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Aperture and Arrays

» Study apertures: Examine the effect of sensors that gather
signal energy over finite areas.
» Arrays: Group of sensors combined to produce single
output.
» At m'th sensor position, Xp:
» Fields value: f(Xm, t).
» Sensors output: ym(t).

» If sensor is perfect (i.e. linear transf., infinite bandwidth,
omni-directional):

Ym(t) = k- f(Xm, t), K € R (or C).
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Aperture function and aperv ure
smoothing function

» Directional < omni-directional
» If sensor has (significant) spatial extent, it will spatially
integrate energy, i.e. it focus in a particular propagation
direction.
» Example: Parabolic dish.

» Apertures (# point sources) are described by the aperture
function, w(X).
» Spatial extend reflects size and shape
» Aperture weighting; relative weighting of the field within the
aperture (also known as shading, tapering, apodization).
» Aperture smoothing function:
W(K) = [, w(%)exp(sK - X)d%

(e o]
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Aperture smoothing function (4 Sec.
3.1.1)

» Given
» Aperture: w(X)
» Field: f(X,t)
» linear sensor
» contribution from area
6fats: w(§)f(E, )o
» contribution from sensor

2(t) = faperture WE(E, 1)3E.
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Aperture smoothing function ...

» Assume a single plane wave, propagating in direction
0. =K0/k
= f(%,t)=s(t—a’ %), @ ={c
= F(k,w) = S(w)é(k — wa®) (Sec. 2.5.1)

Wideband, Propagating
Space-Time Signal
©

This prop. wave contains energy
only along the line k = wa® in
wavenumber-frequency space.
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Aperture smoothing functi

» Assume aperture in X

> 2(%, 1) = [ w(E = X)F(£)56 = w(=X) « f(X, 1),
(i.e. spatial correlation)
should have been spatial convolution
{ (space-time F.T.)
Z(K,w) = [, [, 2(X, t)e™ ek % gt d¥
= W(—k) F(k,w)
Must use symmetry assumption ...
= W(K) F(k,w)
This differs from Eq. (3.1)!
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Aperture smoothing function ...

» Subst. of F(k, w) = S(w)d(k — wa®) into

;W)
Z(k,w) = W(k)F(k, w) gives
Z(k,w) = W(k)S(w)s(k — wa®)

» i.e. the spectrum of the output signal (Z(l?, w)) is multiplie
by a wavenumber-frequency-dependent gain W (k).
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Aperture smoothing function ...
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» Linear aperture:
b(x) =1, |x| <D/2

S W(R) = SnkDI2

» Rectangular aperture:
w(x,y) = b1(x)b2(y)
= Wi(kx, ky) = Wx)W(y)

W(kx, ky) _ sinll::/sz/Z sinll(?///Dzy/Z

» Circular aperture:

ox,y)=1, V/x2+y2<R

= O(ky) = 58 Us (ke R)
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Classical resolution

» Spatial extent of w(x) determines the resolution with which

two plane waves can be separated.

— —

» Ideally, W(k) = é(k), i.e. infinite spatial extent!

Rayleigh criterion:

Two incoherent plane waves,
propagating in two slightly different
directions, are resolved if the mainlobe
peak of one aperture smoothing
function replica falls on the first zero of
the other aperture smoothing function
replica, i.e. half the mainlobe width.
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Characterizing W(k)

» Linear aperture:
1. sidelobe at ky, ~ 2.867/D
|W(ky,| ~0.2172D =

ML ~ 8, = 4.603 x 13.3dB
» Circular aperture:
1. SL at ky, ~ 5.14/R

ML B

» Projection-slice theorem
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Classical resolution ...

» Linear aperture of size D

W(ky) = SM&D/2) (= Dsing(k,D/2)) = Snizsnop/2)

» -3 dB width: 6_345 = 0.89)\/D
» -6 dB width: 0 _gaB = 1.21 )\/D
» Zero-to-zero distance: 6y_o = 2\/D

» Circular aperture of diameter D
W(key) = 2521 (ky D/2)

» -3 dB width: §_z45 =~ 1.02)\/D
» -6 dB width: 0_gg5 ~ 1.41)\/D
» Zero-to-zero distance: 6y ~ 2.44)\/D

» Rule-of-thumb; Angular resolution: 6 = A\/D
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Geometrical optics N> | Geom.Opt: Near field/Far field
crossover
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Validity: down to about a wavelength

» Near field-far field transition ! i
. i error will always be associated with the ends of the aj re,
» dr = D?/) for a maximum phase error of \/8 over apertu ; e st 5 e A 1 (03 o o
R
> f'nu mber i Thnis,xr'lwnmmmnge,mmurdinwmum,utqudmrhekpmummmw:din
. ) o
» Ratio of range and aperture: fx = R/D T ——— o e g g
» Resolution R R
» Angular resolution: § = \/D (i) - w || RS e
» Azimuth resolution: u = R0 = fy\ B P
P o kiny SR ey T sp T ——
» Depth of focus e e g et R e ke
; . oo st e St e BB o s s
» Aperture is focused at range R. Phase error of \/8 yields o e o 1 o 1 e iy S T
r = +f2 ) or DOF=2f2 X (proportional to phase error) 2in il | s

(From Wright: Image Formation .

