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Plans for today

 Time differentation
* Euler-Lagrange

* Dynamic Model of planar robot arm



Recap!

Next group session, we will focus on deriving the Euler-Lagrange with our Lagrangian term!
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t=D(q)§+C(q,q)q+ g(q)

We will focus especially on time-differentation

(Tidsderivasjon med hensyn pa g-variablene)
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Before easter we found the
lagrangian term for planar
manipulator and spherical
manipulator



Tips and tricks for time-differentiation

e Divide between constants and
generalized coordinates

- Generalized coordinates are
di»9i,qi

When differentiating wrt time, we
often use these two following
mathematical property:

* Product-rule(produktregelen)

* Chain-rule (Kjerneregelen)




m = mass
L, = Link length

flg()) f(x) q1 = Velocity for joint 1
G, = acceleration for joint 1

Examples:

Using product rule

mcyqq . .
Using’chain-rule

u=m u'=0 , l . .
o , U=0C /U ==51q yields , , .. . > .
vV==0641 v = v=¢, vV =i > U VT UV = —514141 T €141 = —S141 T 1

u' xv+u*xv' =0+ m(=s14f + c1G1) = m(—=s147 + ¢1G1)

Using product rule
NB! Multiplication is
mLyq, commutative so you can
choose how you use the

product rule, try it!

u=mLq u' =0
v =

V= 41

u'xv+uxv =0+ mL{G, = mLiG;




Lagrangian term for planar manipulator

_(Limiqf  my(L347 + 2¢,L1LyGF + 2¢3L1L2G1G, + L5347 + 2154:1G; + L543) Ly L,
= > + > — (Mg s1 > +myg(silq + s12 ?))

Euler-lagrange for planar manipulator
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. oL :
Differentiation of — wrt g4
dq1
. 5 (L%";C'I% n my (L3417 + 2¢3L4Lyg7 + 2022111112611612 + L1547 + 2L5 CI1Q2)>
04, 04,

oL
Calculatlng —
241

P <L%m1C7% n my (L5345 + 2,111,437 + 2¢,L1L,G1G, + L5457 + 215 CI1¢I2)>
oL 2 2

04 041

oL . . . . . .
ﬁ =m,L5qG; + myL5q, + myL5q, + my2LLygicy + myLyLogac, + Limygy
1



. o oL
Differentiation of — — wrtt

041

oL . . . . . .
ﬁ = (myl3q4y + myL5q, + myL5q, + my2LLogicy + myLiLygacy + Limygy)
1
We can divide each term and solve with respect to time
| I 1 \Y; % Vi
\ )\ )\ \ )\ A
oL [ , .\ [ . | . | . | . | , . |
ﬁ = (myL1q1 + myL3q, + myL3q, + my2L1Lyq1¢, + myLyLyqac, + LMy qy)
1

Let us solve all of these terms individually and thorough



oL
— WItt

Differentiation of .
041

u'xvtuxv = 0+m2L§5i1 = mzLiéh

2 .
Il:  m2L24:
2 r_
u=myl; u =0
V' =g

vV =(q,
wxv4+uxv' =0+mylig, = mylig,

Using chain-rule

|l: mzL%Ch
u=myl5 u' =0
V=q v' =Gy

uw kv 4+uxv =0+myLl5G, = myLsi,

1V: my2L1L2q1C l
u=my2LiL, u' =0 u=c, U =-s.4;
V= (q1Cy v’=\ v=gq, V ={

U xv+u*xv = —s,4,q; + 24,

u' v +uxv' =0+my2L1L,(—S242q1 + ¢2G1)
= mMy2L1L,(—S2q42q1 + ¢241)




. Lo oL
Differentiation of — — wrt t, cont.

041
VI: L%mﬂ'h

_ 72 =
u=Limy u =

V= v' = q,

uxv+uxv' =04+ LimyG, = LimyG,

\
[ \

U v+ uxv = —5,4,G; + 24, = —5245 + ¢34

u xv+uxv' =0+myLiLy(—5245 + €2G) = MyLiLy(—S245 + c2G3)




. L
Putting it all together for — —

041

oL

6_6'11 = (myLliq, + myL5q, + myL5qG, + my2LyLygicy + myLyLogacy + Limygq)

5_6?1 = myL5G, + myLiGy + myLl3Gy + my2L Ly (—5242G1 + ¢261) + myLiLy(—$2G5 + ¢od) + Limy gy



oL
Differentiation of — wrt g4

dq1
a_L
dqq ,

2. -2 .
5 (Llﬂzllch n my(L1G7 + 2c3L1Lyg7 + 2CzL1L§CI1CIz + L5457 + 2L5¢,q, + qZ)) _ (myg 51% +myg(siLy + 512%))

- dq4

L L
aL  0(m1g s, 71 + m,g(s1Lq1 + 512 ?2 )

dq, dq1



. L. oL
Differentiation of — wrt g4, cont.

