Backpropagation

Alexander Binder
University of Oslo (UiO)
February 9, 2021

UiO ¢ Department of Informatics
University of Oslo




Learning goals

be able to explain the differences: batch gradient descent vs
stochastic gradient descent

© be able to use the chain rule on functions

Backpropagation is an algorithm to compute derivatives in a
neural network (w.r.t. network parameters, and inputs)

- Backpropagation inside amounts to applying chain rule
top-down along the graph structure of the network

the backprop comes with an efficient mechanism to reuse
computed partial derivatives for computing new derivatives
further down in the network.

you should be able to derive the derivative of a loss of a
neural network as a sum-product of derivatives of single
neurons with respect to their inputs and parameters




Learning goals

~

© Autograd and when to use with torch.no_grad():

be able to understand how the product nature of chain rule
may lead to vanishing/exploding gradients in a neural net

© be able to reproduce the key initialization points for ReLU
and PRelLU networks:

biases to zero

drawn weights as random numbers (why random?)
drawn weights from a zero mean normal

what are the variances for ReLU and PRelLU activations




continue with Lecture 2

batch vs stochastic gradient descent ...



the setup

Have a nested function composed of neural network layers f)(z, w).
f()(z, w) - i-th layer with parameters w and inputs to the layer z.

A single layer ( fully connected layer):
20 = F(w . 2079 4 p) = F(wD (71)

zeRY, wl) e REX% p e RE

f(w) - z + b) is the layer definition, f(w(/), z) is a notation to denote
dependency on parameters w() and the input to the network layer z.

A three layer network can be described as:
y = f(3)(W(3)7 f(2)(W(2)’ f(l)(w(1)7x)))
An iterative writing would be:

20 — FD( D F0-1)y



the goal

A three layer network can be described as:
() — f(/)(w(/)’z(/_l))
y = FO WO AW w1 x)))

goal: to compute ~2 fast.
ow,



How to compute gradients generically for some function (if we had
no autograd) ?



Finite difference method:

of T f(Xaw\{Wd}>Wd+6)_f(Xaw\{Wd}7Wd)
Ev (w) = Imz)
Wy e— €
~ f(XaW\{Wd}7Wd+€)_f(X,W\{Wd},Wd)

note: better is however:

of - fx,w\{wg},wg+€)—f(x,w\ {wg}, wg —€)

(w) 2

aWd €



the goal

How can we compute the derivative g of a loss L(y, ygt) with

respect to parameters wy once we have aa_m};?



Outline

@ Chain rule as matrix multiplications



chain rule

© 1l-dim case: x €R, g(x) € R

h(x) = £ o g(x)

)= P28 () = ()8 0) = o (8(2)) 2 ()

© n-dim case Typically shown as:
f:R" =R, f(z,...,zm) ER
g RIS R™ g(x1,...,xq) €R™
fog(x) = f(g(x))

Ofog T Of ogr
o )= 2 52 (66N (0

Contains a non-intuitive summing: derivatives over input
components of f and over output components of g.



chain rule

© n-dim case Typically shown as:

f:R™ =R, f(zl,.. Zm) ER, g R = R™, g(xq,...,x4) € R™
8f0g 8gr
8xk Zaz, an(X)

Why this summing of columns with rows?

@ A derivative is a linear mapping of directions h onto directional
derivatives. Represented by vector/matrix-vector/matrix
multiplication *:

f(x) <= DF(x)[], DF(x)[h] = VF(x) h

© concatenation of two functions — derivative <— concatenation of
two linear mappings

f o g(x) <= D(f o g)(x)[h] = Df (g(x))[v], v = Dg(x)[h]



chain rule

ofog of g
— ()= (8(x) —
Oxy Oz, Oxy

r=1

Why this summing?

O]

©

A derivative of one function is a linear mapping of directions h:
f(x) <= Df(x)[], Df(x)[h] = VFf(x)*h

concatenation of two functions — derivative <— concatenation of two
linear mappings:

f o g(x) «— D(f o g)(x)[h] = Df (g(x))[v], v = Dg(x)[h]

since linear mapping +— vector/matrix-vector/matrix multiplication
(between the gradient and direction vector h),

the concatenation of two linear mappings <— matrix-multiply as well
between the matrices defining both gradients and the direction vector h:

D(f o g)(x)[h] = Df (g(x))[v] = VF(g(x)) x v,v = Dg(x)[h] = Vg(x) » h
~ "Vf(g(x)) x Vg(x) = h"
D(f o g)(x)[] = "Vf(g(x)) x Ve(x)



chain rule

m

Ofog of ogr
— 2 (x X

= — (g(x
Ox Oz, Oxy
r=1

Why this column-row type summing?