IffUiO AA, INF5410  Apertures & Arrays, part | February 2010

IffUiO AA, INF5410  Apertures & Arrays, part | February 2010

UNIVERSITY
OF OSLO

Geom.Opt: Near field/Far fleld - Geom.Opt: Near field/Far field
crossover crossover

VR +x* - 2Rxsing

—

ifferenti between d any other aperture
point x (including the compensating delays) is vomera

Wecan bring the fa fild difracton ptter intothe near feld by fousing the a=[{&R=r7 45 VR -[(R-)- ]
aperture. This is done b

of the npmum (ln the Kgumbelnw we show the «m\pemahng delays as [ r]’ (x]’ [x o[ @1
iy AT TG
] R R, R R
0 R with the ends of th
O e o o s o (L7t oot e o aemiaee i Expanding this in a two dimensional Taylor's seies in terms of /R and 3/R and
Wit this masimum error Kkeeping the lowest order term yields
:
@9 =t @9 asiF
Focal
The difrential path length & between an aprture point.xand thecene ¢ * inear i
point target moves .wng?\'. circulararc s PO o asour We define this angular extent as the angular resolution 6. | X Point The delay i hs seen o e s sentallylincarinand
error is positive,
and further aw: yylzld.sa tive ervor, émhmmaml sis of the near
A=JR+x “2Resin - R o2 . field/far field crossover, we gefne the depth of foeus as the extent of the
T A ek 2o 4 Y incremental rnge r for which
Y EA T
( R) z(k)s"‘ That s, the angular resolution, measured in radians,is te inverse of the aperture, Compensating Delays @) —ABsA<is
. by measured in wavelengl.
Expanding this in terms of /R and 8 o« 102 | hee o detine the e - over the aperture, Substituting x =a/2 and A =A/8 into eq. (218 and using
o . I ratio of the range and the aperture, which re- i 1,= Rla, we see that the depth of focus is bounded by
g Snexe s eant ity s g JR=+ ¥ depth of focus is
Az-x0+— =41
2R @7 Hoein =22
-
. N @ Focal 50 the total depth of focus 7, is
in the last section, we ignore the quadratic term on the basi i ‘ -k
drivdy . we ignore the quadratic term on the basis of far field The distance around the circular arc associated with 6, is simply R6,, yielding Ry Point TR
F the azimuthal resolution ,. e — b=27=21
when any differential path
o afer encends 314 s waet vl s ettt ) b, ihes dchane L o the s e
- ) - v other than the 4/8 differential error we have employed here. Let us look t the
~A/4SASA/4 @8 ‘Thatis, the azimuthal resolution, measured in wavelengths, i the f-number. Compensating Delays @19 effects of moving our point target to the edge offh:ydepﬁ\ of focus and bm..'

(From Wright: Image Formation . (From Wright: Image Formation .
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Ultrasound imaging

» Near field/far field transition, D=28mm, f=3.5MHz =
» \=1540/3.5-10° = 0.44mm and dr = D?/R = 1782mm
» All diagnostic ultrasound imaging occurs in the extreme
near field!
» Azimuth resolution, D=28mm, f=7MHz =
» A =0.22mmand ¢ = \/D = 0.45°,
» i.e. about 200 lines are required to scan +45°
» Depth of focus, fy = 2, f=6MHz =
» A\ =0.308mm and DOF = 2fZ\ ~ 2.5mm.

» Ultrasound requires T =2-2.5-1072/1540 = 3.2us to
travel the DOF. This is the minimum update rate for the
delays in a dynamically focused system.
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» K represents two kind of information
1. |E| — 27/ No. waves per meter
2. k/|k|: the wave’s direction of prop.
» If signal have only a narrow band of spectral components,
(i.e. all = w), we can replace |k| with wy/c = 27/ Ao.
» Example: Linear array along x-axis:
W(~ksing) = Tt
0 -
W(=27sing/Xo) = W() = M 22T - D' = D/
> W’(¢) = W'(¢+ ), i.e. periodic!! W(k) is not!
» Often W(u,v), u=sin¢ cosf, v =sin¢ sinf

20
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Ambiguities & Aberrations

» Aperture ambiguities .
» Due to symmetries x
» Aberrations

» Deviation in the waveform
from its intended form.

> In optics; due to deviation of e hason
a lens from its ideal shape.

» More generally; Turbulence
in the medium,
inhomogeneous medium or
position errors in the

ape_rture. N \Wavefronts
» Ok if small comp. to Ap.

IffUiO AA, INF5410  Apertures & Arrays, part | February 2010

% UNIVERSITY

Co-array for continuous apertures

» c(X) = [w(X)w(X + xX)dX, X
called lag and its domain /lag
space.

» Important when array
processing algorithms employ
the wave’s spatiotemporal
correlation function to
characterize the wave’s
energy. e 310 o e st of o e e of i = 1 o

» Fourier trangform of —
c(X)(= |W(k)[?) gives a
smoothed estimate gf the
power spectrum S¢(k, w).
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