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Ch. 3: Forward and Inverse
Kinematics
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Industrial robots

High precision and repetitive tasks

Pick and place, painting, etc

Hazardous environments

Sensors Power supply

Input Device Computer Mechanical
or Controller Arm
Teach Pendant
PSI‘;(:)%I&‘Lag? End-of-Arm
or Network Tooling
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Common configurations: elbow

manipulator
Anthropomorphic arm: ABB IRB1400 or KUKA

Very similar to the lab arm NACHI (RRR)
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Simple example: control of a 2DOF
planar manipulator

Move from ‘home’ position and follow the path AB with a constant contact
force F all using visual feedback

g Camera
A

side 5

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | Hetse « e soraost



Coordinate frames & forward kinematics
Three coordinate frames: @ @ @

Positions:
- [
_yj eost)racosta o). )

ool

Orientation of the tool frame:

- cos(6,+6,)| . |-sin(6,+6,) i
& sin(6, +6,) Y2 = cos(6, +6,) /////A

RO {)22-20 92-20}_{005(01+02) —sin(6?1+6?2)}
)zz'y’\o 92'90 Sin(91+92) COS(‘91+‘92)
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Ch. 2: Rigid Body Motions and
Homogeneous Transforms
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Alternate approach

Rotation matrices as projections

Projecting the axes of from o, onto the axes of frame o,

XO — |:)21 )20j| 0 — |:y\1 20i| o 1:’0
' )21 yo ' 3”\1 yo »
Rf _ _):(1 )’Eo 3’:\1')30} Bl .
_X1'YO Yi-Yo <in 8
llooss  [llkdeos o+5 ) [Ty |
g9 lcos| = o N
[%:llyolcos| 5 -6 | [9iflyo|cose — |
_|[cosé —sing
| sind cosé
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Properties of rotation matrices

Summary:

Columns (rows) of R are mutually orthogonal

Each column (row) of R is a unit vector

R" =R
det(R)=1

The set of all n x n matrices that have these properties are called the Special Orthogonal
group of order n

R €SO(n)
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3D rotations

General 3D rotation:

XX Yi X %
0 ~ ~ ~ ~ A
Rl =1 XYy Yi'Yo 4
17 L 14 1

Special cases

Basic rotation matrices
1 0 0

0 cos@ -sind
10 sing

Rx,0 =

R,=| 0 1 0

N
) > ;<> o><>

cosd |

[ cos® 0 sind]|

_—sin 6 0 cos 6?_

20, <1

cosd -singd O
R,,=|sind cosd O
0 0 1
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Properties of rotation matrices
(cont’d)

SO(3) is a group under multiplication

Closure: if R, ,R, € SO(3)= R,R, € SO(3)
. 100
ldentity:
o I=|0 1 0]eSO(3)
0 0 1
RT =R

Inverse:
(RR, )R, =R,(R,R;) — Allows us to combine rotations:

Associativity:
Rac = Rab Rbc

In general, members of SO(3) do not commute
RR, #R,R,;
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Rotating a vector

Another interpretation of a rotation matrix:
Rotating a vector about an axis in a fixed frame

Ex: rotate v° about y, by m/2 :

0
Vv =Ry”,2v

[cosé 0 sind
=l 0 1

| —sing 0 coséd
0 0 1

=0 1 0|1|=
-1 0 0]1

19 zl2 1’:’
1
0

Xo
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Rotation matrix summary

Three interpretations for the role of rotation matrix:

Representing the coordinates of a point in two different frames

Orientation of a transformed coordinate frame with respect to a
fixed frame

Rotating vectors in the same coordinate frame
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Compositions of rotations

w/ respect to the current frame

Ex: three frames o,, 04, 0,

p° =R/p’
p* = R;p’ P’ =RR;p" —— Ry=R/R;
po _ Ropz

N2

This defines the composition law for successive rotations about the current
reference frame: post-multiplication
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Compositions of rotations

Ex: R represents rotation about the current y-axis by ¢ followed by € about
the current z-axis

R=R,R,,
cosg 0 sing |[cos@é —-singd O COS@COSH —cos¢gsing sing
= 0 1 O sind cosfd O0|= sind cosd 0
—sing 0 cos¢|| O 0 1 —singcosd singsind cos¢
Z0 Z0
Z] A Z], 22 Z2)
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Compositions of rotations

w/ respect to a fixed reference frame (0)

Let the rotation between two frames o, and o, be defined by R,°
Let R be a desired rotation w/ respect to the fixed frame o,

Using the definition of a similarity transform, we have:

R? =R? [(Rf)‘lRRf]= RR?