041
Ly L,
oL ad(myg s, 5 T m,g(s1Li + 512 7))
dq, dq,
oL L L,

2
0_(]1 = MmygC13 o +mygcily + mygey >



Calculating 74

dL dL
T, = — —
! dq, 0qx
8_6'11 = myL%Gy + myLsG, + myl5éy + my2L Ly (—52G2G1 + ¢oG1) + myLiLy(—s,G5 + ¢2G,) + Limy gy
oL L, L,
5_611 = —MygcCq2 7 —mygciLl; —mygcy 7

T1
= myL% Gy + myLsGy + myl5dy + my2L Ly (—S2G2G1 + €2G1) + myLiLy(—s5G5 + ¢2G3) + Limy gy

2 1
— (—mygcy2 7 —mygciL; —mygcy 7)

= mzLith"‘ m, L% G, + myL5d; + T22L1L2(—52€725[1 + ¢pG1) + myLiLy(—s5G5 + ¢2G3) + Limy gy
2 1
+ MmMygcCip > +mygcily + mygey 7)



oL

- rr . . d
Differentiation of — wrt g,
4>
dL oL
Ty = — —
dq, 0q;
2 22 22 22 . 222 20 4 2 42
o (Llnélch L Ma(3df + 26511 L24F + 2C2L1L§CI1QZ + 1367 + 213414, + quz)> ~ (myg sl% Fmg(sils + 512%))
04, 04
o (%q% o MaORGE + 20247 + 2,1l IR + 2130140 + L%q%)) . (W )
04; 04 -

2
P Xy

P (m2(2C2L1L2511512 + 215414, + L%Q%))
dL

oL

ﬁ = mycyL1LyGq + MyL54, + myl54q,
2



. o 0L
Differentiation of — — wrtt

042

aL . 2 . 2 .
_06'1 = MmyCyL1L,q; + myL5q, + myL5q,
2

We can divide each term and solve with respect to time

oL o o

(3_6'12 = (mycaLiLyqy + myL5g, + myL5q;)




|- macLliLq

u = mleLz u, =0

VUV =(q1C

Differentiation of

v = Using chain-rule

U xv+uxv = —5,4,41 + 204

u xv+u*xv =0+myLiLy(—52G2G1 + C2G1)

= myL1L,(—5242q1 + €241)

oL
— wrt t, cont.

042

I:  mal3d
u=myl; u =0
vV =q V' =Gy

wxv+uxv =0+ myliG, = myL53,

2.
1l: m2Ll34:

2 r_
u=myl; u =0
vV =q; V' =g

wxv+uxv =0+ myliG, = myL5d,



oL

Putting it all together for — —
dq>
oL . 5. 5.
0_6'12 = (mycyLyLyq, + myL3q, + myL3qG;)

0_6'12 = MyLyLy(—S2042G1 + Co61)+ myL5G1+m,L54G,



oL
aq,

Differentiation of — 0

m, (LG5 + 2¢,L1L,G% + 2¢,L1L7G4G, +

L

WI'T
0a, q>

2

2

+ 12G2 + 212 + L5453 Ly
ZQ1 29192 + ZqZ)) (mig s15 5 +ng(S1L1 +S12 ) ))

N my, (LM + 2¢,L1L,G% + 2c,L1L,41G, +

aq,

2

D20+ BE) - o, 3+ mag O 05

aq,



. L. oL
Differentiation of — wrt g,, cont.

g

My (2¢5L1LyG% + 2¢,L1 Ly 16 L
o 6( 2(2¢5L4 2%2 21 ZCI1CI2)>_m2g(51272)

dq; 29,

) .. L
oL d(mycyLiLygt + mycyLily 414, — mpgsys 72)
aq, aq,




Calculating 1,

—— = myL1Ly(—S2G2Gy + C2G1)+ myL5G,+m, L5,

a4
aL ) . LZ
—— = —MyL1LyS,q7 —MyL1Lyqy8; —mygcip —
an 2
. . . 2 .. 2 .. ) . LZ
T, = ML Ly (—52G2G1 + G )+ myL3G1+my LG, — (—myLiLys,q7 — maLliLyqas; — mpgcys; 7)

