dy - Yn+1 — Yn

dt At

f(Xn)

=0 = xapa=xa =g 5

simula



f(x) =sin(x) x €[0,n]

Problem:
Infinite number of values of x.
How to store f(x) ?
Computers are finite.

Solutions:
© Compute sin(x) when you need the value for
a specific x.
@ Store f(x) in a number of points and then
interpolate in other points.

simula



.
Suppose we want to generate a plot of the sine function for
values of x between 0 and «. To this end, we define a set of

x-values and an associated set of values of the sine function.
More precisely, we define n + 1 points by

xi=ihfori=0,1,...,n

where h = 7/n and n > 1is an integer. The associated function
values are defined as

si =sin(x) fori =0,1,...,n.

simula



fromscitools.std inport =

n = int(sys.argv[1])
x = linspace(0, pi, n+l)
s = sin(x)

pl ot (x, s, legend="sin(x), n=%l’" %n, hardcopy='tnp.eps’)

simula
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n=20

Plots of sin(x) with various n.

simula

n =100



How do we ¢ mmte\these?

simula



.
How do we compute values of a straight line between two given

points?
Given (x1,y1) and (X2, y2):

simula



How do we generalize this?

Yo

Y
Yo

y(X) =Yo+

z(x)=y1+

T 1 T
X
Y1 —Yo (X — Xo)
X1 — Xo

Y2— Y1
Xo — X1 (X _Xl)

simula



Assume that we know that a given x* lies in the interval from
X = Xk to Xk11, where the integer k is given. In the interval
Xk < X < Xg+1, we define the linear function that passes
through (x, sk) and (Xk+1, Sk+1):

Sk+1 — Sk (x

Sk(X) = sk +
x) Xk+1 — Xk

— Xk).

That is, Sk(x) coincides with sin(x) at x, and xx1, and
between these nodes, Sy (x) is linear. We say that Sy (x)
interpolates the discrete function (x;, s;)’_, on the interval
[Xi s Xic-1]-

simula



(20, 50)

simula



from nunpy inport =
i mport sys

xp = eval (sys.argv[1])
n = int(sys.argv[2])

def S k(k):
return s[k] +\
((s[k+1] - s[Kk])/(x[k+1] - x[k]))*(xp - x[Kk])

h = pi/n

x = linspace(0, pi, n+l)

s = sin(x)

k = int(xp/h)

print 'Approxinmation of sin(%): ' %xp, S_k(k)
print 'Exact value of sin(%): " % xp, sin(xp)
print 'Eror in approximation: ", sin(xp) - S_k(k)

simula



To study the approximation, we put x = v/2 and use the
program eval _si ne. py forn = 5,10 and 20.

eval _sine.py 'sqgrt(2)’ 5
Approxi mation of sin(1l.41421356237): 0. 951056516295

Exact val ue of sin(1.41421356237): 0. 987765945993
Eror in approximation: 0. 0367094296976

eval _sine.py 'sqrt(2)’ 10

Approxi mation of sin(1l.41421356237): 0. 975605666221
Exact val ue of sin(1.41421356237): 0. 987765945993
Eror in approximation: 0.0121602797718

simula



eval _sine.py ’sqrt(2)’ 20

Approxi mation of sin(1l.41421356237): 0.987727284363
Exact val ue of sin(1.41421356237): 0. 987765945993
Eror in approximation: 3. 86616296923e- 05

Note that the error is reduced as the n increases.

simula



You have heard about derivatives. Probably, the following
formulas are well known to you:

d sin(x) = cos(x)

dx
d 1
dx In(x) = ~
d m __ m—1
&X = Mmx

simula



Why is differentiation so important? The reason is quite simple:
The derivative is a mathematical expression of change. And
change is, of course, essential in modeling various phenomena.
If we know the state of a system, and we know the laws of
change, then we can, in principle, compute the future of that
system.

simula



The mathematical definition of differentiation reads

#(x) = Ii%w.

