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Plan

e approx. 15 lectures, details see web-page

o flexible time-schedule, depending on progress/interest

e covering parts/following the structure of textbook
[Nielson et al., 1999], concentrating on

e overview

o data-flow

e control-flow

o type- and effect systems

e on request, new parts possible

e helpful prior knowledge: having at least heard of

o typed lambda calculi (especially for CFA)
e simple type systems

e operational semantics

o lattice theory, fixpoints, induction

but things needed will be covered ...
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ﬂ Types and effects

Control flow analysis
Side effect analysis
Exception analysis
Regions

Behavior
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Introduction

e now: working with a
e typed language
¢ functional language Fun
e cf. the corresponding section in the intro (annotated types)
e here: control-flow analysis (perhaps more). Remember
also the constraint based analysis/CFA in the intro
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Syntax

e = c|x| fn.x=¢€| fun,fx=¢e|ee
| ifetheneelsee| letx=e€eine|eope

Table: Abstract syntax

Pnt program points
Expr expressions
Const constants

Op operators

Var variables

(9]
M MMMM

terms



Example

Example (application)

(fnxx = X) (fnyy =)
Example

letg = (fungfx=f(fnyy=y))
in g (fnzx = Xx)
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Types

e Curry-style typing

T € Type types
I € TEnv type environment

Types

T u=int|bool | T — 7

¢ base types:
e bool and int
¢ standard constants and operators assumed
(true,5,+,<,..))
 each constant has a base' type 7.
o type environments (finite mapping)?

Fe=1[1rxr

Trestricting assumption (no higher-order constants, only operations).

2We can also write [[x +— 7], and use dom(T") and I'(x). Facts like a stack.

83



Judgments and derivation system

type judgments

FI—ULe:T

e derivation system:

o Curry-style formulation
= non-deterministic
« nonetheless: monomorphic let®

¢ type reconstruction/type inference

3This remark is relevant only for the ones who know, that a famous
contribution was polymorphic let.



rx)=r

N=c:7c ConN — VAR
lr=x:r
r,X2T1 }—617'2 r,X2T1,fZT1 —>72|—e:72
FN FUN
Nl fnx=¢€e:1 — 7 lE fun,x=¢€:1 —> 7

e :m —m MN-es:m
APP

lFeje:m

I+ ey : bool NlN-e : 7 l-e: 7

IF
- ifegthenejelseér : 7T

M-eq:m r,X:T1 Feée:m
LET
lF letx=e€e1iné: 7
FEe:7l, ThHex:7d
or

Fejoper: Ty



Control flow analysis

e remember introduction: CFA touched 2 times

e constraint analysis
o as effect-system (“call-tracking”)

e goal CFA (general): “which functions may be applied in an
application”

e more precisely:

CFA
to which function abstractions may an expression evaluate to J

e augment/annotate the type system with effects

“_

e note: data “=” control here



Annotations

annotations: set of function names

¢ € Ann annotations

7 € Type annotated types

[ € TEnv ann.type environments
o == {m}lpUp|D
# == int|bool |7 % 7
[ o= [|F,x?

Erasure to underlying TS: |7, ||
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fI—C:TC CON — VAR
MNe=x:7
A~ ~ ~ ~ ~ U ~ ~
Mx7kEe: I, X7, F:7 {Wiprg Fe:%
N A {m}Ue . FN ~ AmtUe FUN
N fnx=e: 7 = 7D N funx=e: 7 — 7
Iﬁke1:%1f>%2 fl—eziﬁ
App

IA'I—e1 € To

fe:bool fre:2 fre:? I
F

F ifeythenejelseer: 7T

fhe:# Tx#Hbe:f

— LET
N letx=¢€e1ine: 7
r . | B .2
I'Fe1.70p r}_e2-7_op Op

ﬂ—e1opeg:rop



Example

X:’7’=y|—X27'=y

I—(f)px:>x):%y{ﬁ>}$y I—(f\py:>y):$y

yintk y rint

I—(fxnx:>x) (f\py:>y):$y

with y
Ty = int {—>} int
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Example: loop

page 287
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Equivalence of annotations

e the annotations ¢ are considered as sets

e one could axiomatise this (UCALI)

e i.e., one could import equality on sets into equality on
types:

~ At ~ ~/ /
™ =T T2 =To Y=

T A
« types (and [’s) are considered only modulo this equality

e seems like a minor/innocent/obvious point, but: it gives
serious technic headaches when we go for type
reconstruction/inference!
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Properties

e desired relationship between the original type system and
the annotated one:

= The annotation does not “disturb” the original one

e conservative extension
e note:

o type systems reject programs
o flow analysis and similar: typically don'’t reject, just analyse
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Properties

e desired relationship between the original type system and
the annotated one:

= The annotation does not “disturb” the original one

e conservative extension
e note:

o type systems reject programs
o flow analysis and similar: typically don'’t reject, just analyse

Fact

o ifl Foraz @: 7 then |I] FyL e |7]
o iflyLe: 7, thenl Fgea €: 7 forsomef and # s.t
T=|7]andTl = [I'].

e note: the role of the “liberal” rules for abstraction
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Natural semantics

e now: natural semantics = big-step semantics
e unlike before (e.g.: while-language): small-step semantics

transitions
Fe— v

“expression e reduces/evaluates to value v”

e assume: e is closed
e values v € Val

vi=c| fnyx= € prov.that fv(fn,x = ¢e) =10

e note:
e no bind (and close) construct*
o substitution can be literal

“This remark is only relevant if you have read other parts, or if you know
what bind/close is.

16/83



Fc—c CoON F fn,x=¢€e— fn,x=¢€ FN

F fun,fx=e— fn;x = (e[fun,fx = e/f]) FuN
Fel — fn.x = € Fe — w Féellx/ve] — v A
PP
Fele—v
F ey — true Fel —wy |
Fq

Fifetheneielsee — V4

Fel — v evi/xX] — v2

Fletx=e€e1ine — W

Fel — v Fe— W ViOp Vo =V

Feoper — v




Example

h% fungf x = f(fnyy = y)

Fh — fnpx = hidy ... - hidy —

Fhidy —
APP

Fh— fngx = hid F (fnpx = hidy) id; —
y y

Fletg=hingid; —

typical for “big-step”: Non-termination of program corresponds
to diverging derivation tree
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Small-step semantics

e another common form of operational semantics

e expecially common in imperative setting (and basically
needed in concurrent settings)
e here
e more complex formulation as usual
e a simpler formulation semantics possible

e non-deterministic reduction (but confluent)®
e substitution-based

o for technical reasons:
e abstractions carry labels
e semantics: intended to “preserve” labels
= closure-based
e Remember also: small

®Purely functional/declarative language.
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Small-step semantics

v =p(x)

pEXx—=v

VAR

pPo = p i/fv(fnx:>e) EN

pFfnx = e — close(fnx = €)inpp

po=p i/fv(funf x=e) FUN

pkFfnfx=e— close(funfx = €)inpo

p - ier — i€ p - iex — iey
. ——— APP; , — APP
p ey iex — iey ey pEVies — vie,
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Small-step semantics

APPy,
pF (close(fnx = e1)inp1) Vo —bind p1[x+— vo] in €

p2 = p1[f— close(funf x = €1) in p1]

APPsp
pF (close(fnx = e1)inp2) Vo —bind pa[x+— vo] in €

p1 Eier — qu

BIND;
p Fbind p1 in ey —bind py in e

BIND»2
pkbind p1invy — vy
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Small-step semantics

pFieg — e

|F0
pkifiggthenejelse e — ifi66 thenejelse e

IF4

pkFiftruetheneselse e — €4

p - ier — i€}

LET,
pFletx=ig;ine — let x = ig} inep

Po = P div(en)

pk letx=vines, —bind po[x — v]inex

LET>
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Small-step semantics

pFiey — i€
OpP;4

p ey opiex — ieq op e

V=Vi0p VWV
OP3

pFVviopve —vVv

p - ies — iy

pt viopies = vy opielz

OPg
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Semantic correctness

e as always: the analysis as overapproximation
o formulated here (as basically always) as “subject reduction”
e Assume: typing for op is given

If[|Fcea €: 7 andt-e — v, then || Fcra v :

=

Theorem J

key lemma: preservation under substitution

Lemma (Substitution)

Assume [] Fcra €o : fo and [x— %] Fcra € : 7. Then
r I_CFA e[x»—> eo]:f-
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Semantics correctness & subject reduction

e “subject reduction”: standard name for key to correctess
(aka type safety) in static type systems (here type and
effects)

Goal (“Milner’s dictum”)
A well-typed program cannot go wrong.