@ A derivative of one function is a linear mapping of directions h. concatenation of two functions — derivative
will be a concat of two linear mappings

f(x) <> DF(x)[], DF(x)[h] = VF(x) x h
f o g(x) «=— D(f o g)(x)[N] = DF(g(x))[v], v = Da(x)[]
© since linear mapping <— vector/matrix-vector/matrix multiplication
(between the gradient and direction vector h),

the concatenation of two linear mappings <— matrix-multiply
(between the matrices defining both gradients) as well:

D(f o g)(x)[h] = Df (g(x))[v] = Vf(g(x)) x v,v = Dg(x)[h] = Veg(x) x h
"Vi(g(x)) * Ve(x)* h”
D(f o g)(x)[] = "V£(g(x)) x Ve(x)

Q

() explanation for why ...? matrix multiply causing multiplication of columns
(left side) with rows (right side)



chain rule as matrix multiplication

f:R" >R, f(z,...,zm) ER
g: RIS R™ g(x1,...,x4) €R™
fog(x )—f(g( )

of o g f 8g,
e ¢ Z 0z e )
— VA(g(x)). g ()
Sy = )
= 8;:kg E_: ke Ve = (4 % V)i

See: the k-th partial derivative is the k-th component of
matrix-vector product J x v, % explicit for matrix multiplication



chain rule as matrix multiplication

f:R" >R, f(z1,..

., Zm) ER
g R 5 R™ g(x1,...,x4) €R”
Foglx) = F(g(x)
POE )= 3 () 2 ()

r=1

v, = VF(g(x)), == g—zfr(g(x))

._ Oer
Jir = e (x)

(1) = 6f g( )—ij,v,— (J* V)i
85;’1 (x)
vectorize: = = Jx v = by definition Jx Vf(g(x))
35;’” (x)



chain rule as matrix multiplication

f:R" >R, f(z,

cesZm) ER
g: R =R g(x1,...,xs) €R”
Ofog, . <= Of g, \ w— B
e )= Dp £0)) 5 (x) = Zl Jirve = (I * V)
G (x)
= = J*Vf(g(x))
B (x)
© by definition: %f_;g(x)
: = V(fog)(x)
5 (x)

©  what is J?



chain rule as matrix multiplication

f:R" >R, f(z1,...,zZm) ER
g: RIS R™, g(x1, ..,Xd) €R"

afog( )= 8f g(x ))Bgr

by
S| | = Yren = 4x vrek)

of
Wodg(x)

& what is J? J P2 28 (),

Ay
%ﬂ;{(x)w..’zd_%(x)
o 98m
= J=J© = axz(x),-..’a (x)

(x) = Z Jirve = (J# V)i

= (Vgl(x), ey

Oxg

F) Jacobi-matrix (or its transpose)
EL(x),..., axd <Em ()



Gradient vs Jacobi-Matrix

@ function f maps onto real numbers (f(x) € R)
& apply V, Derivative: gradient

f(x1,...,xq) € R=Vf(x) = : is the gradient
2 (x)

@ function g = (g1, -..,8m) maps onto vectors (g(x) € R™)
& apply V to each component gy, Derivative: Jacobi-matrix.

Jacobi-Matrix J(&)

is just a name for the matrix (Vgi(x),...,Vgm(x)) of
concatenated gradients for each output component g; of
g =(g1,-..,8m) (applied V to each output component)
The definition is transposed sometimes!




Gradient vs Jacobi-Matrix

Next step: How can the chain rule be efficiently implemented using
linear algebra?



chain rule as matrix multiplication

f:R™" >R, f(z1,...,zm) €ER

g RIS R™ g(x1,...,xq) € R

Ofog, | <. Of ogr

8—Xk(X) = rz::l 8zr(g(x))8_xk(x)

BE() 5(e()
= : = (Vgl(x), . .,ng(x)> *

T (x) 2 (s(x)

= V(fog)(x) = (Vai(x), -, Vam(x)) * VF(g(x))



the result (1): chain rule in matrix form

chain rule n-dim case as matrix multiplications

assume:

f:R™ - R,f(x) €R
and if Vf is a column vector and if g is a row vector
g R R™ g(x)=(g1,---,8m) ER™
then: V(f o g)(x) = (Vai(x), Vga(x),...,Vem(x)) x VI(g(x))
= (inner function g gradients) x (outer function f gradients)

Mind here that the shapes must be correctly in this form — gradients are
assumed to be column vectors: g.shape = (1, m). (Vg;).shape = (d,1) is
a column vector.

