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Introduction

Introduction

Suppose you want to express set membership and subsumption, i.e., e.g,
eacCnDand CCD.

You can do this is first-order logic (using predicates C and D)
e C(a) A D(a) and Vx.C(x) D D(x).

Now suppose you are afraid of variables. The only variable above is
universally quantified, so you do not really need it. Instead, use a language
that can express subsumption of concepts (which are intepreted as sets)
in a more familiar way.

If C and D are concepts, then so is C 1 D. The first-order logic formulae
above can then be expressed as follows:

e CMND(a)and CC D.
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Introduction Syntax
The concept language
ALC is the concept language constructed from

@ atomic concepts (unary predicates),
@ atomic roles (binary predicates),

and the following concept constructors:

o T universal concept

o | bottom concept

e VR.C value restriction

e dR.C existential quantification
e CUD union

e CND intersection

e -C negation

where C and D are concepts, and R an atomic role.
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Introduction Semantics

Models

Recall that a interpretation (or model)
over unary and binary predicates consists of

@ a domain A that is a non-empty set, and
@ an interpretation function 2 that maps

o individuals to the elements: a* € A
e atomic concepts to sets: A% C A
o atomic roles to binary relations: R* C A x A
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Introduction Semantics

Semantics

The interpretation function is extended to complex concepts.

o (RO} =A\C*
o (CuUD)*=cC*uD*

o (CND*=C*nD*

o (VR.C)*={xe A|R¥(x)C C*}

o (AR.O)* ={xe A|C*NR¥*x) £ 0}

For a binary relation R, R(x) denotes {y | xRy}.
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Introduction Semantics

Example

This will be our main example.
Example
We have

@ two atomic concepts Man and Woman, and
@ an atomic role hasChild.

Let A be the intepretation with
e the domain A = {Maria, Jesus}

such that our concepts and role have the following extensions:
o Woman® = {Maria},
o Man® = {Jesus},
e hasChild® = {(Maria, Jesus)},
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Introduction Semantics

Example

Given this intperpretation,

@ The extension of Man M Woman is empty: Nobody is both a man and

a woman.

(Man 1 Woman)* = Man® N Woman®
= {Maria} N {Jesus}
=0

@ The extension of Man LI Woman equals the domain: Everyone is
either a man or a woman.

(Man LU Woman)®* = Man® U Woman®
= {Maria} U {Jesus}
=A
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Introduction Semantics

Example
Given this intperpretation,

@ The extension of JhasChild.Man is {Maria}: She has a child, and
that child is a man.

JhasChild.Man® = {x € A|Man® N hasChild*(x) # 0}
= {Maria},

as hasChild®*(Maria) = {Jesus}.

@ The extension of YhasChild.Man is {Maria, Jesus}: Every child Maria
has is a man; for Jesus this holds vacuously, as he has no children.

VhasChild.Man® = {x € A |hasChild*(x) € Man®*}
= {Maria, Jesus},

as hasChild®(Jesus) = ().
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Knowledge bases  Assertions

Assertions

An assertion is of the form

e (C(a) for a concept C and individual a
e R(a, b) for a role R and individuals a and b

In order to give semantics to an assertion, we must map each individual to
the domain:

e 2% € A, such that
o a% # b% if a # b (the unique name assumption or UNA)

An interpretation £l satisfies

o C(a)ifa® e C¥
o R(a,b) if (a%, b*) € R*
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Knowledge bases  Assertions

Assertions

Let MARIA and JESUS be individuals, and map them as follows:

e MARIA® = Maria
e JESUSY = Jesus

The interpretation in our main example satisfies, e.g.,
e hasChild(MARIA, JESUS) as
(MARIAY JESUS?) € hasChild®;
e JhasChild.Man(MARIA), as

MARIA% € JhasChild.Man®.
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Knowledge bases  Terminological axioms

8

Terminological axioms

A terminological axiom is of the form, for concepts C and D,

e C C D (inclusions)
e C = D (equalities)

An interpretation 2l satisfies

e CCLDifC¥c D%
e C=DifC*=p%

The interpretation in our main example satisfies, e.g.,

@ Woman C FhasChild.Man, and

@ Man = -Woman.
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K ledge bases K ledge bases