Approximation:

f(x +h) —f(x)

/ ~
f'(x) = h

for small h > 0.

simula



Consider f(x) = sin(x) and the associated derivative
f’(x) = cos(x). If we put x = 1,we have

/(1) = cos(1) ~ 0.540,
and by putting h = 1/100 in (16) we get

1+1/100) —f(1) _ sin(1.01) —sin(1)

1/100 0.01 ~0.536.

f'(1) ~ f(

simula



def diff(f, x, h):
return (f(x+h) f(x))/float(h)

frommth inport =
i mport sys

eval (sys. argv[1])
eval (sys. argv[2])

X =
h =
approx_deriv = diff(sin, x, h)
exact = cos(x)

print 'The approxi mated val ue is:
print 'The correct value is:
print 'The error is:

Running the program for x = 1 and h = 1/1000 gives

Ter m nal

approx_deriv

exact
exact

approx_deriv

forward_diff.py 1 0.001

The approxi mated value is: 0.53988148036

The correct value is:
The error is:

0. 540302305868
0. 000420825507813

simula



.
Frequently, we will need finite difference approximations to a
discrete function defined on a mesh. Suppose we have a
discrete representation of the sine function: (x;, sj)l_,. We want
to compute approximations to the derivative of the sine function
at the nodes in the mesh. Since we only have function values at
the nodes, the h must be the difference between nodes, i.e.,

h = x;.1 — X;. At node x; we then have the following
approximation of the derivative:

Sji+1 — S
Z| - h bl

fori=0,1,...,n—1.

simula



fromscitools.std inport =

n int(sys.argv[1])

pi/n

l'i nspace(0, pi, n+l)

si n(x)

zeros(len(s))

i in xrange(len(z)-1):

z[i] = (s[i+1] - s[i])/h

# special fornmula for end point_
z[-1] = (s[-1] - s[-2])/h

pl ot (x, 2z)

N W0 X o

o

S

xfine = linspace(0, pi, 1001) # for nore accurate plot
exact = cos(xfine)

hol d()

pl ot (xfine, exact)

| egend(’ Approxi mate function’, ’'Correct function’)

title(’ Approxi mate and discrete functions, n=%’ % n)

simula



n=20 n =100
Plots for exact and approximate derivatives of sin(x) with
varying values of the resolution n.

simula




OO0
f(xo+h) =~ f(xo)

f(XO + h) ~ f(Xo) + hf,(Xo)
2

fxo+h) = f(x0) + hf'(X0) + 1" (xo)

v,
f(Xo + h) ~ f(Xo) + hf/(Xo) + ?f”(Xo) + Efm(Xo)
h? h3 h4
f(XO + h) ~ f(Xo) + hf/(Xo) + ?f”(Xo) + Ef”/(XO) + ﬂf””(XO)
n k
f(xo+h) =~ h_,f(k>(x0)
k=0

simula



OO0
We observed aboved that

F(x) ~ f(x + hr: —f(x)'

By using the Taylor series, we can obtain this approximation
directly, and also get an indication of the error of the
approximation.

f(x +h) = f(x) + hf’(x) + O(h?),
and thus

7(x) = f(x + h|2 —f(x) +o(h), )

simula



We can also use the Taylor series to derive more accurate
approximations of the derivatives.

f(x +h) mf(x)+hf’(x)+h?zf”(x)+0(h3). 2)
By using —h instead of h, we get
f(x —h)mf(x)—hf’(x)+h;f”(x)JrO(h?’). (3)

By subtracting (3) from (2), we have
f(x +h) —f(x —h) = 2hf'(x) + O(h®),
and consequently

F(x) = f(x + h)z—hf(x —h) +o(h?). @

simula



Note that the error is now O(h?) whereas the error term of (1)
is O(h). In order to see if the error is actually reduced, let us
compare the following two approximations

_f(x+h)—1(x)

f/(x) ~ . andf/(x)mf(x-l_h)_f(x_h)

2h

by applying them to the discrete version of sin(x) on the interval
(0, 7).

simula
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n=20 n =100
Plots of exact and approximate derivatives with various number
of mesh points n.
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.
Suppose we want to compute a numerical approximation of the
solution of

u'(t) = u(t) (5)
equipped with the intial condition

u(0) = 1. (6)