e goal a bit more technically: no “erroneous” state is
reachable, starting from a/the initial state
e erroneous state: a state where a run-time type error
manifests itself
e wrong argument
e data stored in variable not declared/dimensioned to hold
that kind of data
¢ “method not supported”
[ )
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Type safety

e as said: subject reduction key
e type safety: statement about all reachable states
= inductive proof

Type safety: 3 easy pieces

¢ Induction: all reachable “states” are well-typed

Base case: The initial state is well-typeed
Induction: Well-typedness is preserved under doing a step (=
subject reduction)

¢ a well-type state is not erroneous at that point

e base case trivial/by assumption: only well-typed programs
are run

e since well-typing is preserved: no run-time type checks
needed (efficiency)

o with effects (CFA no effects yet): subject reduction =

simulation
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Complete lattice of annotated types

e to assure existence of solutions

(Ann.C)  (=(2"™ Q)

o write Type(r): setof #'s s.t. [#| =7

HEH REf e

>
1M
-

>

’
P A Al P Al
1 DR 5

(Type(r), C) is complete lattice
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Moore family and existence of solutions

e remember: laxness (non-determinism) of the analysis

e typical for specification of analyses (as opposed to
algorithms

e “required” condition for “meaningful” annotation/analyses
JUDGCFA[F FuL e: T]
setof [ Fopa €: 7 sit. || maps ("strips”) itto -y e: 7

Lemma
JUDGGEA[l FuL € : 7] is @ Moore family wheneverT Fy_ e : 1

e sounds complex but
¢ simple sanity condition
o existence of solutions
o “flow analyses” analyze, but don'’t reject programs (unlike
types)
e unique minimal solution
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Inference algorithms

o take care of terminology
e so far: no algorithm! (price of laxness)
e foresight needed

e guessing wrong = backtracking (and we seriously don'’t
want that)
= required: mechanism to make

o tentative guesses
o refine guesses

e we start first: with the underlying system
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Augmented types

7 € AType augmented types
«a € TVar type variables

7 == int|bool |7 —= 7|«
a == "a|'b|...

e fancy name for: “we have added type variables”
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Substitutions

Substitution (in general)
mapping from variables to “terms” ’

« “syntactic mapping”®

e here:
e “terms” are (augmented) types
e variables: type variables

0 : TVar —, AType J

considered as finite functions: we write dom(6).
Sometimes: considered as total functions, setting 6(a) = «
when a ¢ dom(0).

e ground substitution: mapping to ordinary types

e substitutions: lifted to types in the standard manner

e _composition of substitutions: 61 o 65 (or just 6162)

6A state maps variables to (semantic) values, instead.
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Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables

replace:

MxmkFe:m
FN

N fnx=e:1 = m

by
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Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables

MNxate:m
FN

' fn,XxX=€e:a— 1
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Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables

MNxate:m
FN

F fn,Xx=€e:a—>m

x:a when « is fresh (otherwise unused) means: type of x is
completely arbitrary.

syntax-directed now?

71: meta-variable for concrete types
o (still meta variable for) type variables
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Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables
a’s completely arbitrary?

Consider body
e=xg

for fn.x = e
=
Restriction on «
e afunctiontype: a =5 — ~
o fit together with type of g = condition or constraint on g
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Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables

e judments “give back” not just the type, but also
“restrictions” on type variables.

« represented as substitutions’

° =
M-e:(r,0)

Under the assumptions I' (which might “assign” to (program) vari
ables: type variables), program e possesses type 7 (again po
tentially containing type variables) and imposes the restriction
"embodied” by 6 on the type variables.

"One could also collect the constraints/restrictions as a set of equations
and solve them at the very end.
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Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables

Mxate: (To,@o)
FN

N fnx=e€:

32/83



Algorithm: basic idea

e instead of guessing type now =- postpone the decision
= use of type variables

r,X:()z Fep: (To,@o) F
N

M fn.x = e: ((foa) = 70, o)
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— T-CONST — T-VAR
Iec: (g, id) M= x:(M(x),id)

« fresh I x.at e : (1,6
(%) 1y

N fn,x= ¢€p: (900[ — 7'0,90)

«, 0 fresh I, fa — ap, X:a - €g : (7‘0,90) 01 :u(TQ,HO(YQ)
T-FUN

e fun.f x = ep: (91900[ — 04 (7'0),6‘1 o 90)

I'}—e1:(71,91) 91I'Fe2:(72,92) o fresh 9321/{(927'1,7'2—)04)
Fee: (930[,939291)