8 8

Knowledge bases

An ALC knowledge base is a pair consisting of:

o A TBox, a finite set of terminological axioms

@ An ABox, a finite set of assertions
An interpretation 2l satisfies

@ an ABox if it satisfies every assertion in it
@ a TBox if it satisfies every axiom in it
@ a knowledge base if it satisfies both the ABox and the TBox
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K ledge bases K

ledge bases

Example

An ALC knowledge base K1 = (71, A1):
Example
TBox Tq

@ Woman C Person

@ Man C Person

@ Mother = Woman M JhasChild.Person
ABox A;

e Woman(MARIA)
e Man(JESUS)
@ hasChild(MARIA, JESUS)
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Any model of the knowledge base (71,.41) must look more or less like this:
Person

Woman Man

(The concept Mother should be a subset of Woman and include Maria)




K ledge bases Ki ledge bases

8

Example

Our main example interpretation 2 is a model of the ABox A;.

If we extend 2 to interpret Person and Mother as follows,

@ Person® = A = {Maria, Jesus} and
o Mother® = {Maria},

it becomes a model of the TBox 7i:
e Woman® - Person®

e Man® C Person®

e Mother® = Woman® N JhasChild.Person®

Thus 2 becomes a model of the knowledge base K1 = (T3, A;).
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We consider several reasoning problems, wrt

@ instance checking;
and concepts:

o satisfiability;
@ subsumption;

@ disjointness.

. assertions:



K |= C(a), meaning U satisfies C(a) for every model 2 of K.

Example:

e K1 = Mother(Maria)

@ K1 = Person(Jesus)



K ledge bases R

Concept satisfiability

Definition (Concept satisfiability)

A concept C is satisfiable wrt. T if C* # () for some model 2 of T .

Example: Man 1 —Person is

@ satisfiable wrt. the empty TBox;

@ unsatisfiable wrt. 77.
Example: Man 1 Woman is

@ satisfiable wrt. 7T7.
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K ledge bases

8

Concept subsumption

Definition (Subsumption)
C is subsumed by D wrt. T if 2 satisfies C C D for every model 2 of T.

We write 7 = C C D if C is subsumed by D wrt. T .

Example:

@ Mother is subsumed by Woman wrt. 77.

o Woman is subsumed by Woman LI Man wrt. any TBox.
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C and D are disjoint wrt. T if C* N D* = () for every model 2 of T. I

Example: Wrt. 71,

@ Man and Woman are not disjoint;

@ Mother and =Woman are disjoint.




K ledge bases R

8 8

Reducing reasoning problems to each other

In ALC, these problems can all be reduced to each other.

Subsumption

e C is unsatisfiable iff = C C L
e Cand D are disjoint iff =CNDC L

Unsatisfiability

e = CLC D iff CMM—D is unsatisfiable
@ C and D are disjoint iff C 1 D is unsatisfiable

Disjointness

e = CC D iff C and =D are disjoint
o C is unsatisfiable iff C and T are disjoint
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Knowledge bases  Modelling

Properties

@ “A person is either a man or a woman”
Person C Man U Woman
@ “No person is both a man and a woman”
Man N Woman C —Person
e “Everyone (everything) is a person”
T C Person
@ “Nobody (nothing) is a person”

Person C L
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Knowledge bases  Modelling

Domain

Observe that:
@ The domain of R% is (IR.T)%:
(BRTY! = {x € A|R*x) # 0}
In ALC you can express domain restrictions:

@ “The domain of Ris C”
dJR.TCC

@ "“The domain of having-a-brother is people”

JhasBrother. T C Person
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Knowledge bases  Modelling

Range

Observe that:

o The range of R is (AR—.T)%

@ But R~ (the inverse of R) is not part of ALC (we will see logics with

role inverse next time)
We can, however, express range restrictions in ALC:

@ "“Therange of Ris C”
TCVR.C

@ “The range of having-a-brother is men”

T C VhasBrother.Man
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The standard translation

The standard translation

Two functions 7 and  map concepts to first-order formulae.