We want to compute approximations from time t = 0 to time
t = 1. Letn > 1 be a given integer, and define

At=1/n. (7)
Furthermore, let ux denote an approximation of u(tc) where
ty = kKAt (8)

fork =0,1,...,n.

simula



.
The key step in developing a numerical method for this

differential equation is to invoke the Taylor series as applied to
the exact solution,

U(tirr) = u(t) + Atu'(t) + O(At?), 9
which implies that

U(tkr1) — u(t) ‘

U/(tk) ~ At (10)
By using (5), we get
u(tk—i-l) - U(tk) ~ U(tk). (11)

At

simula



.
Recall now that u(ty) is the exact solution at time ty, and that ug
is the approximate solution at the same point in time. We now
want to determine uy for all k > 0. Obviously, we start by
defining
up = u(0) = 1.
Since we want uy ~ u(ty), we require that uy satisfy the
following equality

Uk+1 — Uk
AT Uk (12)

motivated by (11). It follows that
Ukr1 = (1 + At)u . (13)

Since ug is known, we can compute uq, U, and so on by using
the formula above.

simula



def conpute u(uO T, n):

"Sol ve u’ (t) u(t) u(0)=u0 for t in [0, T] with n steps."
li nspace(0, T, n+1)
0

—_—

0] =
= zeros(n+1)

0] = u0

= T/fl oat(n)

k in range(0, n, 1):
u[ k+1] = (1+dt)*u[K]
t[k+1] = t[k] + dt
return u, t

t
t[
u
uf
dt
for

fromscitools.std inmport =
n = int(sys.argv[1])

# special test case: u (t)=u, u(0)=1, t in [O,1]
T=1, u0o =1

u, t = conpute_u(u0, T, n)

plot(t, u)

tfine = linspace(0, T, 1001) # for accurate plot
v:ep(tflne) # correct solution
plot(tfine, v)

simula



n=20 n =100
Plots of exact and approximate solutions of u’(t) = u(t) with
varying number of time steps in [0, 1].

simula




OO0
| = Infectives — Have the disease and are able to transmit it.
S = Susceptibles — May catch the disease.

A system of differential equations modelling the evolution of S
and | is given by

S’ = _rsl,
I”=rSI — al.

Here r and a are given constants reflecting the characteristics
of the epidemic. The initial conditions are given by

S(0) = So,
1(0) = lo,

where the initial state (So, lp) is assumed to be known.

simula



.

Suppose we want to compute numerical solutions of this

system from timet = 0tot = T. We introduce the time step
At=T/n

and the approximations (S, lx) of the solution (S(tk), I(tk)). An
explicit Forward Euler method for the system takes the following
form,

Sk+1 — Sk

= —rSl
At klk,
k1 —
————— =Syl —al
At klk k>

which can be rewritten on computational form
Sky1 = Sk — AtrSly,
Ik—|—1 =l + At (rSka — alk) .

simula



We want to apply the program to a specific case where an
influenza epidemic hit a British boarding school with a total of
763 boys. The epidemic lasted from 21st January to 4th
February in 1978. We let t = 0 denote 21st of January and we
define T = 14 days. We put Sg = 762 and Iy = 1 which means
that one person was ill att = 0. In the figure we see the
numerical results using r = 2.18 x 1072, a = 0.44,n = 1000.
Also, we have plotted actual the measurements, and we note
that the simulations fit the real data quite well.

simula




Numerical Solution
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(a) (b)
Graphs of (a) susceptibles and (b) infectives for an influenza in
a British boarding school in 1978.

simula



.
The heat equation

Ut = Uxx, (14)

defined on the interval x € (0,1), and for t > 0, with boundary
conditions

u(0,t) =u(1,t)=0 (15)

can be solved analytically for virtually any initial condition

u(x,0) = f(x), (16)

where f(x) is a given function defined on the interval (0, 1).

simula



.
Let us start by introducing a computational mesh. Suppose
M > 0 is a given integer, and define

xi =i/(M+1)

fori =0,...,M + 1. We note that xo = 0, and that xy ;1 = 1.
These two points define the spatial boundary of the
computational mesh, and we know that the solution is zero in
these points for all time. Next, we assume that we want to
compute the solution for t ranging fromt =0tot =T, where

