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Ch. 2: Rigid Body Motions and
Homogeneous Transforms
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Industrial robots

High precision and repetitive tasks

Pick and place, painting, etc

Hazardous environments

Sensors Power supply

Input Device Computer Mechanical
or Controller Arm
Teach Pendant
PSI‘;(:)%I&‘Lag? End-of-Arm
or Network Tooling
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Representations

For the majority of this class, we will consider robotic
manipulators as open or closed chains of links and joints

Two types of joints: revolute (6) and prismatic (d)

Revolute Prismatic

- N
S open chain
LN—T
Byt S L losed chai
L - v  closed chain
3D K N (parallel)
1
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Arm configurations

JOINFEd ~, KINEMATIC STRUCTURE
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Definitions

End-effector/Tool
Device that is in direct contact with the environment. Usually very task-specific
Configuration
Complete specification of every point on a manipulator
set of all possible configurations is the configuration space
For rigid links, it is sufficient to specify the configuration space by the jointangles,q =[q, q, .. q,[
State space
Current configuration (joint positions ) and velocities q
Work space

The reachable space the tool can achieve

Reachable workspace

Dextrous workspace
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Common configurations: wrists

Many manipulators will be a sequential chain of links
and joints forming the ‘arm’ with multiple DOFs
concentrated at the ‘wrist’

Wrist Center Point

S
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Common configurations: elbow

manipulator
Anthropomorphic arm: ABB IRB1400 or KUKA

Very similar to the lab arm NACHI (RRR)
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Antropomorphic arm (RRR)

20
A .
21 Z9
' Oy 4 O3
Shoulder ' 7V m

Forearm

Elbow

1 Vg,

BOd@
N
N

Base
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Common configurations

SCARA (RRP)

Adept Cobra
$600/s800 Robot

User’'s Guide

Joint 2

/ E Joint 3
\ Quter >

Inner  Link
, Link Joint 4

Maximum Radial Reach
Functional Area
800 mm (23.62 in.)

Maximum Intrusion
Contact Radius .
647 mm (25.50 in.) Minimum
Radial

Reach

162.6 mm
(6.40in.}

S Tl —

S . o
~. ] e
J Cartesian Limits L

300 mm (11.8 in.)

Figure 8-7. Adept Cobra s600 Robot Working Envelope

21 Za
A

C 0,

31

—-——-

Figure 1.13: Symbolic representation of the SCARA arm.
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Spherical Manipulator (RRP)

#
F
# ——
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Common configurations:
cylindrical robot (RPP)

workspace forms a cylinder

Figure 1.15: The Seiko RT3300 Robhot cylindrical robot. Cylindrical robots
are often used in materials transfer tasks. (Photo courtesy of Epson Robots.)
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Common configurations:
Cartesian robot (PPP)

Increased structural rigidity, higher precision

Pick and place operations

. Epson Chartesian robot
. (EZ-modules)

o
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(a) spherical

(b) SCARA

(c) cylindrical

(d) Cartesian
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Parallel manipulators

some of the links will form a closed chain with ground

Advantages:
Motors can be proximal: less powerful, higher bandwidth, easier to control
Disadvantages:

Generally less motion, kinematics can be challenging

——————————————————————————————————————————————————

__________________________________________________

6DOF Stewart platform
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robots
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Simple example: control of a 2DOF
planar manipulator

Move from ‘home’ position and follow the path AB with a constant contact
force F all using visual feedback

g Camera
A
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Coordinate frames & forward kinematics
Three coordinate frames: @ @ @

Positions:
- [
_yj eost)racosta o). )

ool

Orientation of the tool frame:

- cos(6,+6,)| . |-sin(6,+6,) i
& sin(6, +6,) Y2 = cos(6, +6,) /////A

RO {)22-20 92-20}_{005(01+02) —sin(6?1+6?2)}
)zz'y’\o 92'90 Sin(91+92) COS(‘91+‘92)
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Ch. 2: Rigid Body Motions and
Homogeneous Transforms
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Representing position

Definition: coordinate frame

A set n of orthonormal basis vectors spanning R"

1 0 0

For example, , - -
i=|0j=|1,k=|0
0 0 1

p:

When representing a point p, we need t50] specify a coordinate frame
0

With respect to o 6

With respect to 0;: . |28
"7 42

v; and v, are invariant geometric entities n
0

But the representation is dependant

upon choice of coordinate frame

o [51 . [777] , [-51] , [-2.8
il i Tl o V2T 1 V2T 42

1

V9

o
-~

Zo
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Rotations

2D rotations

Representing one coordinate frame in terms of another
o_ |0 0
Ry =[x 7]

Where the unit vectors are defined as:

o 1~ (COSO| o . —SINE yi\
S ey S 7 I
. {cos@ —sin@}
R, =| |

sing cosé@

This is a rotation matrix

Fag 3480 - Introduction to Robotics
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Alternate approach

Rotation matrices as projections

Projecting the axes of from o, onto the axes of frame o,

:XO ::[jil ‘QO:‘ 0 ::{yh_ 20:‘ o ?0
' )21 yo ' 3”\1 yo »
Rf _ _):(1 )’Eo 3’:\1')30} Bl .
_X1'YO Yi-Yo <in 8
llooss  [llkdeos o+5 ) [Ty |
g9 lcos| = o N
[%:llyolcos| 5 -6 | [9iflyo|cose — |
_|[cosé —sing
| sind cosé
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Properties of rotation matrices
ol

allkeoso [gullloos| 5 -]

Ri=|

><> ><>

ollieos 047 | [FillJeose

[ cos® sing (RO)T
| —sin@ cos@ ’
Or, another interpretation uses odd/even properties:

, [cos(-8) -sin(-9)
R “Lsint-o) cos(—@)}
_| coseo sine—l (Rf)T

—qmﬁ) cos @
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Properties of rotation matrices

Inverse of a rotation matrix:

~

[~ A~ ~ ~ —1
(Ro)—l | X% Y1'Xo}
1 - A~ N

~ ~

XiYo Yi'Yo

- --1

ooso  [5loleos( 0%

#oleos 6] [§.19uleoso

[cos# -sing]" 1 [cosd sing _(RO)T
“|sing cos6 |  det(RY)|-sing cosg| '

The determinant of a rotation matrix is always +1

+1 if we only use right-handed convention
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Properties of rotation matrices

Summary:

Columns (rows) of R are mutually orthogonal

Each column (row) of R is a unit vector

R" =R
det(R)=1

The set of all n x n matrices that have these properties are called the Special Orthogonal
group of order n

R €SO(n)
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3D rotations

General 3D rotation:

XX Yi X %
0 ~ ~ ~ ~ A
Rl =1 XYy Yi'Yo 4
17 L 14 1

Special cases

Basic rotation matrices
1 0 0

0 cos@ -sind
10 sing

Rx,0 =

R,=| 0 1 0

N
) > ;<> o><>

cosd |

[ cos® 0 sind]|

_—sin 6 0 cos 6?_

20, <1

cosd -singd O
R,,=|sind cosd O
0 0 1
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Properties of rotation matrices
(cont’d)

SO(3) is a group under multiplication

Closure: if R, ,R, € SO(3)= R,R, € SO(3)
. 100
ldentity:
o I=|0 1 0]eSO(3)
0 0 1
RT =R

Inverse:
(RR, )R, =R,(R,R;) — Allows us to combine rotations:

Associativity:
Rac = Rab Rbc

In general, members of SO(3) do not commute
RR, #R,R,;
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Rotational transformations

Now assume p is a fixed point on the rigid object with fixed coordinate frame o,

The point p can be represented in the
frame o, (p°) again by the projection onto

the base frame

nzo
Yoo
I\\ ;-f .-l-v--‘-v--‘-
”')-CI.
0 r yﬂ
u
pl=|v
Xo W

= (u>21 +Vy, +W21)-

_pl’)zo
pl'yo
pl'io

[(UR, +Vy, +WZ, )- X,

y >
o

(u>21 +Vy, +W21)- Z,

[UX, - X, +VY, - X, +WZ, - X,
UX; Yo tVY, Yo tWZ, Y,
UX, - Zy + VY, - Zy +WZ, - Z,
X1° Xy Y1 Xy Z3-Xg | U
A 0.1

kl'y\o 91'90 Z-Yo |V :Rlp

| X172y Y12y Z10Zy ||W
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Rotating a vector