If instead we would have g.shape = (m, 1), (Vf).shape = (1, m), and
gradients are row vectors instead: (Vg;).shape = (1,d), then J and Vf
are transposed to the above (!), then one has to use ... see next slides



towards: chain rule in matrix form (transposed version) |23

if gradients are row vectors instead:

If instead we would have g.shape = (m, 1), (Vf).shape = (1, m), and
gradients are row vectors instead: (Vg;).shape = (1,d), then J and Vf
are transposed to the above (!), then one has to use

Vgi(x)

\Y% 2\ X
V(o g)) = Trg00) x| 0 | = w0 1@

Vgr;(X)



gradients as column or row vectors?

How to remember that? consider the shapes:

f:R"— R, f(x) eR, VF(x) eR™
g:RY— R™ g(x) € R™, Vg(x) = J& e R™

if gradients are columns: Vfog ~ (d,1), Vf ~ (m,1)

(d,1) =(d, m) % (m, 1) only one way for J
V(fog)lx)  =(Vau(x), Ver(x),..., Vem(x)) » VF(g(x))

if gradients are rows: Vfog ~ (1,d), Vf ~ (1, m)

(1,d) Z(1, m) % (m, d) transpose of the above
&0
V(Fog))  =Vilgl) x|

Vg;(X)



the result (II): chain rule in matrix form (transposed

version)

if gradients are row vectors instead:

chain rule n-dim case as matrix multiplications (transposed version)

f:R™ - R, f(x) eR

&1
ifg:RY—R" g(x)=| : | € R™is a column vector and if
8m
. of of
Vf = is a row vector (Txﬁ’%)
Vgl(x)
Vgg(x)
then: = V(fog)(x) = Vf(g(x))*J = Vrf(g(x))* _

Vgm(x)

= (outer function f gradients) x (inner function g gradients)




chain rule for more than two functions in linear algebra |26

Now: Chain rule for more than two functions using linear algebra
(without any neural networks)?

assume: gradients are column vectors here. Then:

V(fog)(x) = (Vai(x), Vea(x), - .., Vem(x)) x VF(g(x))
= (inner function g gradients) x (outer function f gradients)

This chains to more than two functions:

V(fogot)(x)=Vt(x)*V(fog)t(x)) =
= (Vti(x),, .., Via(x)) * (Var(t(x)), - -, Vem(t(x))) x V(g(t(x)))
= (inner gradients) x (mid gradients) * (outer gradients)

= (inner gradients)|, x (mid gradients)y(,) * (outer gradients) s(¢(x))



Outline

@ Backpropagation



Backpropagation computes gradients via chainrule along the
(directed) edges in the neural network graph.
Backprop = chainrule on a DAG



What is backprop?

Executing chainrule along a directed graph.

(21,22, 28) = y=

layers FO @, 2 = fO) O 0, = o)

Zy

= 7 ... compute directly
Z w;zi + b
i

=w;fori=1,2,3



What is backprop?

Executing chainrule along a directed graph.

(21,20, 23) = y=

FO @™, 2 = f@)  fO@0O), 2= f0)
Z;

more =
Oz4 @ o
layers 9oy
T a z, ‘/6 921
o A
! _- 2 -v Dzy z,
OzaN, (322

d
'
. 0z4
I\ N Z; Zs N
Vs
\ K A Z; dy
‘- @ Bz3

oy _dyom Oy oz Oy o
824 - 321 324 622 (924 823 824

layers




What is backprop?

Executing chainrule along a directed graph.

(21,20,23) = y=
FO@®, 2= fG)  fO@O), ;= f4)

layers

Oy _ 977 Oy _ Oy 9zn | Oy 9z | Oy Iz
Ozs ~— " 825 - 321 325 + 0z Ozs + 823 825
© Note the flow: each edge zx — z; has a partial derivative az, flowing
backwards

© each path (e.g.zs — y) is the product of its associated edge terms
oz

Oz "



What is backprop?

(21,22,23) = y=
FO W,z = fO)) fOWO), ;= )

layers

Learning goals

© Note the flow: each edge zx — z; has a partial derivative %‘f
flowing backwards

© each path (e.g.z4 — y) is the product of its associated edge
terms 2%
Ozk

© In particular it is the product of the last edge with the
product at the last node :)

Nlmins vrmis movm vt it~ lmamrh o mrmmm et mm ~tm st ~atm o~ o~ DDAC ~var



What is backprop?

Executing chainrule along a directed graph.

(21,20,23) = y=
f@ (w("),z = f(S)) fOW®, 2 = f@)
Z;

layers

0Oz1

—77? inci i . Oy _ Oy 0z | Oy 0z
=777 The flow principle continues: % = 9% 05 T 0% 05

irst Oy Oy Oy
at first P57 On

Oy
Oz
© how to use it: walk backwards and compute layer by layer
O]
dy Ay : oy
© then 52, P from the previous 5%
dy Oy : oy
© then D% Do from the previous 57



What is backprop?