T-APF

r}—eoi(To,ao) 90r|—91 1(7'1,91) 9190r|—921(7'2,6‘2)
93 = U(Gg@oﬂ s b00|) 94 = Z/{(93T2, 93927‘1)

[Fifeythenejelseer: (94937‘2, 04030201 90)

FHer:(r,01) 0T, x4k € : (72,02)

LET
lFletx=e1ines: (7‘2,9291)



Unification

e “classical” algorithm ([Robinson, 1965])
e many applications (theorem proving, Prolog etc.)
o unifier of two types’ 71 and 2: a substitution # such that

(1) = 0(72)

e unfication problem: given 71 and 7o, determine a unifier for
them, if it exists

7in other areas: formulas, terms ...
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Unification

e “classical” algorithm ([Robinson, 1965])
e many applications (theorem proving, Prolog etc.)
o unifier of two types’ 71 and 2: a substitution # such that

(1) = 0(72)

e better formulation of unfication problem: given 4 and 7o,
determine the best = most general unifier for them (if they
are unifiable).

7in other areas: formulas, terms ...
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Unification algorithm for underlying types

U(int, int))
U(bool, bool))
U(T1 — T2, 7] — T5)

U(r, )

U(a, T)
Z/f(T1,7’2)

id
id
let 601 =U(m,T])
0> = U(O172,0175)
in 05 o 04
[ 7] if « does not occur in 7
{ fail

orifa=r1
else
symmetrically
fail in all other cases
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Type inference algorithm

e formulated here as rule system

e immediate correspondence to a recursive function:

W(l,e) = (r,0)

instead of
N-e:(r,0)
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“Classic” type inference

we did not look at the full well-known
Hindley-Damas-Milner type inference algorithm
missing here: polymorphic let
monomoprhic let: “almost useless” polymorphism
Note the fine line

e polymorphic let: yes

¢ polymorphic functions as function arguments: no!

the classical type “inference” algo
¢ higher-order functions,
e polymorphic functions,

¢ but no “higher-order polymorphic functions”

e dropping the last restriction: type inference undecidable
e no type variables in the underlying type system (the
“specification”), the type inference algo does

e types (with variables) and type schemes Vo1
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Extension to CFA

« technical complications due to annotated types 74 % 7

« problem: classical unification works with “plain” syntax®

e here in contrast, syntactically different (augmented) types
considered equal, e.g.:

“UCAI”

U U
I

e 2 possible ways out
¢ look at the literature for more general unification
o reduce the problem to classic unification L4y
e simple types
e constraints

8Free term algebra.
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Simple types and annotations

Goal J

“make unification work again”

e simple types: annotation variables instead of annotations
= freely generated type syntax

€ SType simple types

€ TVar type variables

€ AVar annotation variables
€ SAnn simple annotations

€T L »

Grammar

= int|bool |+ 2 # | a

-
a == 'a|'b...
B = 2.
o = {m}|pUp|0]|p
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Substitutions

e obvious restriction: don’t mix up type variables and
annotation variables

Simple substitutions
“simple” substitutions map
e type var's — simple types

e annotation var’s — annotation var’s

= straightforward generalization of the unification algo
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Unification algorithm for simple types Ucra

U(int, int)
U(bool, bool)

id
id
let 0o =[5+ B
01 = U(@o’ﬂ,@oﬂ/)
02 = U(01(0072), 01(6075))
in 02 00106y
[a— 7] if « does not occur in 7
orifa=7
fail else
symmetrically
fail in all other cases

Note: Unification will never fail on annotation variables 3
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Properties

Theorem (MGU)

o IfUcea(71,72) = 0, then 6 is a simple substitution such that
071 = 675.
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Properties

Theorem (MGU)
o IfUcea(71,72) = 0, then 6 is a simple substitution such that
071 = 07».
e If there is a substitution 0" s.t. 0”71 = 0"7», then there
exists 0" s.t. Ucea(71,72) = 6 and

0" =6000.
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Constraints

e needed: connection between types and simple types
(containing annotation var's)=

constraints on ann. var’s
B2

note: left-hand side uniformely a variable!

(: annotation variable, p: simple annotation

C: set of D-constraints.