7(A) = Ax u(A) = Ay
m(~C) = -7 (C) u(—C) = —u(C)
m(Cu D) =(C) V(D) u(CUD)=p(C)V u(D)
m(CN D) =m(C)An(D) uw(CT1D) = p(C) A (D)
7(3IR.C) = Jy(xRy A u(C))  wu(3R.C) = Ix(yRx A w(C))
m(VR.C) =VYy(xRy D u(C))  u(VR.C) =Vx(yRx D w(C))
Proposition

a% € C* if and only if 2 = 7(C)[x — al.
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The standard translation Fragments of FOL

The guarded fragment

GF is the least set such that

@ ¢ € GF if ¢ is atomic

e —peGFifpeGF

@ pViyY e GFand p Ay € GF if ¢ € GF and ¢ € GF

@ Ixi,...,xs(p Atp) € GF and ¥xy,...,x,(p D ) € GF if
e ( is atomic,

o 1) € GF, and
o FV(¢) C FV(p).

An example of a guarded formula is symmetry of a relation:

Vxy(xRy D yRx)
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The standard translation Fragments of FOL

Fragments of FOL

First-order logic (FOL) is undecidable.

But there are decidable fragments, such as propositional logic.

Other decidable fragments include:
o The two-variable fragment (NEXPTIME-complete)
o The guarded fragment (2EXPTIME-complete)
o The guarded fragment where the number of variables or the arity
of relations is bounded (EXPTIME-complete)

The standard translation maps concepts to the guarded two-variable
fragment, e.g.,

JR.IRIR.A 5 Fy(xRy A Ix(yRx A Jy(xRy A Ay)))

@ Hence satisfiability of ALC is in EXPTIME.
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Tableaux Negation normal form

Tableaux

Any concept can be put on NNF using the following rewrite rules.

-—C—=C
-(CND)—=-Cu-D
-(CuDbD)—-Cn-D
=(3R.C) = VR.-C
-(VR.C) - 3R.-C

If we go via FOL, it is easy to see that, e.g.,

e —Vy(xRy D Cy) is equivalent to Jy(xRy A —=Cy).
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Tableaux Rules

Tableaux

@ The tableaux calculus operates on assertions on NNF.

@ A branch is closed if both C(a) and —=C(a) occurs for some concept
C and individual a, e.g., the right branch below:

DU (CN=C)a)
/\
D(a) C|_|—|C(a)
C(a)
~C(a)

X

@ The rules are as follows; S denotes the branch.

@ The preconditions ensure that the rules can be applied at most once
to each assertion.
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e If C(a) ¢ SorD(a) ¢85,

o If C(a) € S and D(a) ¢ S,




o If C(b) &S,

VR.C(a)
R(a, b)
C(b)

o If C(b) ¢ S or R(a,b) ¢S, for every b,




Tableaux Example

Example

o What is the relationship between the following?

o 3R.CN3IR.D
o IR.(CTID)

@ Do they subsume each other?
o We first check if

3R.CM3R.D T 3AR.(C M D),

e equivalently, if 3R.C M 3IR.D N VR.(-C L —D) is unsatisfiable.
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Tableaux Example

Example
JR.CN3IR.DNVR.(-CU-D)(a)
JR.C(a) : :
3IR.D(a) @ No rules are applicable to this
VR(_‘CU _|D)(a) tableau.
C(b) @ One branch is not closed.
R(a, b) @ We can contruct a
D(c) countermodel.

R(a;c) o A={ab,c}
~Cu-D(b) o R*={{a,b),(a.0)}
~CU=D(c) o C¥={a}

N o D* = {b}
-C(b) —D(b) @ Then

x N e ac (IR.CNIR.D)*

o a¢ (R.(CN D)X
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@ We have shown that it is not the case that

JR.CN3R.D C IR.(CTID).
@ Next we check if
dR.(CND)C 3IR.CN3IR.D,

e equivalently, if 3R.(C 1 D) N(VR.-C UVR.=D) is unsatisfiable.



Tableaux Example

Example

3R.(C M D) 1 (VR.~C UVR.~D)(a)
AR.(C 1 D)(a)

VR.-CUVR.~D(a) @ Every branch is closed.

C 11 D(b)
R(a, b) @ Hence
C(b) JR(CN D)N(VR.-CUVR.-D)
D(b) is unsatisfiable.

/\ o Equivalently:

JR.(C M D) is subsumed by
vR.~C(a) VR.~D(a) 3R.CM3R.D.
—C(b) -D(b)
X X
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