This defines the composition law for successive rotations about a fixed reference frame: pre-
multiplication
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Compositions of rotations

Ex: we want a rotation matrix R that is a composition of ¢ about y, (R, ;) and then ¢ about z,
(RZ,H)

the second rotation needs to be projected back to the initial fixed frame
0 _ -1
Rz - (Ry,e) Rz,eRy,e
= Ry,—eRz,eRy,e
Now the combination of the two rotations is:

R=R,, lRy,—¢Rz.eRy,¢J =R, Ry,
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Compositions of rotations

Summary:

Consecutive rotations w/ respect to the current reference frame:
Post-multiplying by successive rotation matrices
w/ respect to a fixed reference frame (0,)

Pre-multiplying by successive rotation matrices

We can also have hybrid compositions of rotations with respect to the
current and a fixed frame using these same rules

side 18

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | Hetse « e soraost



—

Parameterizing rotations

There are three parameters that need to be specified to create
arbitrary rigid body rotations

We will describe three such parameterizations:
Euler angles
Roll, Pitch, Yaw angles

Axis/Angle

side 19
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Parameterizing rotations

Euler angles

Rotation by ¢ about the z-axis, followed by & about the current y-axis, then y about the
current z-axis c, —S, Ol c, O s, c, -S, 0
Ry, =R, ,R,,R,,=|s, ¢, 0 0 1 O0j)s, ¢, O
O 0 1f-s, 0 ¢c,| O 0O 1

¢

17

C,CoC, —S,S, —C,CuS, —S,C, C,S,
=|s,C,C, +C,S, —S,C,S, +C,C, S5,

Zp 2]
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Parameterizing rotations

Roll, Pitch, Yaw angles

Three consecutive rotations about the fixed principal axes:

Yaw (Xo) v, pitch (o) 6, roll (zy) ¢

A =0
C | D Roll

Yaw

Lo

RXYZ ::F2L¢F2yﬁF2mw

c, -s;, Ofc, O
=|s;, ¢, 0] O
O 0 1j|-s, O

=1S,C, C,C, +5,5,5,

100cw—s

s,[1 0 O

174

c, |0 s, ¢,

S,S, +C,S,C,

—C,S, +5,5,C,
C4C,
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Parameterizing rotations

Axis/Angle representation

Any rotation matrix in SO(3) can be represented as a single rotation about a suitable axis
through a set angle

For example, assume that we have a unit vector:

~>
[l

Given 6, we want to derive R, ,

Intermediate step: project the z-axis onto k: kz -

Where the rotation R is given by:

R=R,_R

z,a y.,p

=R, =R, R, ;R R, R, , i é:’

z,a' vy,p
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Parameterizing rotations

Axis/Angle representation
This is given by:
kiv,+c,  kkyv,—ks, kkyv,+ks,

2
2

Inverse problem: Tr(R)-1
0 =cos | ——2L—
Given arbitrary R, find k and 6
lz B 1 :.32 o :23
2sing| © %
Foy — T side 23
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Rigid motions

Rigid motion is a combination of rotation and translation

Defined by a rotation matrix (R) and a displacement vector (d)

R €SO(3)
d eR?®

the group of all rigid motions (d,R) is known as the Special Euclidean group, SE(3)

SE(3)=R*xSO(3)
Consider three frames, 0,, 0,, and 0, and corresponding rotation matrices R,!, and
R,°
Let d,* be the vector from the origin o, to 0,, d,° from o, to 0,

For a point p? attached to 0,, we can represent this vector in frames o, and o,:
p*=R;p*+d;
p° =R/p"+d;
= R{(R3p?+d)+d

Opl,.2 041 0
=R1R2p +R1d2 +d1 side 24
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Homogeneous transforms

We can represent rigid motions (rotations and translations) as matrix
multiplication

Define:

0O 1
ri; — FQ; (j;
0O 1

Now the point p, can be represented in frame o,: P° = HfH;PZ

Where the P° and P2 are:

S

Fag 3480 - Introduction to Robotics
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Homogeneous transforms

The matrix multiplication H is known as a homogeneous
transform and we note that

H < SE(3)

T T
Inverse transforms: H—l{R -R d}

side 26
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Homogeneous transforms

Basic transforms:

Three pure translation, three pure rotation

(1 0 0 af 1 0 0 O]
0O 100 Oc, -s, O
Trans, , = Rot, , = ¢ “
' 0 010 ’ 0s, c, O
0 0 0 1] 00 0 1
(1 0 0 O] (¢, 0 s, O]
0 100D O 1 0 O
Trans, , = Rot, , =
' 0010 ’ -s, 0 ¢c, O
0 0 0 1] 0 0 0 1]
(1 0 0 0] c, -s, 0 O]
0 100 S 0 0
Trans,, = Rot, =|7 ¢,
© 10 0 1 c 71]0 0 10
0 0 0 1] 0 0 0 1)
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Ch. 3: Forward and Inverse
Kinematics
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Recap: rigid motions

Rigid motion is a combination of rotation and translation

Defined by a rotation matrix (R) and a displacement vector (d)

the group of all rigid motions (d,R) is known as the Special Euclidean group, SE(3)

We can represent rigid motions (rotations and translations) as matrix multiplication

The matrix multiplication H is known as a homogeneous transform and we note that

s

H_l_{RT —RTd}

Inverse transforms:

0 1

side 29

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | Hetse « e soraost



—

Recap: homogeneous transforms

Basic transforms:

Three pure translation, three pure rotation

1 0 0 a 1 0 0
0O 100 0 c, -s, O
Trans, , = Rot, , =
' 0 010 ’ 0s, c, O
0 0 0 1] 0 0 0 1
(1 0 0 O] (¢, 0 s, O]
0 106D O 1 0 O
Trans, , = Rot, , =
' 0 010 ’ -s, 0 ¢c, O
0 0 0 1] 0 0 0 1]
(1 0 0 0] c, -s, 0 O]
0 100
Trans, = Rot, = 5, ¢ 00
© 10 0 1 c 71]0 0 10
0 0 0 1] 0 0 0 1)
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Example

Euler angles: we have only discussed ZYZ Euler
angles. What is the set of all possible Euler
angles that can be used to represent any rotation
matrix?
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Answer - Euler

XYZ, YZX, ZXY, XYX, YZY, ZXZ, XZY, YXZ,
LY X, XZX, YXY, ZYZ

ZZY cannot be used to describe any arbitrary
rotation matrix since two consecutive
rotations about the Z axis can be composed
INto one rotation
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Example

Compute the homogeneous transformation
representing a translation of 3 units along the x-
axis followed by a rotation of /2 about the
current z-axis followed by a translation of 1 unit
along the fixed y-axis
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Answer — Homogeneous

Transforms
T= Ty,1Tx,3Tz,7z/2

1 000ft00 30 -100
0010 1)0 1001l 0 00O
10 01 0f/0 0100 0 10
000 1J/0 0 0 1J0 0 0 1]
0 -1 0 3
1 0 01
1o 0 10
0 0 0 1
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Forward kinematics introduction

Challenge: given all the joint parameters of a manipulator, determine the position
and orientation of the tool frame

Tool frame: coordinate frame attached to the most distal link of the manipulator

Inertial (base) frame: fixed (immobile) coordinate system fixed to the most proximal
link of a manipulator

Therefore, we want a mapping between the tool frame and the inertial frame

This will be a function of all joint parameters and the physical geometry of the
manipulator

Purely geometric: we do not worry about joint torques or dynamics

(yet)

side 35
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Convention

A n-DOF manipulator will have n joints (either revolute or prismatic) and n+1 links
(since each joint connects two links)

We assume that each joint only has one DOF. Although this may seem like it does not
include things like spherical or universal joints, we can think of multi-DOF joints as a
combination of 1DOF joints with zero length between them

The o, frame is the inertial frame (or base frame)
0, is the tool frame
Joint i connects links i-1 and i

The o, is connected to link i

Joint variables, g;

_ |6 if jointiisrevolute
" |d. if jointiisprismatic
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Convention

We said that a homogeneous transformation allowed us to express the position and
orientation of o; with respect to o

what we want is the position and orientation of the tool frame with respect to the inertial
frame

An intermediate step is to determine the transformation matrix that gives position and
orientation of o; with respect to o, ;: A,

Now we can define the transformation o; to o, as:

AA A LA <]
T/ = | ifi=]
(/) if > i

side 37
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Convention

Finally, the position and orientation of the tool frame with respect to the
inertial frame is given by one homogeneous transformation matrix:

For a n-DOF manipulator

H {Fg‘? JT - A(@)AA) A (a,)

Thus, to fully define the forward kinematics for any serial manipulator, all we
need to do is create the A, transformations and perform matrix
multiplication

But there are shortcuts...

side 38
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The Denavit-Hartenberg (DH)

Convention

Representing each individual homogeneous transformation as the
product of four basic transformations:

A =Rot,, Trans,, Trans, ,Rot,
c, -s, 0 01 00 01 0 0 af1 © 0]
|S ¢ 00010 0010 0(0¢c, -s, O
o 0o 10|00 14d|0O01O0[|0s, c, O
'0 0 0 10 00 1|0 00 1J0 0O 0 1
(C, —S4C, S4S, &Cqy |
|sy  C,C, —C,S, as,
|0 s, c, d.
0 0 0 1
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The Denavit-Hartenberg (DH)

Convention

Four DH parameters:
a;: link length
;. link twist
d:: link offset
g: joint angle

Since each A, is a function of only one variable, three of these will be constant for
each link

d; will be variable for prismatic joints and & will be variable for revolute joints

But we said any rigid body needs 6 parameters to describe its position and orientation

Three angles (Euler angles, for example) and a 3x1 position vector

So how can there be just 4 DH parameters?...
side 40
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Existence and unigueness

When can we represent a homogeneous transformation using the 4 DH parameters?

For example, consider two coordinate frames o, and o,
There is a unigue homogeneous transformation between these two frames

Now assume that the following holds:

>
N

DH1: perpendicular -> )21 1z, - ‘
DH2: intersects -> )21 M 20 i /(’)_L
If these hold, we claim that there z;\ Vi
exists a unique transformation A: . T’ """""""""""""""" ;,1 Y1
A=Rot,, Trans,  Trans, Rot, d 5
[ o] ‘ :
= 1 I R )

X

side 41

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | Hetse « e soraost



—

Existence and unigueness

Proof:

0
We assume that R,° has the form: R, = RZ,HRX,a

Use DHL1 to verify the form of R,°

X, LZ,=x;-z5=0

— _T — - — =
r,| |0 p T Tig
0 _
| I3 _1_ i 0 1y ra
2 2
B P PY R 1
Since the rows and columns of R,% must be unit vectors: 2 2 _ 1
I3, +1l33 =
The remainder of R,° follows from the properties of rotation matrices
Therefore our assumption that there exists a unique ¢ and « that will give us R,°
is correct given DH1
side 42
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Existence and unigueness

Proof:

Use DH2 to determine the form of 0,°

Since the two axes intersect, we can represent the line between the two frames
as a linear combination of the two axes (within the plane formed by x; and

ZO) a :
X, NZ, =0, =dzJ +ax; o
0] [c,| [ac,] F z\ ,_ry’
=0’ =d|0|+as, |=|as, I T P
1] |0] [ d | J
Yo
y

X

side 43
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parameters

Physical basis for DH

a;: link length, distance between the z, and z; (along x,)

o, link twist, angle between z, and z, (measured around X,)

d;: link offset, distance between o, and intersection of z, and x; (along z,)

@: joint angle, angle between x, and x; (measured around z;)

[ a ‘__I
o
.../-"'_i
z\ i V!
________________ o NS
0,
Yo

Fag 3480 - Introduction to Robotics

positive convention:
A Zt' lZi—I
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Assigning coordinate frames

For any n-link manipulator, we can always choose coordinate frames such that DH1 and DH2
are satisfied

The choice is not unique, but the end result will always be the same
Choose z; as axis of rotation for joint i+1

z, is axis of rotation for joint 1, z, is axis of rotation for joint 2, etc
If joint i+1 is revolute, z; is the axis of rotation of joint i+1

If joint i+1 is prismatic, z; is the axis of translation for joint i+1

C’) 91 Z2 =3

Base ju;,{’

N

o
HELSE ® :0 SOR-@ST
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Assigning coordinate frames

Assign base frame
Can be any point along z,

Chose X, Y, to follow the right-handed convention

Now start an iterative process to define frame i with respect to frame i-1

Consider three cases for the relationship of z,; and z;:
z;, and z; are non-coplanar

Z4 and z; intersect } z., and z; are coplanar

z;, and z; are parallel

Zi

Joint 2

Joint 7 + 1 —1% ! : Joint 7 — 1
Fag 3480 - Introduction to Robotics
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Assigning coordinate frames

Z,, and z; are non-coplanar

There is a unique shortest distance between the two
axes

Choose this line segment to be x;

0, is at the intersection of z, and x;

Choose y; by right-handed convention

side 47
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Assigning coordinate frames

Z, 1 and z; intersect

Choose x; to be normal to the plane defined by z
and z, ,

o, is at the intersection of z, and x;

Choose y; by right-handed convention

side 48
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Assigning coordinate frames

Z,, and z; are parallel

Infinitely many normals of equal length between z,
and z, ,

Free to choose o, anywhere along z,, however if we
choose x; to be along the normal that intersects at
0.1, the resulting d; will be zero