. . . . . . L,
Ty = MyLiLy(—S2G42G1 + ¢2G1)+ MaL5G1+my L5 G, + Myl Lys,Ge + myLyLoGys, + mygcess 7)



Dynamic model for the 2-DOF planar manipulator

dL dL B
0q, 0qq
2 .. 2 .. 2 .. . . . ) . 2 . LZ
= m,L1G; + myLigGy + myLl5Gy + mp2L1Ly(=5242q1 + c2G1) + MyLyLy(—=52G5 + ¢2G,) + Limy Gy + mpgey, >

71 =

Ly
+mygcili + mygey 7)

oL oL . . . 2 . 2 . ) . LZ
3 — 3q = MyL1Ly (=521 + c2G1)+ myL5G1+myL5G, + myLiLys,qi + myLiLyqes; + mygey, 7)
2 2

Ty, =



= [Tz]
.. .. .. .. .. ) .. .. Ly Lq
myL5Gy + myLidy + myLl5dy + my2L1Ly(—52G2G1 + c261) + MaLyLy(—s2G5 + ¢2G2) + Limydy + magces, > +mygcily + mygey ?)

MyL1Ly(—5242q1 + C261)+ MaL5Gy+my LGy + maLiLys,df + maLiLodas; + mage; ?)

This is our equation of motion without inertia tensors.

t=D(q)§+C(q,4)q+ g(q)

Two ways of finding C(q, ¢)g
1) Given D(q)



Dynamic model for the 2-DOF planar manipulator

T=D(q@)4+C(q,4)q + g(q)

= [- [

Dll = mzL% + mzL% + 2L1L2m2C2
D1y = LiLymyc, + myLs
Dy1 = myls + LyLymyc,

_ 2
D3z = myL5

v

D12] [%] [C11 C12] [511]
.|+ i
Dy,11G, Co1 Cu21192

Ci11 = —2L1Lymys,q,
Ciz = —2L1L,m;s,(q2 + q1)

Cy1 = 2L1Lymys,q4

C22=O

o

Ly
+mygcily + mygey >



[

. . . .. . . y y L, L4
myL3G; + myLig, + maL3y + mu2LyLy(—S52G2G1 + c2G1) + MaLqLy(—S245 + c2G2) + Limy Gy + magcs, > +mygciLly + migci—

MaLqLy(—S2d2G1 + C2G1)+ MaL3G1+my L3y + myL1Lysaqf + myLiLydas,; + magcrs 7)

These two equations are the equal

t= [Tz]
L) L+ .
_ [m2L21 +myL5 4+ 2L Lymyc,;  —2LiLymyce, +m2L%] éh] —2L1Lym;s,q, —2L1Lymys,(q; + C'11)] C'11] n M29¢12 2 M2t TG4 2

42 2L1Lymys,q, 0 dz L,

m,L3% + L{L,m-,c m., L3
2L5 + LiLymyc, 2L5 mygein =



Lagrangian term for Spherical manipulator

L
_ m3((dssy + G202 (d5+L2)) 2 4+416251(d3+Ly) — dscic + (G218, (d§+L2))2 + d351¢ + G16261(d3+L2) — 2515 (d5+L5)
B 2
L L,+d5
— <m1g?1 + mygLl, + m3gLy + S2( 22 3)>
Euler Lagrange for Spherical manipulator
dL  dL
T, = — —
! dq, 0qq
oL oL
Ty, = — —
dq, 0q
dL  OL
T3 = —
dqz 043

| will not do this by hand,



Dynamic model for the Spherical manipulator

T=D(q)§+C(q,4)q + g(q)

71 D11 Diz D131 Ci1 Ciz Ci3||q1 g1
T=|T2(= (D21 Dzz Dy3||q2]+|C21 Co2 C23||qz2|+ |92
T3 D31 Di3p; Ds33l|qs C31 Csz C33]|q3 g3



FINISH



Hint: for mandatory assighment 3

* The equation of motion or the dynamic model should be small for the
simplified 2-DOF Crustcrawler robot in Task I.



