FRUUHFW�LQWHUYDO�
L�H��WKDW�S�KDV�RQH�RI�WKH�YDOXHV �

7KH�%�VSOLQHV�IXQFWLRQV�RI�GHJUHH� �DUH�FDOOHG� ��DQG
WKHVH�DUH�GHILLQHG�DV�IROORZV��

ZKHUH� �

E� :ULWH�D�3\WKRQ�IXQFWLRQ�%VSOLQH�W��N��S��[��ZKLFK�FRPSXWHV�DQG�UHWXUQV�WKH�YDOXH� ��7KH
DUJXPHQWV�WR�WKH�IXQFWLRQ�DUH�W��D�IORDW���N��D�QRQ�QHJDWLYH�LQWHJHU���S��DQ�LQWHJHU���DQG�[
�UJXPHQWHQH�WLO�IXQNVMRQHQ�HU��W��HQ�IORDW�YHUGL���N��HW�LNNHQHJDWLYW�KHOWDOO���S��HW�KHOWDOO���RJ�[��D
GLFWLRQDU\�ZLWK�DOO�WKH�QRGHV��JLYHQ�VR�WKDW�WKH�YDOXHV� �FDQ�EH
REWDLQHG�DV�[>�P@��[>�P��@�������[>Q�P@����$V�LQ�TXHVWLRQ�D��\RX�FDQ�DVVXPH�WKDW�S�LV�LQ�WKH�FRUUHFW
LQWHUYDO��WKDW�LV��S�KDV�RQH�RI�WKH�YDOXHV� ��
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"""
Here are some alternative solutions to question 15. The one
based on recursion (also listed above) is the simplest and most elegant,
but recursion was not part of the IN1900 curriculum in 2021. The
question can also be solved with a loop, but this is more complicated
and makes this one of the most difficult questions on the exam.

In the exam setting, with limited time and no possibility to run the
code, it is very difficult to get all the indices correct in the loop
version. A good score is given to all solutions that get the overall loop
structure correct, even with some minor errors in indices etc.
"""
def Bspline0(t,p,x):
    if t<x[p] or t>x[p+1]:
        return 0
    elif x[p]<t and t<x[p+1]:
        return 1/(x[p+1]-x[p])
    else:
        return 0.5/(x[p+1]-x[p])

def Bspline(t,k,p,x):
    """The simplest solution, using recursion"""
    if k==0:
        return Bspline0(t,p,x)
    elif k>0:
        a =(t-x[p])*Bspline(t,k-1,p,x)+(x[p+k+1]-t)*Bspline(t,k-1,p+1,x)
        b = x[p+k+1]-x[p]
    return a/b

def Bspline_loop1(t,k,p,x):
    """
    To compute 1 Bspline function of degree k, we need
    2 Bsplines of degree k-1, 3 of degree k-2, ..., and k+1
    of degree 0. In this version we store the
    function values in a list of dictionaries."""

    if k == 0:
        return Bspline0(t,p,x)

    bsplines = []
    bsplines.append({p+k_: Bspline0(t,p+k_,x) for k_ in range(k+1)})
    for i in range(1,k+1):
        prev = bsplines[i-1]
        new = {}
        for j in range(k+1-i):
            a = (t-x[p+j])*prev[p+j]+(x[p+i+1+j]-t)*prev[p+j+1]
            b = x[p+i+1+j]-x[p+j]
            new[p+j] = a/b
        bsplines.append(new)

    return bsplines[k][p]



def Bspline_loop2(t,k,p,x):
    """
    Alternative version, nearly identical to the one above,
    but instead of storing the function values for all degrees k
    in a list of dictionaries, we only store for k-1 (prev) and
    k (new) in two lists. """

    if k == 0:
        return Bspline0(t,p,x)

    prev = [Bspline0(t,p+k_,x) for k_ in range(k+1)]
    for i in range(1,k+1):
        new = []
        for j in range(k+1-i):
            a = (t-x[p+j])*prev[j]+(x[p+i+1+j]-t)*prev[j+1]
            b = x[p+i+1+j]-x[p+j]
            new.append(a/b)
        prev = new

    return new[0]

x = {-1:0,0:1.0,1:1.3,2:2.0,3:2.5,4:3.0,5:3.1,6:3.5,7:4.0}
t = 1.5
p=1

for k in range(4):
    print(f'Rec degree {k}: {Bspline(t,k,1,x)}')
    print(f'Loop 1 degree {k}: {Bspline_loop1(t,k,1,x)}')
    print(f'Loop 2 degree {k}: {Bspline_loop2(t,k,1,x)}')
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