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Geometry: lines
N

1 Descartes
1 (1596-1650)

0 Line:

Jax +by+c=0

0 If b #0:
Z2y=mx +n
on=-c/bis

the intercept with the y-
axis

o m = -a/b is the slope

1 A point =
intersection of two lines




Geometry: planes

o1 Plane:
0 ax+by+cz+d=0

If ¢ = O:
2 z=mx +ny +n

1 Aline is
the intersection of two planes

3x+2y-z+2=0
z=3x+ 2y +2

http://www.univie.ac.at /future.media/mo
e/galerie/geom2/geom?2.himl#eb



Hyperplanes

Generalizes to higher dimensions

In n-dimensional space (x,, x,, ..., X.):
Points satisfying:

wo + wix; + wox, +ooo +wx, =0

for any choice of wg, w;, wo,... W,

where not all of w;, w,,... w. =0
is called a hyper-plane

(In machine learning) the same as the intersection of two
hyper-planes in n+1 dimensional space:
WoXo T W X T Wox, Tooo + w X

Xg =1



Vectors

From physics an mathematics

. : : AB
Here in n-dimensional
Euclidean space A

Dual nature:

Arrows in plane with start and
endpoint

Points (with start point in (0,0) |




Vector algebra
—

0 a = (d;,dqy...,q)
0 b =(b;,by...,b,)

Jatb=
(a,+b,, a,tb,, ..., a +b )

7 Mean: 0.5(a + b)

1 Length
la|| = Vai? + as? + a5’

11 Dot product (inner product):
a-b = |lal| |[b] cos®
a-b=ab + ayby 4+ azb,.




Normal vector of a line
S

7 cos(m/2) =0 , A

o If P passes through b e
(0,0) there is an n = -~ ]
(., Y,) s.t. e S

01 (x,y) is on P iff H:_m
2 (x,y) ® (X, y,) =0

Vector (2,5) is normal to the line y=-2x/5

OXXX =-yXYy,
o If (a,b) # (0,0) is on P:

W n =s X(b, -a) for some
S




Lines not through (0,0)
N
oy=-2x+5 :
02x+y—-5=0
0 (x,y)®(2,1)=5




Normal vector of a plane

All points (x,y,z) where
((XIYIZ)-(XOIYOIZO)).(CIIbIC) =0
(x,y,z) ® (a,bc) = d

(d = a xgt+b y,tc zp)

Hyperplane
Wotw X, Twox, +... +w x. =0
(W1 Woseee,W, ) ®(X;, Xopee X, )=-Wq
Sometimes (n+1 dimensions):

(WorWq,Wo,ee,w, ) ®(1,x;, Xq,...% )= 0




Dot product and cosine

_
-1 Dot product:

a-b = ||al|[|b]| cos?

gossip

a-b=ab + aby + azbs. 1} __d(dy)
- ~ 5. d Vi d; EEHK;
cos(§,d) = s(q, d) = - d _ iz 9 ? ;‘f =7
qlld| \/Z d 2\/2 / S

i=1 9, i=1 a }L o / / \\

V& .

- y/4nn

1 Normalized vector (length 1): / Y

DZ — N
- U _ 2 0 - jealous
= X, = 2%
||H|| 2 I » Figure 6.4 Cosine similarity illustrated. sim(dy,d,) = cos f.

71 Dot product measures how
similar normalized vectors are
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Vector space model
N

Information retrieval:

term SaS | PaP | WH
affection 115 58 20
jealous 10 7 11

1 A document is represented
by a vector where each

entry corresponds to a
term gossip 2 0] 6

0 tf, 4 = frequency of tin d -
O 'rf, - 10 : Sense and Sensibility
jealous, SaS — . -

0 v(d) = () g g areeer i) : Pride dn.d PreIL.Johce,
7 V(SaS) = (115, 10, 2) : Wuthering Heights

o v(PaP) = (58, 7, 0) (Manning et al: lIR)




Cosine similarity

term SaS | PaP | WH term Sa$ PaP WH
affection 115 58 20 affection 0.9961 | 0.9928 | 0.8474
jealous 10 7 11 jealous 0.0866 | 0.1198 0.4661
gossip 2 0 6 gossip 0.0173 O 0.2542
Normalized
cos(G,d) = sim(g,d) = Ei (_j. = > aid
adl Sl eysh e

SIM(v(SaS),v(PaP)) = 0.9993
SIM(v(SaS),v(WH)) = 0.8889
SIM(v(PaP),v(PaP)) = 0.8972

This may also be used to measure the similarity
between a query and a document.



Vector space semantics

-1
A well defined class of objects: O

We extract features associated with the objects

We turn the features into real valued vectors
Apply a similarity measure between the objects

Application:
"1 Determine which objects are similar and dissimilar
~ For an object o, find similar o’; search
1 Classification
~ Given a set of classes S and training data from OxS,
. construct a classifier which maps an object o to a class s
-1 Cluster together similar objects (flat or hierarchical)




Vector space semantics
—r

1. Features Information retrieval
1.Terms (words) that occur in
o how do we select them documents
= reduce their numbers? (Reduce: latent semantic
indexing)
2. How do we turn 2.(Td-idf weighing, variants)

features into vectors 3.Cosine measure

1 Association measures

3. How do we measure
the similarities : : :
different optimal choices:
between the features? IR, text classification, semantic

Different applications —

similarities of words, etc.