Backpropagation first version (ignores layer structure)

1. Start at the top by finding the set of neurons z such that
the loss function directly depends on their inputs L = L(z)

(1) the graph structure of the neural net tells you which neurons
Zy give input to z

2. Then use for walking downwards (against directions of the
forward computation flow):

dL dE 0z

dzi dz Oz
b I: s.t. k gives input to / / Ls

3. next: repeat step 2. for the z, until you reach the bottom /
or until you have covered all paths backwards from E to your
weight of interest wy

oL _ dL 9z
dwk - dzk aWk

5 . Finish at the bottom by




Exercise example for backprop

z
2’6—>Z5< >< y
4 -7



Exercise example for backprop




Exercise example for backprop

25 —»20 —> 21— >Y

/’Z4< N

27 —>2g > R3—>_ Y
<5

2



What is backprop?

in practice walking down is done layer by layer

Backpropagation

1. Start at the top by finding the set of neurons z such that
the loss function directly depends on their inputs L = L(z).
Let the last layer index be M.

2. for i € range(M — 1, —1, step = —1)

dL dE 0z

Vzi € Layer, : — = S =2

s < ayer' de £ ) dZ/ azk
I: s.t. k gives input to /

3. next: repeat step 2. for the z until you reach the bottom /
or until you have covered all paths backwards from E to your
weight of interest wy

4 Finish at the bottom by dd—vék = j_zi%vf




Efficient Backprop via matrix multiplications

Important for implementation: backprop is implemented efficiently by
writing the chain rules as matrix multiplications in matrix algebra.

©
O]

Remember: () = f0(w () fU=1)) FU=1) = FU=1)(y(I=1) £0=2))
assume we have already computed the gradient with respect to
inputs to layer /: Vf(l_l)(L. o f).

want: Vf(lfz)(L- ofo f(’—l))

By slide 26:

)

VO (L0 FD o (DY = w2 f0-1) g (Lo Y

have now: Vf“_z)(L. ..o f(/—l))
iterate further down (+ reusing )

)

vf(/—3)(L o f(l—l) ° f(l—2)) _ vf(l—S) f(l_z) . Vf(l_z (L o f(l—l))



Efficient Backprop via matrix multiplications

© Remember for the network f() = f()(w() £U=1))
@ One thing to finish: we need gradients with respect to the
trainable parameters V" (L- .. o f() o £I-1))
FO) = FD (W FU=1)y
and so fU-1) = f(’_l)(w(’_l), f(/_z))
(I-1)

vf(’_z)(/_. o f o fURD)) = v el-1)  yf (Lo f)
vw(l—l)(l_ C o f(l) ° f(l—l)) — vw(l—l) f(/_l) * Vf(l—l)(L o f(l))

Backpropagation

The last two equations are the iterative version of backprop
in matrix algebra ... BUT: mind the shapes (gradients are
column or row vectors)




Why is this efficient ?

Exemplary three layer network:
PRON. f(l)(W(I),z(’_l))
y = f(3)(W(3)7 ,c(2)(W(2)7 f(l)(w(l), x)))

goal: to compute V*y — using chain rule, V*)y denotes which vector z of
variables the gradient of y is computed for.

VW(a)y — compute directly
w(2)y _ vW(2)(f(3) o f(z)) _ VW(2) PO Vf(Z) Peo)
_ VW(2) f(2) vf(2) f(a)( 3) f(z)(. ) ))
vy = v (f(3 of®P oMy = v Vf“)(f(e») o F@)
— v oM@ o f(3)(w(3),f(2)(,,,))

v

Observation

We need to have the Jacobi-matrix V" F (W FE=1( ) for com-
puting the gradients for all parameters w1 w2 w1 in |ayers
closer to the input. Backprop: compute it once, reuse it for all layers.




Single layer gradients
Piece of cake
FUD = g(FU0=2) 5 W=D 4 pU=1)) " g(.) activation
Note fU=1) is a (1, m)-shaped vector, and w{/=%) is a matrix (n, m) , and

fU=2) is 3 (1, n)-shaped vector.

Consider a single output neuron fU=1[0, k] of the layer fU/~1):
then: FU1[0, k] = g(F'=2 « wl=V[: k] + bUV]0, K])

v =00, k] =7

v+ VLA £0-1[0, k] =7 the two red must match

oFi-D[0,k]
Z A (I-2) (I=1)y. (I-1) (I-1)

ofi-Do,K
O 10Kl or(p-2) =D, ] 4 pU-D[0, K])FU-2)
= S g = & WK+ b0k,

oft=Yo, k] .
or UKL rp=2) (=D kK p(1-1)
an 96000, K] g'(f *w + Y70, k])



Outline

® Autograd



The computational graph

A directed-graph representation of computations done.