6 C: pointwise application of substitution ¢ to all constraints
in C (i.e., for both sides)
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Constraint solving

e splitting substitutions
1. (ground) type substitution: substitution defined on type
variables only and maps to Type (no vars)
2. (ground) annotation substitution: substitution defined on
annotation variables, only, and maps to Ann (i.e., no vars)
« a substitution covers a “piece of syntax” (I, 7 ...) when
defined on all occurring variables

Solution of a constraint set
a ground annotation substitution 64 solves C

al= C

¢ if it covers C and

o forall 5D ¢in C: 048 2 Oap is true

e ground substitution as before = ground validation
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Algorithm once more (with constraints)

e judgments now with additional constraints as result

[+e:(76,0)

Interpretation

Under the assumptions [, program e possesses type 7,
imposes the restrictions "embodied” by ¢ on the type variables,
and additionally the annotation variables must adhere to the

constraints in C.

e Note
o type variables/unification constraints solved on-the-fly

e annotation constraints: postponed
e also possible: postpone unification, as well

45/83



Algorithm with constraints (abstraction)

So far:

o fresh Mx:akey: (70,60)

FN
M- fn.x = € : ((foar) = 70, 60)
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Algorithm with constraints (abstraction)

afresh  Bfresh T xat e : (70,60, Co)

- fnX = €p: ((900[) i> 70, o, C/)
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Algorithm with constraints (abstraction)

afresh  Bfresh T xat e : (70,60, Co)

|A_ F fnX=€p: ((90&) i) 70,60, Co U {‘3 D {W}})
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Algorithm with constraints: application

So far:

IA'I—e1:(%1,91) 91|ﬁ|—622(7ﬁ2,92) a fresh
9322/{(925\'1,7&2—)&)

IA'I—e1 €o (9304,93092091)

APP
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Algorithm with constraints: application

[+ ey :(1,01,C1) 641f Fea:(72,02,C0) a,p fresh
03 = U(0271, 72 2 @)

[+ e e : (B3a,0300200,...7..)

APP
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Algorithm with constraints: application

[+ ey :(1,01,C1) 641f Fea:(72,02,C0) a,p fresh
03 = U(0271, 72 2 @)

f Fee: (030&,93 obpo 01,93(92C1) U 9302)

APP
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CONST — VAR

A

[+ c: (e id,0) T x: (F(x),id,0)

o,ffresh [ xate:(4,6,0)
FN

Fi- fnx=e:((6a) 5 #,6,CU{32{r}})

a, a0, B fresh T, f:a 3 ag, x:a - €0 : (Fo,00, Co) 01 = U(%0, Boco) -

fr fun,X f=€p: (91 9004) 01{330 0170, 61 0 0o, (01 Co) U {61000 2 {W}})

IA'|—e1:(%1,01,C1) 91|A_|—921(7ﬁ2,92,02) a,‘ﬁfresh

93 :U(egﬁ,f'gi)a) APP

|A_ Fee: (930[, 030050 91,030201 U 0302)




r}—eoi(f'o,ao,CQ) Hol'ke1 2(?‘1,91,01) 9100I'Fe2:(%2,92,02)
93 = U(926‘1 7’\'0, bOOl) 94 = U(937ﬁ2, 9392?‘1) 91‘ = 94939291 90

F ifeythenejelsees: (9493722, 9:1, 04030201 Co U 040305 C1 U 0405 Cg)

IF ey :(?1,91,01) 01T, X:74 }_923(%&92;02)
LET

[Fletx=e€1ineée>: (?2,9291,9201 U Cg)

M ey 1(7’:1,6‘1,01) Ggr}—egi(?g,ez,CQ)

O3 = U(6274, ﬂp) 01 = U (637>, ?fp) or

Fejopes: (f'op, 04030201, 046362 Ci U 939302)




Side effect analysis

e so far (for the type/effect part): pure functional language
e now: add states and side-effects
— adding references

Goal

Determine which references are accessed (creation, read or
write), where references are represented by the point of their
creation.

e note: in this section:

e we don’t aim at type inference / algorithmic formulation
e no type variables etc.
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Adding side effects

e Extending the syntax
e Be careful about the := (cf. while-language!!)

e = ...| newX:=ejine|!x|x:=el|ee
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Semantics

e adding mutable “state” to the “configurations”
e ¢ € Store = Loc — Val
e Locations/references: ¢
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Operational rules

F(e1, ) = (vi,%) F(ea[vi/X],2) = (Vo,s3) LeT

F(let x =e1inen,c1) — (Vo,c3)

F(er,2) = (v,2) F(e[/X],2lé—vi]) = (vo,q8) & ¢ dom(c2)

