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Ch. 3: Forward and Inverse
Kinematics
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Recap: The Denavit-Hartenberg (DH)
Convention

Representing each individual homogeneous transformation as the
product of four basic transformations:

A =Rot,, Trans,, Trans, ,Rot,

c, -s, 0 0100 0100 aft 0 0 O
|S ¢ 00010 0010 0(0¢c, -s, O
o 0o 10|00 14d|0O01O0[|0s, c, O
0 0 0 1/0 0 0 10 0 0 1]0 0 1
(C, —S4C, S4S, &Cqy |
sy c4C, —CuS, @as,
|0 s, c, d

0 0 0 1
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Recap: the physical basis for DH
parameters

a;: link length, distance between the o, and o, (projected along X,)
o, link twist, angle between z, and z, (measured around X,)
d;: link offset, distance between o, and o0, (projected along z;)

@: joint angle, angle between x, and x; (measured around z;)
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General procedure for
determining forward Kinematics

* Labeljoint axes as z,, ..., z,; (axis z is joint axis for joint i+1)
*  Choose base frame: set 0, on z, and choose X, and y, using right-handed convention
*  Fori=1:n-1,

* Place o, where the normal to z; and z, intersects z,. If z; intersects z,_,, put o, at intersection. If
z; and z;_; are parallel, place o; along z; such that d=0

e X is the common normal through o;, or normal to the plane formed by z,; and z if the two
intersect

» Determine y; using right-handed convention
« Place the tool frame: set z, parallel to z,, ,
 Fori=1:n, fill in the table of DH parameters
« Form homogeneous transformation matrices, A,

« Create T,° that gives the position and orientation of the end-effector in the inertial

frame ide 5
sige
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Example 2: three-link
cylindrical robot

3DOF: need to assign four coordinate frames

Choose z, axis (axis of rotation for joint 1, base frame)

Choose z, axis (axis of translation for joint 2)

ds
Choose z, axis (axis of translation for joint 3) £ = 05
~3
Choose z; axis (tool frame) 20 Yy xBAyv
3
This is again arbitrary for this case since we have described no wrist/gripper |
Instead, define z; as parallel to z, dZI 0 -
Ty
6,
20
N
J Yo
%

o
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xample 2: three-link
cylindrical robot

Now define DH parameters

First, define the constant parameters a;, ¢,

Second, define the variable parameters 8, d,

c, -s;, 0 O]
/s, ¢ 00 B
A=lo 0 1 dl’Az_

0 0 0 1]
Ty = AAA, =
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0
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link |a | |d |8
1 |o|o |d, |6
2 |0 [-90|d, |0
3 (o]0 |dy|oO
B,

Z9 Oq
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Example 3: spherical wrist

3DOF: need to assign four coordinate frames

yaw, pitch, roll (6,, 6;, 6;) all intersecting at one point o (wrist center)
Choose z; axis (axis of rotation for joint 4)
Choose z, axis (axis of rotation for joint 5)
Choose z; axis (axis of rotation for joint 6)

Choose tool frame:

Z, (@) is collinear with zg
Ys (S) is in the direction the gripper closes

Xg (n) is chosen with a right-handed convention

23,X5 -
e o Wrist Center Point é:g 65 /\6
E X4 <~ == 2=
( e 05 o
J 5 To Gripper
- Z4
O)
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Example 3: spherical wrist

Now define DH parameters

First, define the constant parameters a;, ¢,

Second, define the variable parameters 8, d,

c, 0 -s, O
s, 0 ¢ O
A =" 4 A =
o 1 0 o™
0 0 0 1
[C,CCq —S,S;
T63=A4A5A6= S4C5C6+C4S6
—S:Cq
i 0

cc 0 -s.

ss 0 ¢ O

0O -1 0 O
0 0 0 1

0

07

C, —Sg
|ss G
A=l o
0 0
c,S; C,S:d, |
S,Ss  S,S:dg
C.  C.dg
0 1

o - O O

X «-

Z4

link | & | & d | 6
4 0 |-90 |0 |6,
5 0O |90 |0 |6
6 0O (O ds | 65
Z3,X5 7
¥0, 0,

To Gripper
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' Example 4: cylindrical robot

with spherical wrist

6DOF: need to assign seven coordinate frames

But we already did this for the previous two examples, so we can fill in
the table of DH parameters:

link | & | & d | 4

s o,
@9&@@ /J'r 2 |o |90 [d, |0

/
dz[ 4 0 [9 |0 |6,
03, 0,4, O are all at
the same point o A R R e
Q)E)l P C
6 0 |0 ds | 65
N N—
N
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Example 4: cylindrical robot

with spherical wrist

Note that z, (axis for joint 4) is collinear with z, (axis for joint 3),
thus we can make the following combination:

r r r
-|-60 =-|-30-|—63 _|'2a 22 723

!
o,

y

N

apr)