Choose y; by right-handed convention

side 49
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Assigning tool frame

The previous assignments are valid up to frame n-1

The tool frame assignment is most often defined by the axes n,
S, a.
a is the approach direction
s is the ‘sliding’ direction (direction along which the grippers open/close)

n is the normal directionto a and s

side 50
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Example 1: two-link planar
manipulator

2DOF: need to assign three coordinate frames

Choose z, axis (axis of rotation for joint 1, base frame)
Choose z, axis (axis of rotation for joint 2)

Choose z, axis (tool frame)

This is arbitrary for this case since we have described no wrist/gripper

Instead, define z, as parallel to z; and z, (for consistency)
Choose x; axes

All z's are parallel

Therefore choose x; to intersect o, ;

Fag 3480 - Introduction to Robotics
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Example 1: two-link planar
manipulator

Now define DH parameters

First, define the constant parameters a;,

Second, define the variable parameters 6, d,
link|a, | | d, | 8
1 |a |0 |0 |6
2 |a,|0 |0 |6

The ¢; terms are 0 because all z; are parallel

Therefore only & are variable 7
(c, -s, 0 ag| c, -s, 0 axcC,) T  =A
A = s, ¢ 0 as A = s, ¢ 0 as, _C12 -s, 0 agc + azc12_
o o1 0o % ]0 0 1 O To-aA =|S2 G2 O @Si+as,
o o0 0 1] |o o 0 1| i 0 0 1 0
0 0 © 1

side 52
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xample 2: three-link
cylindrical robot

3DOF: need to assign four coordinate frames

Choose z, axis (axis of rotation for joint 1, base frame)
Choose z, axis (axis of translation for joint 2)

Choose z, axis (axis of translation for joint 3)

ds
. 7 = O3
Choose z; axis (tool frame) ot~ /l ~ 23
. Yo T3
This is again arbitrary for this case since we have described no wrist/gripper Y3
Z
Instead, define z; as parallel to z, p IL
e n
I
4Ry
Z0
o
A Yo
%

o

o
HELSE ® :0 SOR-@ST
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' Example 2: three-link

cylindrical robot

Now define DH parameters

First, define the constant parameters a;, ¢

(c, -s, 0 O
/s, ¢ 00 B
A=lo 0 1 dl’Az_

0 0 0 1]
Ty = AAA, =

1
0
0

0

¢
S
0

0

0O 0 O

0O 1 0

-1 0 d, A =
0O 0 1]

0 -s, -sd,;
0O c  cd;
-1 0 d;+d,
0O O 1

1

0
0
0

0

o O B

Second, define the variable parameters &, d,

o - O O

S o o

=

Fag 3480 - Introduction to Robotics

link | & | & d | 4
1 0 0 d, o,
2 0 -90 d, |0
3 0 0 d; |0
ds
4 22 08 = 7
20 Yy 5534
s
21
IL
da|foy ] | _
U
71
apx
20
"
N Yo
9

Lo
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Example 3: spherical wrist

3DOF: need to assign four coordinate frames

yaw, pitch, roll (6,, 6;, 6;) all intersecting at one point o (wrist center)

Z3, xs

Sz To Gripper
Z4
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Example 3: spherical wrist

Now define DH parameters

First, define the constant parameters a;, ¢,

Second, define the variable parameters 8, d,

¢, 0 -s, 0 cc 0 —s; O] Ce —Sg
A1= S, 0 C, O,AZZSS 0 Cs O,A3=S6 Cq
_.0 0 0 1_ __O 0 0 1_ 0 0
_C4C5C6"S456 —-C,C;S; —S,C; C,Sg C455d6_
-rs Z:A&HASA% _ S,C;Cs +C,Sg¢ —S,C:S +C,Cq  S,S5 S4SSd6
B SSC6 SSCG C5 C5d6
L 0 0 0 1|

link &, | s |d; | &
4 (0 |-90|0 |6,
5 |0 [90 |0 |6
Ol 16 |0 |0 |dg]|@
0
de
1_
Z3,X5 7
Rl O,
X «-

To Gripper
Z4

side 56
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Next class...

More examples for common configurations

Link to movie that explains how to set-up the Denavit-Hartenberg
parameters :

<
0 is the angle about the previous z

to align its x with the new origin

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | HELSE ¢ ¢ e sor-asT


http://en.wikipedia.org/wiki/File:Denavit-Hartenberg_Tutorial_Video.ogv
http://en.wikipedia.org/wiki/File:Denavit-Hartenberg_Tutorial_Video.ogv
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