F (new, X := e1 inez,s) — (V2,s3)

DEREF

F (1€, ¢) = (s(€),¢)

F (e, §1> — <V, §2>

ASSGN
H (€= e 1) = (v, V])

F{er,s1) = (v1,%2) F(e2,6) — (V,s3)
SEQ

F (ey; €2,51) = (V2,63)
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Annotated types

= {In} | {m:=}|{newn} | pU¢| 0 annotations/effects
= m|lwUw|0 sets of program points

w= int|bool | # 5 7 | refo(7) annotated types

» 9 6
1
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Side-effect analysis

O T-CONST r(X):’? T-VAR
Mc:fe:0 FEx:7:0
IA',X:ﬁ Fe:Tiuyp
— T-FN
M fo.x=e: % 3%/ :0
IA', f7 5 To, XT1He:Tip
T-FuN

FE funfx=e:% 5% 0

fl—e1:7A'2ﬂ7A'::<p1 fl—eg:f'g::goz
T-ApPP

IA'I—e1 €T 1 U U
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Side-effect analysis

fl—eo:bool:mpo fl—e1:7°::<p1 fl—eg:f'::cpg

_ T-IF
-ifeythenejelseer: T :@oUpsUp
fl—e1:7A'1 Py f,X:ﬁl—eg:f'g::cpg
— T-LET
N-letx=eiine:To 1 Ups
fl—e1:7A'1::<p1 fl—eg:f'g::cpg
— T-SEQ
M-eq;e: 701 Ups
fFe1:?1::<p1 IA'i—e1:7“'2::g02 Op T4 X To = T
T-OP

fl—e1opeg:?::cp1U<p2
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Side-effect analysis

X)=refir  xa(F) fre:s: ®

T-Ass
Fx:=e:7upU{m = ..., m =}

e : s Py IA',X:refﬂ(ﬁ)l—eg:?g::cpg
T-NEW

[ Fnew,x:=ejinex: % :: w1 UppU{newr}

-»

N-e:# ¢ < o Cop
T-SuB

fl—e:?’:mp
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Sub-effecting and subtyping

e adding the necessary slack
e subtyping: contra- and co-variant
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Sub-effecting and subtyping

S-ARROW

S-R

2T w1 C w2
ref(f1) < ref(f)
w1 wo
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Exceptions

e standard type (and/or effect) analysis

e exceptions: leaving/breaking out of the standard
control-flow

e exception: “non-standard termination” = effect
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Syntax: additonal constructs for exceptions

e:=...|raises|handleSasejines
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Annotations and type schemes

/ annotations
7 | @ annotated types

{steUel]s
== int|bool | 7

V(. T

» 6
|

0
#

Q>
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Semantics: additional rules

e — raises

APP1
el e — raises
Feil— (fny X = ) e — raises
APP2
el e —raises
F el — (fny X = ) Fe —w F eo[v/ve] — raises

APP3
el e — raises

FraiseS— raises RAISE

Fe —v Vo # raises$
HANDLE;
F handleSaséiiné — W
F e — raises Fe — v
HANDLE>

| T, 1 R S~ P \ %z
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Exception analysis

— Tconst  f=F L

FEc:fec:0 FEx:6:0
IA',X:ﬁ Fe:To::

4 T-FN

fH fax=e: & 250
™

P 7 B xit e ®

- 2 T-FuN
[+ funfx=e: 7 D>l

Iﬁi—e1:?gﬂ7“':: 1 Iﬁi—egz?gzzapg
4 T-APP

fl—e1 €T 1 U U
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Exception analysis

fl—eo:bool:mpo fl—e1:7°::<p1 fl—eg:f'::cpg -
-IF

fFifeothene1elseeg:?::(poUgmU<p2

fl—e1:&1 oy f,X:Fnl—eg:&g R

Iﬁi—letx:e1 in€ : 62 p1Up:

T-LET

fl—e1:7A'1::<p1 fl—eg:f'g::cpg
—~ T-SEQ
M-eq;e: 701 Ups

fFe1:?1::<p1 IA'i—e1:7“'2::g02 Op T4 X To = T
T-OP

fl—e1opeg:?::cp1U<p2
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Exception analysis

T-RAISE

[+ raises:7:{s}

IA'I—e1:T::g01 IA'I—e1:T::g02
T-HANDLE

[+ handlesase;ines:7: @1 U(p2\{s})