What is a computational graph?

(X)) =xy%5x,+x3%%4 f(X) =2 +2y

~



The computational graph

Forward pass: the actual computation

Forward propagation

f) =x1%x+x3xx, f(X)=2+2,




The computational graph

Backward pass: computing derivates

Backward propagation

What if we want to get the derivative of f with respect to the x1?
o) _ Of 0z _
FE) =xy %22 + X3 %%, f@) =2z +2z Ox; 0z ox,

Green number: Forward propagation
Red numbers: Backward propagation




autograd

What ? Automatic differentiation with respect to variables used in
computations.

You can define a sequence of computations, then call .backward ()
or torch.autograd.grad(...). see autograf2.py,
print_computationalgraph.py

When 7

@ If tensors are leaf tensors and have the requires_grad=True
flag set, then they are marked for tracking operations along
the computation sequence for later gradient computation.

© leaf tensor: not created as the result of an operation but
defined by you as an input.

https://pytorch.org/tutorials/beginner/blitz/autograd_tutorial.
html#sphx-glr-beginner-blitz-autograd-tutorial-py


https://pytorch.org/tutorials/beginner/blitz/autograd_tutorial.html#sphx-glr-beginner-blitz-autograd-tutorial-py
https://pytorch.org/tutorials/beginner/blitz/autograd_tutorial.html#sphx-glr-beginner-blitz-autograd-tutorial-py

autograd

if e is a tensor with 1 element, then e.backward() com-

putes the gradient of e with respect to all its inputs that were
involved in computing e.

see print_computationalgraph.py: the whole backward graph



autograd

if e is a tensor of n > 2 elements, then the gradient of e is a
matrix, the Jacobi-matrix. Example for 3 elements:

e = (e1, e, €3)

de;  dey dey
dx1 dxy dxy
dey  de dey
dxo dxo dxo

de/dx = | de dey des

dxg dxg dxg

dey dey des
dxp dxp dxp



autograd

if e is a tensor of n > 2 elements, then the gradient of e is a matrix, the
Jacobi-matrix.
In this case: (for an example where e has 3 elements)
e.backward(torch.tensor([-5,2,6]) ) computes the D-dim
weighted gradient vector
de1 d de3

*(—5)+ — o * 2+ o *6
ey (— 5)—|—d“"2 *2—{-—6’1*6
oy (— 5)+d62 *2+de3 *6

=1 4 de
df(; (5)+d§§*2+£*6

del*( 5) + 62*24—%*6

dXD

This is an inner product between the jacobi matrix and a vector that has
as many elements as e in the forward pass.



autograd

© Autograd tracks the graph of computations

© Tracked computations will be used to compute a
gradient automatically

© use with torch.no_grad(): environment to not
record computations for gradient calculations for some
larger block of code that is reused

© use case for with torch.no_grad() :: everything
outside of handling training data, e.g. computing
validation or test predictions/ scores.?

Why you dont want to track gradient computations in this case?




autograd

with torch.no_grad():

© use with torch.no_grad(): environment to not
record computations for gradient calculations for some
larger block of code that is reused — use case:
everything outside of handling training data, e.g.
computing validation or test scores.?

© source of mistakes: every computation outside of a
with torch.no_grad(): environment will be used to
compute gradients, and in the end to update
parameters (e.g. predict on validation data).

© outlook: for GAN-training sometensor.detach()
prevents the gradient flowing from sometensor to all
those modules/variables used to compute sometensor.

“Why you dont want to track gradient computations in this case?




autograd

Note: If you have a tensor with attached gradient, then the .data
stores the tensor values, and .grad.data the gradient values

vals=x.data.numpy() #ezports function wvalues to numpy
g_vals=x.grad.data.numpy() #ezports gradient values to numpy



Outline

@O The problem of gradient flow



the vanishing gradient

Here | like to show that for classical neural networks the size of the gradient can
become very small for layers close to the input.
Consider the following NN:

Z;
(o p— _,@_,@ z, 2 _)

Z3
8L o 8/. 821 622 8L 821 823
0z 02102, 0z 021 023 07
(9L o BL 821 822 824 8L 821 823 624
9z 02102 024 075 021 0z; 024 0zs
oL _ oL 521 (922 5'24 (925 oL 821 823 (924 325
9z 971 0z 0z 05 926 921 0z3 024 025 926
8L _ 8L 821 822 324 825 82,,_1 8L 821 823 824 825 82,,_1
0z, 021020z 0250z =~~~ 0z 0210202 02026 0z,

The partial derivatives are sums of chains of products. For neurons close to the

input these chains are longer.



the vanishing gradient

Now lets consider a classical neural network neuron with a sigmoid

activation
71 = tanh(wiazp + b)
% = tanh' (w122 + b)wip = (1 — tanh’(wi2z, + b))wiy
2

(1 — tanh®(wiazz + b)) is 1 at zero, otherwise quickly dropping to zero.
Weights are usually initialized to be random values close to zero. Most of
the time, such a derivative will be smaller than 1 in absolute value.

