Fractional derivatives
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e Sequence of n-fold integrals and n-fold
derivatives:

t T2 t 2
7/ de/ f(Tl)dTh/ f(ﬁ)dﬁ,f(t),d];(tt)ydd];gt)w“

d" f(t)
dtn

e Fourier transform: Fr ( ) = (iw)" F'(w)
-, (iw) T2 F(w), (iw) T F (W), F(w), iwF (w), (iw)*F(w), - -

.., L Podlubny, Fractional Differential Equations, Academic Press, 1999 5
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e Tautochrone curve, total time
for the particle to fall:
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e Related to D9~

— Abel, Auflésung einer mechanischen Aufgabe,
J. Reine u. Angew. Math, 1826,

— B. Holmboe, “"Abel: CEuvres completes”, 1839,
IV Résolution d'un probléme mécanique.
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e Derivative of order «:

d*ft) _ o
10 —ath(t)

— «a <0 < integration
— a and t: limits in defining integral

e Fourier transform (neglecting initial cond’s):
FT (daf (t)) — (i0)° F(w)

dte
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Fourier approach to fractional
operator (1)

e Integer (m>a) + fraction (o-m<0):

FT (do;fi C(f)) = (i) F(w) = (iw)™F (w) (i)™

e First part: ordinary derivative
e Second part: fractional part

— What is its inverse Fourier transform?
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1 1

At >0® H(w) = (iw)™P

h(t) =

Podlubny, 1999, pp. 110-
e 0<f<1 PR

e I'(.) is the gamma function

— Generalization of the factorial: I'(n+1)=n!

e Let =m-a and rewrite:
1 1

h(t) = M(m — a)tatl-m

>0 Hw) = (ww)*™™

NIVERSITY




Fourier approach to fractional
operator (2)
 Fractional Fourier transform as a convolution

of derivative of order first integer m larger
than o and a memory function:

drf(t) _ d"f(t) 1 1
p— *
dt am  M(m—a)tetl-m
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e Riemann-Liouville: order a € R, m-1<a<m:

dr

1 (d)m t f(7)

DY f(t) = M(m — o) \dt o (t — 7_)oz—l—l—m

— First convolution, then integer order derivation

e Caputo: order m-1 < a <m:

1 ¢ ()
Ff(m—a)Ja (t —7)at1l-m

CDgf(t) = dr

oo First integer order derivative, then convolution 9
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 Riemann-Liouville requires initialization of
derivatives of non-integer orders:

lim oD§ L f(t), lim o DS 2£(t), - - -
t—a t—a

e Caputo requires initialization of integer order
derivatives: fk)(0), k=0, 1, ..., m-1
— Usually have physical meaning
— Simpler to use in numerical solutions
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e Caputo (lower limit a = -00):

(@ m
¢ papay = PID _ 00

— 00 x g (t)
ot otm

TmM—«

1 1

gm—alt) = F(m — «) toa—l—l—m’t >0

* Convolution with a memory function
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Increments of m-ct from 0.1 (lower) to 1

e Convolution kernel: T
1.8 i
1 1 1.6 .
gm—a(t) = — g 1A l
F(m—a)tetl-m =l |

% 1 I|Il|ilf|:..._. m-c.=1: Infinite mermaory = integral

— m-o = €": no memory, 3 os -
['(e*) > ooforer —0  8oe :
= kernel — impulse oA 1
02k ]

— m-a =1 :infinite I mon T o
memory 0 1 2 3 4 5 & 7 8 g 10

Time
Figure based on Treeby and Cox, “Modeling power law
absorption and dispersion for acoustic propagation using the

2012.02.01 fractional Laplacian", J. Acoust. Soc. Amer, 2010 12
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e Example: 0<a<1 (Caputo with m=1):

*f(t) _ af(t) 1 t ()
ot ot *91‘“(t>_r(1—a)/_oo (=)o

e Limits:
"a— 0=

ocf(t)y ot fM@)
ot ’/_oo (t—T)OdT—f(t)

o t
cas1s DL 0w =D
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Two interpretations of fractional derivative:
1. Fourier:

) = (1w)*F(w)
2. Convolution of ordinary derivative of order

m>o. and causal memory function:

d*f(t) d™f(t) 1
X *
At dtm tl—l—a—m
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