N

/N AN
CBe ¥l o

Iy =S,€4C5Cq —S;S,4Sg —C1S5C
I3 = —S4CsC6 —C4Sq

lh, = —C,C,CsS¢ —C;S,C5 —S;S5Cq
I3, =5,C5Cq —C4Cq

I3 =CiC4Ss —S,Cq

I3 =5,€,S5 +C,Cq

I3 = —S,Ss

dx = C1C4ssde; - Slcsde - Sld3
dy =s,c,S.ds +c,c.d, +c,d,

\_ d, =-s,5.d, +d, +d,
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' Example 5: the Stanford

manipulator

6DOF: need to assign seven coordinate frames:

Choose z, axis (axis of rotation for joint 1, base frame)

Choose z;-z; axes (axes of rotation/translation for joints 2-6)

Choose x; axes I Y
Choose tool frame L6
ds
Fill in table of DH parameters: o, | T
link |a, | |d |@ C ¥
Zy o
1 |0 [-90 [0 |6 *C106
2 |0 |9 |d, |8 @ ds
3 |0 |0 |dy|0O G g2
Ay A7
4 O [-90 [0 |6, C Az ) V2
Xy X3
5 |0 |9 |0 |6 -y
6 0 0 d6 96 & \ side 12
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xample 5: the Stanford
manipulator

Now determine the individual homogeneous

transformations:
'c, 0 -s, O] c, 0 s, O] 1 0 0 0]

A = s, 0 ¢ O A2—82 O -c, O A3_0 1 0 O

1o -1 0 0o/'?* |0 1 0 d,/'°* |00 1d,
0 0 0 1] 0 0 0 1] 0 0 0 1]
'c, 0 -s, O] c. 0 s, O] ¢, -S; 0 O]
s, 0 c 0 sc 0 —-c. O S C O O

A — 4 4 ’ — 5 5 ’ — 6 6

*“lo 1 0 o/™ o -1 0 o/™ o 0o 1 dg
0 0 0 1] 0 0 0 1] 0O 0 0 1
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Example 5: the Stanford

manipulator

Finally, combine to give the complete
description of the forward kinematics:

1[C2 (C4C5C6 —35456 ) —35,55C ] - dz (S4CSCG +C,S6 )

My = 1[C2 (C4C5C6 —S456 ) —35,55C ] + Cl(S4C5C6 +C4Se )

I =—S, (C4C506 —S4S6 ) —C,S5C

Mo = Cl[_ C, (C4C556 +35,C¢ ) 35,5556 ] o Sl(_ S4CsS¢ + C4C6)
Mo = _51[_ C, (C4CSSG —S4C6 ) —3525556 ] + Cl<_ S4CsS¢ +C4S¢ )
I3, =S, (040586 + S4C6)+ C2S5Se

Ns = Cl(C2C4SS +3,Cs ) —351545s

23 = S1(020455 +3,Cs ) +C1S,4Ss

r.11

33 = —5,C,4Sg +C,Cq
dx = CISZd3 - Sld2 + dG(C102C4SS +C,CsS, — S13455)
d, =s,5,d, +C,d, +d,(C,S,Ss +C,C,S,Ss + €SS, )

d, =c,d; +d (C2C5 - 043255) side 14
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Example 6: the SCARA

manipulator

ADOF: need to assign five coordinate frames:

Choose z, axis (axis of rotation for joint 1, base frame)
Choose z,-z; axes (axes of rotation/translation for joints 2-4)
Choose x; axes

Choose tool frame

Fill in table of DH parameters: Z‘J
_ 6, D
link | & | & d; | & < 451 A x2 Ids
X
1 a; | 0 0|6 L2, L[J I v57
2 a, 180 (0 | 6, 6, 1D Eﬁ X3
Yo
3 0|0 d; | O N N\ Xo ys’yq_;}M
4 010 d, | 6 y
4 | Y4 4 Y .