Multiplying long chains of values in (—1,+1) quickly drops to zero:
0.5* = 0.0625, 0.5 ~ 0.001, 0.5%° ~ 0.000001,0.1° etc

In theory also gradient explosion may occur, if weights are set to large
values.

The implication? Gradient updates far from the output can get very
small.



the vanishing gradient

one challenge in deep learning

In total this raises three problems:

© the gradients may become very small. Small gradients
— small weight updates, slow learning

© the sizes of gradients will highly vary between neurons
in a NN. So update speeds will vary across the network

© if used sigmoids as activations, a saturated sigmoid will
result in a gradient close to zero, thus killing gradients
along the whole chain downwards(see ReLU, leaky
ReLU as alternatives)

One key challenge in deep learning is to maintain gradient
flow so as to be able to update weights quickly, and at ap-
proximately the same speeds across the whole network




Outline

@ Neural network initialization



neural net init

http://neuralnetworksanddeeplearning.com /chap3.html#
weight_initialization
https://www.youtube.com/watch?v=6by6Xas_Kho


http://neuralnetworksanddeeplearning.com/chap3.html#weight_initialization
http://neuralnetworksanddeeplearning.com/chap3.html#weight_initialization
https://www.youtube.com/watch?v=6by6Xas_Kho

neural net init

have to initialize neural network values so that gradient flows well
at initialization. How to?

© symmetry breaking
@ right scale of weights

Current standard for convolution layers in ReLU-type networks is
Kaiming He et al. 2015 https://arxiv.org/pdf/1502.01852.pdf


https://arxiv.org/pdf/1502.01852.pdf

neural net init

Initialization for ReLU networks

) set biases to zero b =10
© initialize weights as random values for symmetry breaking

© conv layers: draw weights from a normal with standard

deviation equal to o = /2

wy ~ N(0,0?)

© later: use transfer learning instead of training with random
init




neural net init

Initialization for pReLU networks

( set biases to zero b =10
© initialize weights as random values for symmetry breaking

© conv layers: draw weights from a normal with standard

deviation equal to o = ,/ﬁ where a is the negative
slope

wy ~ N(0,0?)

© later: use transfer learning instead of training with random
init




neural net init

what is n for conv layers?
© either kernelsize(h)* kernelsize(w) * input_channels
@ or kernelsize(h)* kernelsize(w) * output_channels
what is n for linear layers ?
© either input_channels

© or output_channels



neural net init

if we use pReLu/ leaky ReLU with negative slope a:

g(z) = 1[z > 0] — al[z < 0]

conv layers: o = ’/(IT%-:W

wy ~ N(0,c?)



neural net init

https://pytorch.org/docs/stable/nn.init.html

torch.nn.init.kaiming_normal_(tensor, a=0, mode='fan_in', nonlinearity='leaky_relu')


https://pytorch.org/docs/stable/nn.init.html

Neural Net initialization: symmetry breaking

The weights of different neurons should be initialized with
asymmetric values. Reason: allow different neurons to learn to
become detectors for different structures.

Next: show that non-randomized initialization can result in
symmetries. Then different neurons keep same weights — same
function.

Consider a fully symmetrically initialized neural network:

Wi3

W23 \

Zs
Wig

) )———>(2Z) Was
W24



Neural Net initialization: symmetry breaking

© If wiz = wig and woz = wng, then the neuron
activations of z3 and z; are the same. If now
s also wss = wys, then we would have
@———»@ Was identically gradient updates for wy3 versus
\ -

Wa3
wig, as well as for woz versus woq.
Wig

2> (2) Was © then: the weights of wy3 versus wyy change in
the same way, during learning it stays
wi3 = wig and z3 vs z4 nevers learns
something different from z



Neural Net initialization: symmetry breaking

OL _ L0z 9z 0L _ 0L 0z 0z
8W13 B 825 823 6W13, 8W14 - 825 824 8W14

825
/

—— = 0 (w3523 + Wa524)W3s
823
825

!