Another interpretation of a rotation matrix:
Rotating a vector about an axis in a fixed frame

Ex: rotate v° about y, by m/2 :

0
Vv =Ry”,2v

[cosé 0 sind
=l 0 1

| —sing 0 coséd
0 0 1

=0 1 0|1|=
-1 0 0]1

19 zl2 1’:’
1
0

Xo
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Rotation matrix summary

Three interpretations for the role of rotation matrix:

Representing the coordinates of a point in two different frames

Orientation of a transformed coordinate frame with respect to a
fixed frame

Rotating vectors in the same coordinate frame
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Similarity transforms

All coordinate frames are defined by a set of basis vectors
These span R"
Ex: the unit vectors i, j, k

In linear algebra, a n x n matrix A is a mapping from R" to R"

y = Ax, where y is the image of x under the transformation A

Think of x as a linear combination of unit vectors (basis vectors), for example the unit vectors:

e,=L 0 .. 0of,...,e,=[0 0 .. 1
Then the columns of A are the images of these basis vectors

If we want to represent vectors with respect to a different basis, e.g.: f;, ..., f,,, the transformation A can be
represented by:

A =T'AT
Where the columns of T are the vectors f,, ..., f,
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Similarity transforms

A’ and A have the same eigenvalues
An eigenvector x of A corresponds to an eigenvector T-1x of A’
Rotation matrices are also a change of basis

If A'is a linear transformation in o, and B is a linear transformation in o,, then they are related as follows:

B =(R? ?‘1ARf
Ex: the frames o, and o, are related as follows:

0
RO=| 0
-1

o - O
o O B

If the matrix A is also a rotation matrix R, , (relative to o) the rotation expressed in o, is:

O 0 —-1|cosd -sing 0|0 O 1 1 0 0
B=(Rf)_lAR1°= 0 1 0fsind cos# OO0 1 O0|=/0 coséd sind
1 0 O 0 0 1/-1 0 O 0O —sind cosé
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Compositions of rotations

w/ respect to the current frame

Ex: three frames o,, 04, 0,

p° =R/p’
p* = R;p’ P’ =RR;p" —— Ry=R/R;
po _ Ropz

N2

This defines the composition law for successive rotations about the current
reference frame: post-multiplication
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Compositions of rotations

Ex: R represents rotation about the current y-axis by ¢ followed by € about
the current z-axis

R=R,R,,
cosg 0 sing |[cos@é —-singd O COS@COSH —cos¢gsing sing
= 0 1 O sind cosfd O0|= sind cosd 0
—sing 0 cos¢|| O 0 1 —singcosd singsind cos¢
Z0 Z0
Z] A Z], 22 Z2)
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Compositions of rotations

w/ respect to a fixed reference frame (0)

Let the rotation between two frames o, and o, be defined by R,°
Let R be a desired rotation w/ respect to the fixed frame o,

Using the definition of a similarity transform, we have:

R? =R? [(Rf)‘lRRf]= RR?

This defines the composition law for successive rotations about a fixed reference frame: pre-
multiplication
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Compositions of rotations

Ex: we want a rotation matrix R that is a composition of ¢ about y, (R, ;) and then ¢ about z,
G?zmg

the second rotation needs to be projected back to the initial fixed frame
0 _ -1
Rz - (Ry,e) Rz,eRy,e
::FzyreFQLeFayﬂ
Now the combination of the two rotations is:

R=R,, lRy,—¢Rz.eRy,¢J =R, Ry,
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Compositions of rotations

Summary:

Consecutive rotations w/ respect to the current reference frame:
Post-multiplying by successive rotation matrices
w/ respect to a fixed reference frame (0,)

Pre-multiplying by successive rotation matrices

We can also have hybrid compositions of rotations with respect to the
current and a fixed frame using these same rules
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Parameterizing rotations

There are three parameters that need to be specified to create
arbitrary rigid body rotations

We will describe three such parameterizations:
Euler angles
Roll, Pitch, Yaw angles

Axis/Angle
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Parameterizing rotations

Euler angles

Rotation by ¢ about the z-axis, followed by & about the current y-axis, then y about the
current z-axis c, —S, Ol c, O s, c, -S, 0
Ry, =R, ,R,,R,,=|s, ¢, 0 0 1 O0j)s, ¢, O
O 0 1f-s, 0 ¢c,| O 0O 1

