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CHAPTER 9

Approximation theory and stability

Polynomials of degree d have d+1 degrees of freedom, namely the d+1 coefficients relative
to some polynomial basis. It turns out that each of these degrees of freedom can be utilised
to gain approximation power so that the possible rate of approximation by polynomials of
degree d is h%*t?!, see Section 9.1. The meaning of this is that when a smooth function is
approximated by a polynomial of degree d on an interval of length h, the error is bounded
by Chét! where C is a constant that is independent of h. The exponent d + 1 therefore
controls how fast the error tends to zero with h.

When several polynomials are linked smoothly together to form a spline, each polyno-
mial piece has d+ 1 coefficients, but some of these are tied up in satisfying the smoothness
conditions. It therefore comes as a nice surprise that the approximation power of splines of
degree d is the same as for polynomials, namely h%T!, where h is now the largest distance
between two adjacent knots. In passing from polynomials to splines we have therefore
gained flexibility without sacrificing approximation power. We prove this in Section 9.2,
by making use of some of the simple quasi-interpolants that we constructed in Chapter §;
it turns out that these produce spline approximations with the required accuracy.

The quasi-interpolants also allow us to establish two important properties of B-splines.
The first is that B-splines form a stable basis for splines, see Section 9.3. This means
that small perturbations of the B-spline coefficients can only lead to small perturbations
in the spline, which is of fundamental importance for numerical computations. We have
already seen that an important consequence of the stability of the B-spline basis is that
the control polygon of a spline converges to the spline as the knot spacing tends to zero;
this was proved in Section 4.1.

9.1 The distance to polynomials

We start by determining how well a given a real valued function f defined on an interval
[a,b] can be approximated by a polynomial of degree d. To measure the error in the
approximation we will use the uniform norm which for a bounded function g defined on
an interval [a, b] is defined by

glloojap) = sup |g(z)|.
a<z<b
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182 CHAPTER 9. APPROXIMATION THEORY AND STABILITY

Whenever we have an approximation p to f we can then measure the error by ||f —
P||so,ap- There are many possible approximations to f by polynomials of degree d, and
the approximation that makes the error as small as possible is of course of special interest.
This error is referred to as the distance from f to the space my of polynomials of degree
< d and is defined formally as

distog (a0 (f, Ta) = pigfd 1f = plloo,fa.5]-

In order to bound this approximation error, we have to place some restrictions on the
functions that we approximate, and we will only consider functions with piecewise con-
tinuous derivatives. Such functions lie in a space that we denote C [a, b] for some integer
k > 0. A function f lies in this space if it has k — 1 continuous derivatives on the interval
[a,b], and the kth derivative DFf is continuous everywhere except for a finite number of
points in the interior (a,b), given by A = (z;). At the points of discontinuity A the limits
from the left and right given by D¥f(z;+) and D¥ f(z;—), should exist so all the jumps
are finite. If there are no continuous derivatives we write Cala,b] = CQ [a,b]. Note that
we will often refer to these spaces without stating explicitly what the singularities A are.

An upper bound for the distance of f to polynomials of degree d is fairly simple to
give by choosing a particular approximation, namely Taylor expansion.

Theorem 9.1. Given a polynomial degree d and a function f in C’Z“Ll[a, b], then
diStoo,[a,b] (fa 7Td) < thd+1 ‘ |Dd+1f| ’oo,[a,b]7

where h = b — a and .
Kj=——+——
47 (g + 1)

depends only on d.

Proof. Consider the truncated Taylor series of f at the midpoint m = (a + b)/2 of [a, b].

(@ —m)t
Tif(z) =) TDkf(m), for x € [a, b].
k=0

Since T, f is a polynomial of degree d we clearly have

distoo [a,5(fs 7a) < [If = Taflloo,[ab)- (9.1)

To study the error we use the integral form of the remainder in the Taylor expansion,

xT

f@) = Tuf @) = 5 [ (@)D f(0)d,

m

which is valid for any x € [a,b]. If we restrict  to the interval [m, b] we obtain

xT

£0) = Taf @] < 1D f i [ (0= 0)'d

m

The integral is given by

1 [® g 1 g1 1 (h\*
— _ — _ < =
a ), @y =y e T s . ’
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so for x > m we have

1
|f(z) = Tyf(z)] < mhd+l|’Dd+lfHoo,[a,b]'

By symmetry this estimate must also hold for z < m and combining it with (9.1) completes
the proof of the theorem. N

We remark that the best possible constant Ky can actually be computed. In fact, for
each f € C%1[a,b] there is a point £ € [a, b] such that

. 2
distoe [a,5 (f5 Ta) = mhdﬂ D f(€))

Applying this formula to the function f(x) = 29! we see that the exponent d + 1 in h%+!
is best possible.

9.2 The distance to splines

Just as we defined the distance from a function f to the space of polynomials of degree
d we can define the distance from f to a spline space. Our aim is to show that on one
knot interval, the distance from f to a spline space of degree d is essentially the same as
the distance from f to the space of polynomials of degree d on a slightly larger interval,
see Theorem 9.2 and Corollary 9.11. Our strategy is to consider the cases d = 0, 1 and 2
separately and then generalise to degree d. The main ingredient in the proof is a family
of simple approximation methods called quasi-interpolants. As well as leading to good
estimates of the distance between f and a spline space, many of the quasi-interpolants are
good, practical approximation methods.