—— = 0 (w3523 + Was24) W34

624
825 825
W3s = W3q = n— = -— !l
3 823 824
2y )/ 23 W
O ONE 02
23
s z D o' (wizz1 + wazzp)z;
13
@T_) 24 ) Was az
24 4
= 0'(wiaz1 + wuz)zy

Owyy

823 _ 624
Owis  Owna

W13 = Wi4, Wo3 = W4 =

oL oL

Owis  Owng



neural net init

© the right scale

© idea: initialize so that the average variance of outputs is
constant in all the layers, and there is no value explosion
during the forward pass

© similar argument holds for variance of gradients in the
backward pass

see lec_initialization2.pdf for the derivation of the Kaiming-He
Intializer
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Outline

@ Monitoring of the training



Loss functions and learning rate

\
loss

too high
learning rate

low learning rate

high Ir: early plateau

good choice of Ir

>

o

epoch

@ too high Ir: if non-convergence visible on the training loss already

© high Ir: if have early plateau on train loss. learning rate decrease
scheme can help!

© good choice of Ir if visible on train loss. On val loss it can go up due
to overfitting even when Ir is set optimally



Typical results after training

Loss

— train loss.
—— validation loss

-

T

\

Accuracy

Epochs

Highest validation accuracy = 48.

7%

—

- T —

— train_acc
— validation accuracy
-~ Highest validation accuracy

Iterations

© Gap between
training error
and validation
error.

©  Need
regularization
(or more data)
to avoid
overfitting.



What is happening at the jumps?

ResNet50 Train

ResNets0 Val

Percentage (%)

70 0
— GN — &N
&0 —— GM+Eq.11 50 —— GN+Eg 1l
—— GN+Eq12 —— GN+Eg 12
50 —— GN+Eq.11812 0 —— GN+Eg 11412
£ K
2 &
5 40 5 an
o W
30 30
20 20
20 40 &0 a0 20 40 &0 a0
— SGD HB — AdaGrad — RMSProp — Adam —— Adam (Default)
0, 20
18]
15,
£ 15)
& £
i} 214
o0 o
c =
= 312
® = R 5
s 10 AT
HE: 7.74:0.25)
N 8 SGD- 7.6540.14- ——
50 100 150 200 250 0 50 100 150 200 250
Epoch Epoch

source: a paper from next lecture https://arxiv.org/abs/1903.10520

(a) CIFAR-10 (Train)

(b) CIFAR-10 (Test)

and https://arxiv.org/abs/1705.08292



https://arxiv.org/abs/1903.10520
https://arxiv.org/abs/1705.08292

The effects of learning rate decrease are drastic!

ResNet50 Train ResNet50 Val
70 0
—— GN — GN
50 —— GN+Eq.11 50 —— GN+Eg1l
—— GN+Eq12 —— GN+Eq 12
50 —— GN+Eq.11612 L0 —— GN+fallelz g
& I )
S a0 540 2
I3 £ o
& @ 5
30 30 &
20 20
20 40 &0 80 20 40 &0 a0
— SGD — HB — AdaGrad — RMSProp — Adam —— Adam (Default)
0 20/
18|
15
£ 15)
& £
i} 214
o0 o
c -
= 312
® = . g
Fs 10 AT
HB: 7.74:0.25
ol 8 SGD. 7.6540.14 a—
50 T30 150 200 250 0 50 100 150 200 250

Epoch Epoch

(a) CIFAR-10 (Train) (b) CIFAR-10 (Test)

source: a paper from next lecture https://arxiv.org/abs/1903.10520
and https://arxiv.org/abs/1705.08292


https://arxiv.org/abs/1903.10520
https://arxiv.org/abs/1705.08292

Outline

@ off-class: derivation from the viewpoint of directional deriva-
tives



Recap: chain rule

© 1l-dim case: x € R, g(x) € R

h(x) = fog(x)
Oh Ofog of og
o = = f/ / = — _—
00 = T () = Fg(x))g () = 5_(8(2) 2 (%)
© n-dim case:
recap: derivatives tell you about directional derivatives
Dg(x)[h] = Vg(x)"h
recap: derivatives define linear mappings L[-] = Dg(x)[] :
directions h onto slopes Dg(x)[h]
derivative of chained functions <+ chaining of linear mappings

Df o g(x)[h] = Df (g(x))[Deg(x)[Al]

© meaning ?
compute the directional derivative Dg(x)[h] of the inner
mapping g in direction h at point x
plug it into the linear mapping Df(g(x))[:] for the directional
derivative of the outer mapping 1



chain rule as linear mappings |78

chain rule n-dim case

for 2 functions f,g the chainrule of their concatenation
f o g(x) is given as the chaining of their linear mappings
Df(g(x))[] and Dg(x)[]] used to compute the directional
derivatives for f (in point g(x)) and g (in point x):

f:R" =R, f(z1,...,2m) eR
g :RY 5 R™, g(x1,...,xq)
=(g1(x1,---,%Xd)s -, 8m(x1,...,xq4)) €R"™
Df o g(x)[h] = Df(g(x))[ Dg(x)[h]]

afog_
an o

(el P (1)

The fact that it is a concatenation of two linear mappings <+ must
correspond to matrix multiplication of two matrices, explains why you
have to do that summing.