3. Similarity measures

Cosine: cos(@, b) = 22 . ;
|aljib
Euclidean(3,b]=L2(a,h) ... L _~Manhattan(a,b) = L1(a,b)
Euclidean:  [a-b| =3 (a -b)’ . :
Manhattan: a-bf =3 [a b o

FSNLP, tab 8.7: Several alternatives for binary vectors

For normalized vectors: Euclid and cos yield same result
(Obs: Centroids of normalized vectors are not normalized)



2. Association measures

IR:
Td-idf
Text classification

Semantic similarity of words:
The various association measures for collocations

Some more:
Odds Ratio
Log Odds Ratio:

IogH(f,o):Iog[ P(f,0)/P(f,~0) j

P(-f,0)/P(-f,-0)



Examples
 —

o e T T —

Documents Words in the td-idf cosinus
documents weighting
Text Text/documents same
classification
WSD Occurrences of Words in the

a word

context of the

occ.
Word similarity Words Words or other
clustering (lexemes) features
collected from
all the

occurrences of
the word
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Vector space classification

Main idea: Obijects that are represented by similar
vectors belong to the same class
Two different algorithms:

Rocchio, centroid-based

k nearest neighbors

Assumptions:
Classes form contiguous regions (not strictly for kNN)

Classes don’t overlap. They may be separated



Task

Should * be assigned
to China, UK or
Kenya?

What are good
separators between

the classes?



Roochio for classification

For each class of training vectors, construct a
prototype, the centroid (average) of the class

, 1 ,
(C) =—— 2 v(d)
|_|_|_| |DC |deDC

Assign each test document to the class of its closest
centroid.




Rocchio

o
o o o
o
o o
o
° UK
o
a1 by \a
o
° ©
d2
Chi ° b 2 Where does
‘na © belong?
X Y.



Rocchio algorithm

TraINRoccHIO(C, D)

1 for each ¢; € C

2 do Dj — {d:{(d,¢c)cD}
3 Hj < 157 2odep, V(d)
4 return {ji1,...,[i}

AprpLYyRoccHIO({ 1, ..., fiy}, d)
1 return argmin; |fi; — v(d)]

Does not guarantee that
classifications are consistent
with the training datal

In many cases, Rocchio
performs worse than Naive
Bayes

Because:

Assumes all classes have the
same radius

Assume classes are convex



kNN =k nearest neighbors

_
= kNN classification rule for k = 1 (TNN):

= Assign each test document to the class of its nearest
neighbor in the training set.

= kNN classification rule for k > 1 (kNN):

= Assign each test document to the majority class of its k
nearest neighbors in the training set.



Example

]
7 TNN

classification

: . : of *2
Q' ° 3NN

X /“ < ] classification
v“ -7

XK A’ z




kNN algorithm
N

TRAIN-KNN(C, D)

1 D'« PREPROCESS(D)
2 k — SELECT-K(C,D')
3 return IV k

AppLY-KNN(D', k, d)

1 Sk «— COoMPUTENEARESTNEIGHBORS(ID', k, d)
2 for each ¢; € C(D)

3 dopj— |ScNg/k

4 return arg max; p;



kNN properties

No training is necessary
But preprocessing is linear (same as training NB)

Classification is slow for large training set

kNN is very accurate for large training sets
But inaccurate for small training set's

Also called:
Case-based learning
Memory-based learning
Lazy learning



1.0

0.8

0.6

0.4

0.2

0.0

nonlinear problem

O Linear classifier
like Rocchio
does badly on
this task.

O kNN will do well
(assuming
enough training
data)



Bias vs. variance
—

71 kNN has high variance
and low bias
o (in particular for small
k)
7 NBB has low variance
and high bias

o (linear classifier)

1 Goal is to strike the
right balance



Linear classifiers

Consider binary classifiers: o
pOs — neg ° °
Jane Austen — not Jane Austen ®

(Return to more than two e o
classes later) .

Assume linear separability: o

The two classes as set of ®
points in n-space can be
separated by a hyperplane

In 2 dimensions that is a line:
ax + by > c for red points
ax + by < c for points




Linear classifiers — general case

The classes can be separated
by a hyperplane

(3¢
=
EX

I
S

(equivalently M
WeX=>Y wx =0
i=0
taking wy=-0 and x,=1)
The object represented by
(Xl,Xz,...,Xn) "
is in C if and only if ;Wixi >0
And in —C if iwixi <6
Or the other wollz; around:
Check >< in each case!




Linear classifiers

Rocchio
Naive Bayes

Logistic regression
(SVM — with linear kernel)

Perceptron

Non-linear:
kNN



Rocchio is a linear classifier
N

71 The decision is considering the equivalent expressions

cos(X, 4(C,)) > cos(X, u(C,))

Xe ji(C,) _ Xei(C,)
lac)| — [acc,))

1 1 :
1(C,) ————i(C, )}>O Also linear
(e e o

Euclidean

dist. as sim.

medasure




Naive Bayes is a linear classifier

= argmax P(c)HP(f | C) P(Cl)HP(f |c1)
e P APt 1ey )

Iog[P(CZ)] = Og{P(f,- |Cz)]>o
P [P( 1)

=1 >1
n v P(f.
P(c,)] [P(f;lIc,) 2 Wi =0 e :Iog[ng.J:zl;J

j=1

P[P, [e)> PEI[ P, Ie.)

P(c) ry PU;IC) P(c,)
P L B(T e, o=V ‘_'°g[P(cz)j
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