23, 24
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Example 6: the SCARA
manipulator

Now determine the individual homogeneous

transformations:
'c, -s, 0 ag,| c, s, 0 ag,] (1 0 0 O] c, -Ss, 0 O]
A = s, ¢, 0 as A - s, -¢, 0 as, A - 0O 10 O A, - s, ¢, 0 O
O 0 1 O O O -1 0O O 0 1 d, O 0 1 d,
o oo 1] |o o o 1| [oo0oo0 1 0 0 0 1|

C1,C4 +S1,8, —CipS,+S,¢, 0 ac; + a2C12—
S12C4 =C12S, =515, —CppCy 0 &S, +a,5;,
0 0 -1 -d,-d,
0 0 0 1

T4O =A A=
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Industrial robots

High precision and repetitive tasks

Pick and place, painting, etc

Hazardous environments

Sensors Power supply

Input Device Computer Mechanical
or Controller Arm
Teach Pendant
PSI‘;(:)%I&‘Lag? End-of-Arm
or Network Tooling

side 17
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Common configurations: elbow

manipulator
Anthropomorphic arm: ABB IRB1400 or KUKA

Very similar to the lab arm NACHI (RRR)

side 18
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Simple example: control of a 2DOF
planar manipulator

Move from ‘home’ position and follow the path AB with a constant contact
force F all using visual feedback

g Camera
A

side 19
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Coordinate frames & forward kinematics
Three coordinate frames: @ @ @

Positions:
- [
_yj eost)racosta o). )

ool

Orientation of the tool frame:

- cos(6,+6,)| . |-sin(6,+6,) i
& sin(6, +6,) Y2 = cos(6, +6,) /////A

RO {)22-20 92-20}_{005(01+02) —sin(6?1+6?2)}
)zz'y’\o 92'90 Sin(91+92) COS(‘91+‘92)
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Inverse Kinematics

Find the values of joint parameters that will put the tool frame at a desired
position and orientation (within the workspace)

Given H:

Noting that:

This gives 12 (nontrivial) equations with n unknowns

side 21

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | Hetse « e soraost



—

Example: the Stanford
manipulator

For a given H: C,lc,(C,CoCs — 5,456 ) —$,55C6 |~ ,(S,C5C4 +C,4S6) =0

i ] Sl[CZ (C4C5CG — 5456 ) —5,55Cs ] + Cl(S4C506 +C4Se ) =0

0 1 0 -0.154
0 0 1 0763 —S; (C4C5C6 - 5436)_ C;S5Ce =1
H = 1 0 0 0 Cl[_ C, (C4CSSG + S4C6)+ S25556 ] o 51(_ S4CsSe +C4Cs ) =1
000 1 B 51[_ C, (C4C5S6 —5,Cs ) 5,555 ] T Cl(_ S4CsSe +C4Se ) =0
- . S,(C,CsSq +5,Cg )+ C,S:S, =0
Find 6, 6,, d;, 6,, 6;, 6 Cl(C2C4SS +35,Cs ) —5;5,5; =0

s,(C,C,Ss +5,C5)+CS,S; =1
-s,C,S. +¢,c. =0
¢,s,d, —s,d, +d,(c,C,C,S: +C,CS, —S,8,S; ) = —0.154
s,8,d, +¢,d, +d4(c,s,S, +€,C,S,S; +C:S;S,)=0.763
c,d, +dg(c,c, —¢,S,8,)=0

N _
—~

One solution: 6, = @2, 6, = d2,d;=0.5, 6, = 72, 6, =0, 5= 12

side 22
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Inverse Kinematics

« The previous example shows how difficult it would be to obtain a closed-form
solution to the 12 equations

* Instead, we develop systematic methods based upon the manipulator
configuration

* For the forward kinematics there is always a unique solution
» Potentially complex nonlinear functions
« The inverse kinematics may or may not have a solution

« Solutions may or may not be unique

« Solutions may violate joint limits

* Closed-form solutions are ideal!

side 23
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Overview: Kinematic
decoupling

Appropriate for systems that have an arm a wrist
Such that the wrist joint axes are aligned at a point
For such systems, we can split the inverse kinematics problem into two parts:

Inverse position kinematics: position of the wrist center

Inverse orientation kinematics: orientation of the wrist

First, assume 6DOF, the last three intersecting at o,

Rg (G, 05) =R
0g (-, 0g) =0

Use the position of the wrist center to determine the first three joint angles...