¢ Co

-»

MN-e:# ¢ 7 <
T-Sus

fl—e:?’:mp

fe:#:¢  (donotoccurfreein # and
fFe:Vg.?::ap

T-GEN

f+e:V(.#:¢  Ohasdom(d) C {Ci,...,¢at
IA'I—e:GT::go

T-INST
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Memory management and regions
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Semantics

o ¢ dom(s(rn)) ~ n=(rn,0) E-CONST

pE{catrn,<c) = (n[rn—c])

E-VAR
pF(x,s) = (p(x),5)

o ¢ dom(s(rn)) n=(rn,o) EFn

Pl (£n.X = €€)at n,<) — (n,s[n>(x, ee, p)])

o ¢ dom(s(rn)) n=(rn,o)

E-FuN
p F (fun,flg]x = eeat rn,s) — (n,s[n—(g, x, ee, p[f— n])])

pF(ee1,s1) = (Ny,%) pF(eex, ) = (Vo,¢3)
m = (rny,01)  <3(m)=(x,ee,p0)  polxr Vo] - (eeo, p3) = (Vo,<a)

p (ee1 eez, c1) — (Vo,<a)
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Semantics

pE{(eey,s1) = (N,<2) n=(rn,o) c(n) =true

pl(eer, ) — (v1,63)
E-|F1

pF (ifeeytheneerelseeer,s) — (Vq,63)

ph(eer,s1) = (vi,)  plx—=wvi]F (€€, ) — (V2,c3)
E-LET

pH{let x =eeiinees, 1) — (Vo,3)

pF (ee1 , §1> — <n1,§2> pF <6'6'2, §2> — <n2; §3>
ny=(rny,01) Mo =(rnp,02) n=(rn,o) 0 ¢ dom(ss(rn))

w = §3(n1) op §3(n2)

E-OpP
pF (eejopeexatrn,si) — (n,g[n— wl)
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Semantics

P - <ee’ §1> s <n/’§2> n = (I’n’70/)

2(n') = (0, x,eey,p0)  n=(rn,0)  o¢ dom(z(rn)) E-PLACE

p(ee[rn)at rn,s1) — (n,so[n{(x, eeqg[rn/al, po)])

rindom(s) =0 pt (eelrn/al, [ ) E-REGION

pt (letregionginee,¢) — (v,e\\ mN)
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Transformation

- TT-CONST
I+ cleadstocat r : 7.@r :: {put r}

f(x) =6
TT-VAR

{ + xleadstox : & :: ()

[, x:7@ry - eleadstoee : 7,0r> :: ¢
TT-F

[+ fn.x = eleadsto(fn,x = e)at r: (#10r; a4 720r)0r :: {put r}

6= (v3,[714) B, &do notoccurfreein f and ¢

f,f:60r F fn,x = eleadstofn,x = eat r: #@r :: ©
TT-FuN

[+ fnx = eleadstofun,fx = eatr:6@r: ¢
s

[ I ejleadstoee; : (7,0r, £ #0r)@r 1 [ F esleadstoee, : #@ry ::

[+ es exleadstoees eep : 7Or = 1 Ugp U U{get 1y}
63/83



Behavior and communication

o effects so far: sets of some atomic effects

e no order between effects

e here: effect is “behavior”: (temporal) ordering

e especially relevant for concurrency/reactive systems

o =
communication analysis

e vehicle: functional language + communication primitives
¢ also: new form of semantic definition
o fragment of concurrent ML
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Syntax extension

e expression to

create channels

send and receive over channels
start parallel execution
sequential composition

e := channel, |spawnegy|sendeone|receiveey|ey; €| (
ch € Chan channel identifiers

ch := chanl :=chan2]|...

additional constant () € Const ("unit”)
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Example

let node = fnf £ = fn;, inp = fnp out =

spawn ((funy h d = let v = receive inp
in send (f v) on out;
h d) ())

in fun pipe fs = fn; inp = fnp out =
if isnil fn
then node (fnx x = x) inp out
else let ch = channelg
in (node (hd fs) inp ch; piple (tl fs) ch out)
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Operational semantics

slight variant in definition

small-step semantics

definition with the help of evaluation context
values
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Sequential semantics