T > Ois given. Let N > 0 be a given integer, and define a set of
discrete points in time:

Here we note thattg = 0,andty =T.

simula




.
Our task is to compute an approximation of the exact solution of

the heat equation given by the function u = u(x,t). We seek

such an approximation in the discrete points given by (x;, t,) for
i=0,...,M+1andn=0,...,N. Letu” denote an

approximation of u(x;,t,). Then we easily see from the

boundary conditions that

n_ . n _
Up = Uymtg =0

forn=0,...,N. Thus, at the boundary, we just evaluate the
exact boundary conditions so there is ho approximation
involved. Similarly, at time t = 0, we have the initial conditions,
and therefore we set

ul = f(x)

fori=1,...M.

simula



.
In order to use the Taylor series in space and time, we need the
space-step which is given by

AX =Xji 1 — X = ———
i+1 i M + 1’
and the time-step given by

T
At =t —th=—.
n+1 n N
The Taylor series in time applied to the analytical solution

implies that

U(Xiatn—&-l) — U(Xi,tn)
At

Ut(Xi, th) = + O(At),

Similarly, we have
U(Xi—btn) - ZU(Xi;tn) + u(Xi+17 tn)

simula




From the governing partial differential equation it follows that in
each computational point we have

Ut (Xi, th) = Uxx (Xi, tn), (17)

and thus

U(Xi—1,tn) — 2u(Xi,th) + U(Xit1, tn)
Ax?2

U(Xiatn+1) B U(Xivtn)

2
AL +0(AX7)

+O(At) =

Since this holds for the analytical equations, we define our
numerical scheme by requiring that the following identity holds

simula



n+1 n n _ n n
urmtt =t Uil 2u; +ul

At Ax2
We can condense the expressions by defining a mesh
parameter
At
P=axz

Solving for u* yields
U (U - 200+ uly)

which can be written even more compactly as

n

1= p (Ul U)o+ (1 20 .

Note that if the numerical solution is known, for all values of i, at
time t = ty, then we can compute the solution attime t = t,;
by using this scheme.

simula

u




def heat(T, N, M f):

# define variabl es:

x = linspace(0, 1, M2)
t =

dx = 1/fl oat (M1)

dt = T/float(N)

rho = dt/dx**2
u = zeros(Mr2) # holds u(x_i, t_n)
um = zeros(Mr2) # holds u(x_i, t_n-1)

# set initial condition:
for i in range(len(um):
unfi] = F(x[i])

t += dt
umax = max(um

while t <= T:
# set boundary condltl ons:
u[0] = 0; u[-1] =
# use schene for |nner poi nts:
for i iniseq(l, M:
uli] = rho*(un{l— 1] + unfi+1]) + (1 - 2+rho)*unfi]

# plot solution:
plot(x, u, legend="u(x, t=%)' %t
axis=[0, 1, 0, umax])
tine.sleep(0.5) # pause, so we can watch the plot
# prepare for next time step:
um = u. copy()
t += dt

simula



M =69 M =218
Plots of the solution u(x,t) of a heat equation for different
meshes.

simula




Equations of the form

Ut = Uxx + g(u)

appear in numerous applications and are called reaction
diffusion equations. From a computational point of view, they
are more interesting than the heat equation, since, in general,
there are no closed form analyitcal solutions available. Even
though an analytical solution is impossible, we will see that the
equation is surprisingly simple to solve numerically. Suppose,
as usual, that we consider this equation on the unit interval with
the initial condition given by

u(x,0) = f(x),
and that we have standard boundary conditions given by
u(0,t) =u(1,t) =0.

simula




The time step is defined by

T
At = —
N M
and the space-step is
1
AX = ——.
X=M11

The mesh is now defined by
Xi =iAx fori=0,....M + 1,

and
th=nAtforn=0,...,N.