side 24
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Overview: kinematic

decoupling

Now, origin of tool frame, o, is a distance dq translated along z; (since z; and z; are collinear)

Thus, the third column of R is the direction of z; (w/ respect to the base frame) and we can write:

0
0 o]
O:O6 :OC +d6R O
1
0 s
Rearranging:
(0]
OC =0 — dGR O
1
Calling 0 = [0, 0, 0,]", 0.% = [X, Y, Z.]"
X 0, —dghs
Ye |50y — dgrys
Z, 0, — gl
side 25
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Overview: Kinematic
decoupling

Since [x. Y. z,]" are determined from the first three joint angles, our forward kinematics
expression now allows us to solve for the first three joint angles decoupled from the final
three.

Thus we now have R;°

Note that:

R =RJR?
To solve for the final three joint angles:
-1 \i
R; =(R3)'R=(RJ R

Since the last three joints for a
spherical wrist, we can use a set of

Euler angles to solve for them

slae 26
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Inverse position

Now that we have [X. Y, z.]' we need to find q,
SPINCE!

Solve for g; by projecting onto the x. ,, y.; plane,
solve trig problem

Two examples: elbow (RRR) and spherical (RRP)
manipulators

For example, for an elbow manipulator, to solve for
6,, project the arm onto the x,, y, plane

side 27
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Background: two argument atan

We use atan2(-) instead of atan(:) to account for the
full range of angular solutions

Called ‘four-quadrant’ arctan

(—atan2(-y,x) y<O0

7 —atan _Y y>0,x<0

X

atan2(y,x)=4 atan(l) y>0,x>0
X

T
— >0,x=0
5 y

| undefined y=0,x=0

side 28
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Example: RRR manipulator

To solve for 6,, project the arm onto the X,, y, plane
6, = atan2(x_,y. )

01 =7+ atan2(Xc,yc)

side 29
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Caveats: singular
configurations, offsets

If x.=y,=0, 6, is undefined If there is an offset, then we will have
two solutions for &,: left arm and
i.e. any value of &, will work right arm

420

However, wrist centers calnnot intersect

’ g
o

d
|

N

-\\ & side 30
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' Left arm and right arm

solutions

Left arm: Right arm:

O,=a+p
a = atan2(x,,y,)

B = 7r+atan2(\/xc2 +y.° —dz,d)

0 =9¢-c

¢ =atan2(x_,y.)

o= atanz(\/xc2 +y.” —dz,d)
= = atanz(— \/xc2 +y, —d? ,—d)

L0

side 31

Fag 3480 - Introduction to Robotics RIKSHOSPITALET | Hetse « e soraost



—

Left arm and right arm solutions

Therefore there are in general two solutions for 6,

Finding &, and &, is identical to the planar two-link manipulator we have seen previously

2 2 2 2
r-+s°—-a,” —a
cosd, = -
2a,a,
r2:Xcz—i_ycz_dz AZ0
s=2z,-d;
2 2 2 2 2 2
X"+ —d“+(z.-d,) —-a,”—a
:}COS@SZ C yc (c 1) 2 3 :D
2a,a,

Therefore we can find two solutions for 6;:

Y

0, = atanZ(D,J_rxll— D? )

side 32
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Left arm and right arm solutions

The two solutions for &, correspond to the elbow-down and elbow-up positions
respectively

Now solve for 6,:

6, = atan2(r,s)—atan2(a, + a,C,,a,S;)

~ atanz(\/xc2 +y.—-d?,z, —dl)—atanz(a2 +8,C;,8,S5)

Thus there are two solutions for the pair (6,, 6;)

Y

side 33
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RRR: Four total solutions

In general, there will be a maximum of four solutions to the inverse
position kinematics of an elbow manipulator

Ex: PUMA

Left Arm Elbow Down Right Arm Elbow Down

side 34
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Example: RRP manipulator

Spherical configuration
Solve for 6, using same method as with RRR
6, = atan2(x_,y. )
Again, if there is an offset, there

will be left-arm and right-arm solutions

Solve for 6,:

6, = atan2(s,r)

r’=x>+y,’

s=2z,-d,;
Ve
Yo
Solve for dj:
d, =+r?+s?
2 2 2
= \/Xc +Y. + (Zc _dl)
side 35
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Next class...

Complete the discussion of inverse kinematics

Inverse orientation

Introduction to other methods

Introduction to velocity kinematics and the Jacobian

side 36
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