(fnyx = x)v — e[v/x]  ApP
letx=vine— e[v/x]  LET
ViOp Vo =V
LOP
ViopVo — V
fun, f X = e = (fun, f x = e)[fun, f x = e/f] REC
iftruethenejelseer, — ey TRUE

iffalsethenejelsee, — & TRUE

v,e — e SEQ
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Evaluation contexts

e steps on previous slide: not enough
e neither they are meant as “reduction relation”:

Reduce any matching subterm in an expression
using —
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Evaluation contexts

e steps on previous slide: not enough
e neither they are meant as “reduction relation”:

Reduce any matching subterm in an expression
using —

E = [|[|Ee|letx=Eine

| ifEtheneelsee|Eope|vopE

| sendEone|sendvonE |receiveE |E;e

e eval. context: expression with exactly one hole []
e note:

¢ positions of values v and real expressions e
e [] does not occur inside binder.
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Concurrent semantics

e configurations

e PP finite pool of processes
e CP finite pool of channels

p € Proc processes
p == procl|proc2]...
CP ¢ 2Chan finite

PP € Proc —, Expr

e note: PP(p) closed
e notation: PP[p: e]or PP,p: e
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Concurrent semantics: rules

e — e

S
CP,PP|[p : E|e1]] = CP,PP|p : E[e]]

EQ

ch fresh

CHAN
CP,CP[p : E[channel]] = CPU{ch}, CP|p: E[ch|]

pofresh
CP, PP[p; : E[spawn &]] — CP, PP[p : E[()]][po : €o]

SPAWN

p1 # P2
CP, PP[p1 : Ey[sendVvonch]|[pz : Ex[receive ch]]
— CP, PP[p1 : E4[(]][pz : E2[V]]

Comm
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Annotated types

7 € Typeca types
¢ € Anngp annotations (or behaviors)
r € Regca region

& € Schemecs type scheme

types: behaviors:

o = BN eolet+e|recs
| #chant | spawny | r'7 | r?7

regions
re={r}ls|rur|0

s € RVar.
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[Fc:7c&A  CoN 777 var

U, X7 b eo: 7o & o

— FN
lEfnx =6 :7x = 70 &N
T

f J?o,X:?Xl—eoiﬁ)&gDo
FuUN

Iﬁl—fuan:>eo e B 50 & A

e B 7 & o FHen: 7 & o
ApP

[ er e o & ¢1; p2; 9o




THep:bool& gy THe :7&pr THe:7& o

T-IF
Fifepthenejelseer : 7 & po; (o1 + ¢2)

fl—e1:&1&<p1 f,X:&H—eg:?’g&(,OQ

_ T-LET
NFletx=e1ines: T & ¢1;¢2
M e 7 & o MFex:?2 & o
P £ T-Op

M+ e 0P €2 1 Top & 15 p2; A




[+ channel, : 7 chan{n} & # chan{r}  T-CHAN

|A_ Fey: 7o & ©o
T-SPAWN

[+ spawn €p : unit & spawn ©o

FHe :7&¢y [Hex:7chann & ¢

- : T-SEND
I+ sendejones:unit& ©1; P2, 7

[+ ep: 7 chanr & o

_ T-RECEIVE
[+ receiveey: T & po; 7T

fFe1:7ﬁ1&<p1 fFegifg&wg

— SEQ
M-e;e: 70 & 1,02

['(ch) = #chanr

f - ch: #chanr & A

CH







fHe:#&¢ ¢ donotoccurfreein i and ¢
GEN

Fe:V(Ct...,¢) 7 &

Fe:V(,...,¢n) 7 &  Ohas dom(f) C {C1,..., ¢}

. INS
fFre:(07) &y




the polymorphic let

let
ins

let
ins

let
ins

f = fn x = x
f(f 4);

f = fn x = x

f = fn x = x
(f 3); (f true);
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Ordering on behavior

e preorder on behavior
e algebraic characterization
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1 & o2 w2 L @3

eC¢  O-REFL O-TRANS
©1 & 3
©1 £ o2 p3 C ©a ©1 £ o2 w3 C @4
O-SEQ O-PLus
©1, 03 & 02,04 w1+ w3 C w2+ s
©1 £ o2 ©1 £ o2
O-SPAWN —— 0O-REC

spawn ¢q L spawn @2 rec o1 C rec g2




©1; (p2: 3) = (¢1: ¥2); ¢3)

(1 +2); 03 = 1503 + P2, 3

o N=p =N

P11+ 92 w2 & o1+ 2
e+pLCop recB.p = plrec.f.¢/ ]




s rcr

#chan r C #'chanr’
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