Towards chain rule via matrix multiplications

f:R™ =R, f(z1,...,2Zm) eR
g Rd _>Rm7 g(Xl,---,Xd)
:(gl(Xla"'aXd)a"'agm(le"'7Xd)) eRm
Df o g(x)[h] = Df(g(x))[ Dg(x)[h]]
How does this translate into linear algebra?
(%)
g(x))[u] = Zaz NVur = (v, Un) aff
E(X)

T s of (X)

uy 6_21
= ( : ) : = u" Vf(g(x))
um/  \FE(x)



Towards chain rule via matrix multiplications

directional derivative via matrix multiplications

FE(x)
Df(g(x))[u] = Z 82 x)) uy =(u1,...,Um) :
(%)
uy ! g—zi(x)
= 5 = uTVf(g(x))
Um o (x)




Towards chain rule via matrix multiplications

© g,-(x) = g,'(Xl, ..

.,Xd4) € R, Vgi is defined same as Vf for f.

Dg(x)[h] can be represented by what structure?

g(x) = (g1(x); - - - gm(x))
Dg(x)[h] = (Dgi(x)[h]; - -, Dgm(x)[h])
= (W Vai(x),h Vg (x),...,h" Vgn(x))

= | (h,.... ha)
= (..., ha)
= (hy,...

&1
Ox1

&1
Oxy
e
Ox1

&1
Oxy4

(B, ..

Oer
Ox1

g2
Oxg

,ha)(Vgi(x), Vao(x), ...

'>hd)

LT3 Dgm
Ox1 Ox1
. ,...,(h1, .,hd) :
o743 Dm
Oxy Oxy
ogm
X1
.y
Ogm
Oxy
9 ng (X))

= h"(Vgi(x), V&a(x), - .., Vgm(x))



Towards chain rule via matrix multiplications

All' | have been showing:

g(x) = (g1(x),. .. gm(x))
Dg(x)[h] = (Dg1(x)[h], ..., Dgm(x)[h])
= (h"Vgi(x),h" Ve (x),...,h" Vgm(x))
= hT(Vgl(x), Vg (x),...,Vam(x))



Derivative for a vector valued function

Dg(x)[h] can be represented by what structure for
g(x) = (a1(x), - - gm(x)?

See the analogy:

f(x) = f(x)
g(x) = (&1(x), - gm(x))
Df (x)[u] = u" Vf(x)
Dg(x)[h] = h"(Vei(x), Vea(x),. .. Vem(x))

This is the Jacobi-matrix. To remember it, simply remember it as

(Vgi(x),...,Vgm(x)) where every gradient is a column vector
og1 O Ogm
Ox1? Ox1?° """ Oxt
og1 O Ogm
Ox? Oxp? """ Oxp

(Vegi(x)y ..., Vam(x)) =



the result: chain rule in matrix form

Now we can derive the final result

D(f o g)(x)[h] = Df(g(x))[ Dg(x)[h]]
Df (g(x))[u] = uT VF(x) where u is a column vector

and UT is a row vector

Dg(x)[h] = h" (Vgi(x), V&a(x), . .., Vam(x)) is a row vector!!

© This implies that you have to plug in
hT(Vgi(x), Vga(x),...,Vgm(x)) as u” and not as u!
Therefore:

= D(f o g)(x)[h] = Df(g(x))[ Dg(x)[h]]
= hT(Vgl(X)v Vga(x), ..., Vem(x))Vf(g(x))



the result: chain rule in matrix form

chain rule n-dim case as matrix multiplications

f:RmHR,f(X)ER

g :RY — R™ g(x) =(g1,...,8m) € R”

D(f o g)(x)[h] = hT (Vg1(x), Vga(x), - .., Vgm(x))Vf(g(x))
= hT(inner function g gradients)(outer function f gradients)




chain rule vs linear algebra

D(f o g)(x)[h] = hT (Vgi(x), Vga(x), - -, VEm(x))VF(g(x))
= h' (inner function gradients)(outer function gradients)

This chains to more than two functions:

D(f o got)(x)[h] =

D(f o g)(¢(x))[ Dt(x)[h]] =

= hT(Vts(x),,- ... VEa(x))(VEr(t(x)), - .., Vem(t(x))) VF(g(t(x)))
= h' (inner f gradients)(mid f gradients)(outer f gradients)

= h' (inner f gradients) | (mid f gradients)(,(outer f gradients) z(¢(x))



Questions?!
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