simula




As above we let u’ denote an approximation of u(x;,t). Recall

that
() = HOs) ) o)
U (X, 1) = u(xi—1,tn) — ZUX()i(vztn) +U(Xit1,tn) +0(AX2),
and that
Ut (Xi, th) = Uxx (Xi, ta) + g(u(Xi, tn)) (19)

fori=0,...,M+1,n=0,...,N. Consequently, we have

U(Xiatn—l-l) - U(Xiatn)
At

_U(Xi—1,th) — 2u(Xi, th) + U(Xiy1,th)
N AX?
+g(u(xi, tn)) + O(AX?).

simula

+0(At)




.
As above, we define the numerical scheme by requiring that

n+1 n n _ n n
Ut -t Ul 207 Uy

I n
N INE +g(u).
By recalling that
At
p_ AXZ,

we can rewrite the scheme on a computational form,

utt = (Ul +uly) + (1 - 2p)u + Atg(uf).  (20)

We note again that if the solution is known in all spatial points
at time t = t,, we can use the formula above to compute the
numerical solution at time t =t ;.

simula




from nunpy inport =
fromscitools. StringFunction inport StringFunction

from scitool s. nunpytool s inport iseq
import sys

f = sys.argv[1]
g = sys.argv[2]
M= int(sys.argv[3])
N = int(sys.argv[4])
T = eval (sys. argv[5])
f = StringFunction(f)
g = StringFunction(g, independent_variables="u")
x = linspace(0, 1, M+ 2)
t =
dx = 1/float(M + 1)
dt =T/f|oat(N)
rho = dt/dx»*2
print rho
u = zeros(M+ 2) #u(x_i, t_n)
um= zeros(M + 2) #u(x_i, t_n-1)
for in range(l en(um):
un{l] = f(x[i])
t +=
whilet <= T:
u[0] =0; u[-1] =0
for i in range(

u[i] = rho*(un{'\?-l] + unfi+1]) + (1-2*rho)*unfi] + dt*xg(unfi])
um = gicc’py()
t +=

simula



.
In the figure you see plots for four numerical solutions of the
reaction diffusion equation

Up = Uxx + €
with initial condition
u(x,0) =x(1 —x),
and standard boundary conditions given by
u(o,t) =u(1,t) =0.

The plots show the solutions at time T = 1 using four different
meshes. As usual we observe that the solutions seems to
converge to a common limiting function as the mesh is refined.

simula




Solutions of u; = Uy, + g(u)
0.3 T !

0.15 -

u(x)

0.1

0.05 -

0 I I I I
0 0.2 0.4 0.6 0.8 1

X

Plots of u; = uxx + g(u) for different meshes.
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.
The following model was introduced by Aliev and Panfilov,

et =0Ae —ke(e —a)(e — 1) —er,

r

r=— [e-l- 1 ] [r + ke(e —b —1)],
M2 + €

where 6, a, €, i1 p12 and b are given parameters. The variable e

models a scaled version of the so called transmembrane

potential, whereas r is an auxiliary variable.

simula



.
We want to solve the system on the unit square, and we start

by considering the system equipped with the standard
boundary conditions, i.e. we assume that

e(x,y,t)=r(x,y,t)=0

for all (x,y) € 9Q. Furthermore, we assume that the inital
condition is given by

e(x,y,0) = e’(x,y),
r(x,y,0) =ro(x,y),

simula



1 n no n_ _ 2anh n
ey elgy—2elitely; el —2el+el
2 =4 > +4 2

At h .

n
— kefj(ef —a)(ef) — 1) —efjr]
ph+l _ ¢n par
= e — (firfj +kefj(elj —b—1)
At U2 + ei’j

simula



In order to write this scheme on a computational form, we

introduce
At

pP= 6??
and observe that
en+1 p ( 1 teliyy et ein,j—l) +(1—4p)ei)

— At {ke{jj(ei”’j —a)(elj —1) +e IJ}

part
r.n.+1 =N _ At LY (r.n. kel (e — b —-1 ) .
1] 1) €+ Lo +eir:j 1, + I,j( i )

simula



t =300 t =400

t =500 t =600
Chaotic electrical waves in the heart for different t.
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