¢

17

C,CoC, —S,S, —C,CuS, —S,C, C,S,
=|s,C,C, +C,S, —S,C,S, +C,C, S5,

Zp 2]
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Parameterizing rotations

Roll, Pitch, Yaw angles

Three consecutive rotations about the fixed principal axes:

Yaw (Xo) v, pitch (o) 6, roll (zy) ¢

A =0
C | D Roll

Yaw

Lo

RXYZ ::F2L¢F2yﬁF2mw

c, -s;, Ofc, O
=|s;, ¢, 0] O
O 0 1j|-s, O

=1S,C, C,C, +5,5,5,

100cw—s

s,[1 0 O

174

c, |0 s, ¢,

S,S, +C,S,C,

—C,S, +5,5,C,
C4C,
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Parameterizing rotations

Axis/Angle representation

Any rotation matrix in SO(3) can be represented as a single rotation about a suitable axis
through a set angle

For example, assume that we have a unit vector:

~>
[l

Given 6, we want to derive R, ,

Intermediate step: project the z-axis onto k: kz -

Where the rotation R is given by:

R=R,_R

z,a y.,p

=R, =R, R, ;R R, R, , i é:’

z,a' vy,p
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Parameterizing rotations

Axis/Angle representation
This is given by:
kiv,+c,  kkyv,—ks, kkyv,+ks,

2
2

Inverse problem: Tr(R)-1
0 =cos | ——2L—
Given arbitrary R, find k and 6
lz B 1 :.32 o :23
2sing| © %
Foy — T side 42
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Alternative approach

Rotation matrices in SO(3) can be derived using an alternate method using the matrix
exponential

Assume that you have a unit vector, @, that represents an axis of rotation

Take a vector g(t) and rotate it about o with unity velocity

This gives: C_i(t) = WX C_i(t)
= oq(t
Where the ‘cross-product’ matrix is given as follows: ~ O
= —
Now integrate to find the vector q(t): 3 0 !
W, @

Rotating for @ units of time gives: 61(’[) - e‘?’t(j(o)
G(t)=e"6(0)=R,,q(0)
Thus the rotation about @ can be represented by the matrix exponential

For notation, we can call:
& € s0(3)
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Rigid motions

Rigid motion is a combination of rotation and translation

Defined by a rotation matrix (R) and a displacement vector (d)

R €SO(3)
d eR?®

the group of all rigid motions (d,R) is known as the Special Euclidean group, SE(3)

SE(3)=R*xSO(3)
Consider three frames, 0,, 0,, and 0, and corresponding rotation matrices R,!, and
R,°
Let d,* be the vector from the origin o, to 0,, d,° from o, to 0,

For a point p? attached to 0,, we can represent this vector in frames o, and o,:
p*=R;p*+d;
p° =R/p"+d;
= R{(R3p?+d)+d

Opl,.2 041 0
=R1R2p +R1d2 +d1 side 44
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Homogeneous transforms

We can represent rigid motions (rotations and translations) as matrix
multiplication

Define:

0O 1
ri; — FQ; (j;
0O 1

Now the point p, can be represented in frame o,: P° = HfH;PZ

Where the P° and P2 are:

S

Fag 3480 - Introduction to Robotics
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Homogeneous transforms

The matrix multiplication H is known as a homogeneous
transform and we note that

H < SE(3)

T T
Inverse transforms: H—l{R -R d}
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Homogeneous transforms

Basic transforms:

Three pure translation, three pure rotation

(1 0 0 af 1 0 0 O]
0O 100 Oc, -s, O
Trans, , = Rot, , = ¢ “
' 0 010 ’ 0s, c, O
0 0 0 1] 00 0 1
(1 0 0 O] (¢, 0 s, O]
0 100D O 1 0 O
Trans, , = Rot, , =
' 0010 ’ -s, 0 ¢c, O
0 0 0 1] 0 0 0 1]
(1 0 0 0] c, -s, 0 O]
0 100 S 0 0
Trans,, = Rot, =|7 ¢,
© 10 0 1 c 71]0 0 10
0 0 0 1] 0 0 0 1)
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