Ch. 3: Inverse Kinematics
Ch. 4: Velocity Kinematics
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Recap: kinematic decoupling

e Appropriate for systems that have an arm a wrist

— Such that the wrist joint axes are aligned at a point

e For such systems, we can split the inverse kinematics problem into two
parts:

1. Inverse position kinematics: position of the wrist center
2. Inverse orientation kinematics: orientation of the wrist

* First, assume 6DOF, the last three intersecting at o,
RS(dy,--.,0s)=R
02(Qy,-.,0) =0

e Use the position of the wrist center to determine the first three joint
angles...
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Recap: kinematic decoupling

e Now, origin of tool frame, o, is a distance d, translated along z; (since z; and
z are collinear)

— Thus, the third column of R is the direction of z, (w/ respect to the base frame)

and we can write: 0

o=0¢ =02 +d,R| 0
1

— Rearranging: 0
0((:) =0-— dGR 0 d5
1
— Callingo=[o,0,0,]",0°=[x.y 2]
X 0, — d6r13
Ye [=]0y — dgrys
Z; 0, - d6r33
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Recap: kinematic decoupling

e Since [x.y.z]" are determined from the first three joint angles, our forward
kinematics expression now allows us to solve for the first three joint angles
decoupled from the final three.

— Thus we now have R,°
— Note that:

R =RJR;}
— To solve for the final three joint angles:
R: =RS)'R=[ReJR
— Since the last three joints for a

spherical wrist, we can use a set of
Euler angles to solve for them
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Recap: Inverse position kinematics

e Now that we have [x_y, z.]" we need to find q,, g,, q;

— Solve for g; by projecting onto the x; ,, y. ; plane, solve trig
problem
— Two examples

e elbow (RRR) manipulator: 4 solutions (left-arm elbow-up, left-arm
elbow-down, right-arm elbow-up, right-arm elbow-down)

e spherical (RRP) manipulator: 2 solutions (left-arm, right-arm)
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Inverse orientation kinematics

e Now that we can solve for the position of the wrist center
(given kinematic decoupling), we can use the desired
orientation of the end effector to solve for the last three
joint angles

— Finding a set of Euler angles corresponding to a desired rotation
matrix R

— We want the final three joint angles that give the orientation of the
tool frame with respect to o, (i.e. R)
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Inverse orientation: spherical wrist

e Previously, we said that the forward kinematics of the spherical
wrist were identical to a ZYZ Euler angle transformation:

[C,C.C, —S,S; —C,CeS; —S,Cq C,S; C,S.d |
CAAA - S,CsCq +C,S; —S,CcSq +C,Cs  S,Ss  S,S:0,
—S:Cq S:Cq C;  Cgd,
0 0 0 1

Wrist Center Point

q Pitch

The Interventional Centre

96



Inverse orientation: spherical wrist

e The inverse orientation problem reduces to finding a set of Euler angles (4,
6;, 6;) that satisfy:
C,C:Cq —S,S¢ —C,CeS; —S,Cq  C,Sg
RS =|S,0.C, +C,Sg —S,CcS; +C,Cq  S,Ss
—S:Cq SCq Ce
e to solve this, take two cases:
1. Both r,;;and ry; are not zero (i.e. 6; £ 0)... nonsingular
2. 6,=0,thusr;;=r,;=0..singular
e Nonsingular case
If 6; 20, thenr,; # +1 and:

O = atanz( 33,_\/7 )
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Inverse orientation: spherical wrist

e Thus there are two values for ;. Using the first (s; > 0):

6, = atan2(r,,,r,;)
6, = atan2(-r,,,r,,)
e Using the second value for 6; (s; < 0):

6, = atan2(—ry,,T,;)
0, = atan2(r,,—r,,)
e Thus for the nonsingular case, there are two solutions for the inverse
orientation kinematics
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Inverse orientation: spherical wrist

e Inthesingularcase, ,=0thuss;,=0andr;;=r,;=r;;=r;,=0
e Therefore, R, has the form:
C4C6 =S4Se  —C4Se —S4C 0 Cae —Sus 0 SERREP

0
RS =|s,c,+C,5, —S,S+¢c,c, O|=|s,, ¢C, Of|=|r, r, O
0 0 1 0 0 1 0O 0 1

e So we can find the sum 6, + g, as follows:

6, + 6, = atan2(r,,,r,,) = atan2(r,,,—r,, )
e Since we can only find the sum, there is an infinite number of solutions
(singular configuration)
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Inverse Kinematics: general
procedure

1. Find q,, q,, q; such that the position of the wrist center is:

0 A
o, =0-d,R|0 : iy
inverse position
1 kinematics
2. Usingq,, g, g5 determine R,? )

3. Find Euler angles corresponding to the rotation matrix:

R: =RS)'R=[RSJR

inverse orientation
kinematics
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Example: RRR arm with spherical
wrist

e For the DH parameters below, we can derive R,? from the forward

kinematics:
CchS - C1523 Sl

0
Rs =1S,C3 —S;S,3 —C
Sys Cys 0

e We know that R;? is given as follows: Ye

C,CsCs —S,Sg —C,C:S; —S,Cs  C,Se -

RS =|S,0.C, +C,Sg —S,CcS; +C,Cq  S,Ss

- Ssce Sscs C5 z.
o |d |6
e To solve the inverse orientation kinematics:
} 1 0 |9 |d, |8
R:=RSJR
— For agiven desired R 2 |a, |0 |0 |6
3 a; |0 |0 |6
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Example: RRR arm with spherical
wrist

e Euler angle solutions can be applied. Taking the third column of (R,°)'R
C4Ss = C1Co3l13 +5:Cp3lh3 +Sy3053
S4Ss = ~C1Sa3l13 = S1S03l53 + Coslas
Cs =SiM3 —Cilps

e Again, if g, # 0, we can solve for 6;:

0, = atan2| s;r,, —c,r,, ,i\/l— (Syr,5 — Cils )2j
* Finally, we can solve for the two remaining angles as follows:
04 = atan 2(C1C23r13 + S1C23r23 + S23r33’_01523r13 - SlsZSrZS + C23r33)
0, = atan2(—s,r,, +C,r,;,S,f, — Cilyy )
e For the singular configuration (6, = 0), we can only find 8, + g, thus it is
common to arbitrarily set 8, and solve for g,
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Example: elbow manipulator with
spherical wrist

e Derive complete inverse kinematics solution

' g . ) lin |a; | o |d; |6
¥ al S «
0 N @%[ 1 [0 |90 |d, |8,
b ﬁ 2 a, |0 0 |6
3 a; |0 |0 |6
a |o |-90|0 |,
5 [0 [0 |0 |6
0, TR PR ET ° 2 10 %] %
0=|0, [R=[ry Ty Iy
0, 3 Tz Ta3
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Example: elbow manipulator with
spherical wrist

e First, we find the wrist center:

Xc 0x _d6r13
Yo |=| 0y —dglas
Zc Oz _d6r33

e Inverse position kinematics:

6, = atan2(x_,y.)

0, =atan2| x> +y.° —-d?,z. —d, | -atan2(a, + a,c,,a,s
2 c c c 1 2 3¥3173%3

0, = atanZ(D,J_r\/l— DZ)

e Where d is the shoulder offset (if any) and D is given by:

— Xc2 _i'yc2 _d2 +(Zc _dl)z_az2 _a32

2a,a,

D
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Example: elbow manipulator with
spherical wrist

e |nverse orientation kinematics:
— Now that we know 6,, 6,, 6,, we know R.°. need to find R,®:

R; = (RS R
e Solve for 8, 6;, 6,, Euler angles:
6, = atan2(C,Csl1s +S,Cralss + Spalas—C1Spalis — SiSalas + Coslas )
0, = atan 2(slr13 —C,fy ,J_r\/l— (5,115 — Cyls )zj

6, = atan2(—s,r,, +Cr,y,S,f, — il )
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Example: inverse kinematics of
SCARA manipulator

e WearegivenT,%: T,= 0 J

C1,C4 TS558, S15C4 — €158, 0 a,C; +a,Cy,
SlZC4 - C1254 - C12C4 - S‘1234 0 alsl + azslz

y 0 0 0 -1 -d,-d,
T i 0 0 0 1 ]
d lin |a, | |d; |8
a — k
T y‘_
1 = . " 1 a, |0
) “i J, - 2 a, | 180
6 3 |0 |0
______________________________________________________ TTTmIs a 0 0
To
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Example: inverse kinematics of
SCARA manipulator

e Thus, given the form of 7,%, R must have the following form:

c, -s, O
R=|s, ¢, O
O 0 1

e Where isdefinedas: a=6,+6,-6,=atan2(r,,r,,)
e To solve for @, and 6, we project the manipulator onto the x,-y, plane:

2 2 2 2
0, +0, ~a —a,

C, =
2a,a,

e This gives two solutions for 6,: 0, = atanz(cz,iq/l_ sz)

e Once 6,is known, we can solve for 6,:

6, = atan2(o,,0, )- atan2(a, +a,c,,a,s, )

6,is now give as: 6, =6, + 6, —atan2(r,,,r,,)

Finally, it is trivial to see thatd; =0, +d,
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Example: number of solutions

e How many solutions to the inverse position kinematics of a planar 3-link
arm?
— given a desired d=[d, dy]T, the forward kinematics can be written as:
dx =a,C; +a,Cp, +a5C,5
dy =a;S; +a,S;, +a35,,3
— Therefore the inverse kinematics problem is under-constrained (two equations
and three unknowns)

°)

« solutions is d is inside the workspace
1 solution if d is on the workspace boundary
0 solutions else

S
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Example: number of solutions

e What if now we describe the desired position and orientation of the end
effector?

— given a desired d=[d, dy]T, we can now call the position of o, the ‘wrist center’.
This position is given as: w, =d, —a,cos(d,)
w, =d, —a, sin(¢,)

— Now we have reduced the problem to finding the joint angles that will give the

desired position of the wrist center (we have done this for a 2D planar
manipulator).

— Finally, 6, is given as: 0,=0,-(6,+86,)

« solutions if the wrist center is on the origin

2 solutions if wrist center is inside the 2-link workspace

1 solution if wrist center is on the 2-link workspace boundary
0 solutions else

c\ Oslo _
University Hospital




Velocity Kinematics

Now we know how to relate the end-effector position and orientation to the
joint variables

Now we want to relate end-effector linear and angular velocities with the joint
velocities

First we will discuss angular velocities about a fixed axis

Second we discuss angular velocities about arbitrary (moving) axes

We will then introduce the Jacobian

— Instantaneous transformation between a vector in R" representing joint velocities to a
vector in R® representing the linear and angular velocities of the end-effector

Finally, we use the Jacobian to discuss numerous aspects of manipulators:
— Singular configurations
— Dynamics
— Joint/end-effector forces and torques
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Angular velocity: fixed axis

e When arigid body rotates about a fixed axis, every point
moves in a circle
— Let k represent the fixed axis of rotation, then the angular velocity is:

o = 6K
— The velocity of any point on a rigid body due to this angular velocity

IS: V=wxXr

— Where ris the vector from the axis of rotation to the point

e When arigid body translates, all points attached to the body
have the same velocity
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Next class...

e Derivation of the Jacobian
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