We consider a spline space Sq ¢ where d is a nonnegative integer and ¢t = (¢;);" 1d+1 is a

i=
d + 1 regular knot vector. We set

a=ty, b=t,rqr1, hj=1tj41—1t;, h= max h;.
1<j<n

Given a function f we consider the distance from f to Sg; defined by
dists 14 ,Sg¢) = inf — lloo.rabl-
Ja.0) (f+Sa,t) ot 1 = 9lloo,fap)

We want to show the following.

Theorem 9.2. Let the polynomial degree d and the function f in C’Zﬂ[a,b] be given.
Then for any spline space Sq ¢

diStoo,[a,b] (f7 Sd,t) < thd+l ‘ |Dd+1f| ’oo,[a,b]7 (92)

where the constant Ky depends on d, but not on f,h ort.
We will prove this theorem by constructing a spline P;f such that

|f (@) = Paf ()| < Kah™ D" fllog g, € [a,] (9:3)
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for a constant K; depending only on d. The approximation P;f will be on the form
n
Pif =) Xi(f)Bia
i=1

where )\; is a rule for computing the ith B-spline coefficient. We will restrict ourselves to
rules \; like

d
Xi(f) = Zwi,kf(fﬂi,k)
k=0

where the points (%,k)g:g all lie in one knot interval and (wi7k)g:0 are suitable coefficients.
These kinds of approximation methods are called quasi-interpolants.

9.2.1 The constant and linear cases

We first prove Theorem 9.2 in the low degree cases d = 0 and d = 1. For d = 0 the knots
form a partition a = t; < --- < t;,41 = b of [a, b] and the B-spline B; ¢ is the characteristic
function of the interval [t;, t;11) for i = 1,...,n—1, while By, o is the characteristic function
of the closed interval [ty t,+1]. We consider the step function

g9="Pof=>_ f(tis12)Bip,

i=1
where t;, 15 = (t; +tiy1)/2. Fix x € [a,b] and let | be an integer such that t; <z <t,,;.
We then have N

f@) = (@) = @) = Fltp) = [ DSy

ti11/2
SO

h
f(z) = Pof(@)] < |z =t jol 1D Flloo i) < 51D flloo fa

In this way we obtain (9.2) with Ky = 1/2.
In the linear case d = 1 we define P; f to be the piecewise linear interpolant to f on ¢

g=Pif = f(tix1)Bi1.
i=1

Proposition 5.2 gives an estimate of the error in linear interpolation and by applying this
result on each interval we obtain

h2
Hf - Plf”oo,[a,b] < g”DQfHoo,[a,b]
which is (9.2) with K, = 1/8.

9.2.2 The quadratic case

Consider next the quadratic case d = 2. We shall approximate f by the quasi-interpolant
P, f that we constructed in Section 8.2.2. Its properties is summarised in the following
lemma.
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Lemma 9.3. Suppose t = (¢ )"213 is a knot vector with t;y3 > t; fori = 1,...,n. The

operator
Pf = Z Ai(f)Bigg, with X\(f) = _%f(ti—&-l) +2f(tiya/2) — %f(tiw) (9.4)

satisfies Pop = p for all p € 7.
To show that (9.3) holds for d = 2 we now give a sequence of small lemmas.
Lemma 9.4. Let P»(f) be as in (9.4). Then

‘Az(f)’ S 3”fHOO,[t~;+1,ti+2}7 Z = 17 A 7n' (95)

Proof. Fix an integer . Then

MO = | = 5 7 (ti1) + 2 (tapage) — 3 F(tss2)] < (5424 Dl o fen e
from which the result follows. =
Lemma 9.5. For { =3, ..., n we can bound P»f on a subinterval [t,ts+1] by
|’P2fHoo,[tg,tg+1] < 3‘|f”oo,[tg,1,t[+2}- (9.6)

Proof. Fix © € [ty tsy1]. Since the B-splines are nonnegative and form a partition of
unity we have

P2 f(z)| = ‘ Z Ai(f)Bizt(z)| < Z_rggggglki(f)l
i=0—2 -
< 34 H212'X<€ HfHOO [tz+1, z+2] 3HfHOO,[tg,1,t[+2}7

where we used Lemma 9.4. This completes the proof. N

The following lemma shows that locally, the spline P» f approximates f essentially as
well as the best quadratic polynomial.

Lemma 9.6. For ¢ =3, ..., n the error f — P, f on the interval [ty,ty11] is bounded by

||f - P2f| |OO,[tg7tg+1} S 4diStOO7[tg_1,t4+2] (f7 7T2)‘ (97)

Proof. Let p € m be any quadratic polynomial. Since Pop = p and P is a linear operator,
application of (9.6) to f — p yields

[f(@) = (Pof)(@)] = [f(2) = p(2) = (P2f) (@) — p())]|
< |f(@) = p(@)| + | P2(f = p)(2))| (9-8)
< @+ 3 = plloo,fte1,te12)-
Since p is arbitrary we obtain (9.7). =

We can now prove (9.2) for d = 2. For any interval [a,b] Theorem 9.1 with d = 2 gives
distog (0,6 (f ™2) < Koh®||D? f|los [

where h = b — a and K2 = 1/(233!). Combining this estimate on [a,b] = [ty_1,ts1o] with
(9.7) we obtain (9.3) and hence (9.2).
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9.2.3 The general case
The general case is analogous to the quadratic case, but the details are more complicated.
Recall that for d = 2 we picked three points x; = tit1 + k(tiqe2 — tiy1)/2 for £ =0,1,2
in each subinterval [t;11,t;12] and then chose constants w; j for k = 0, 1, 2 such that the
operator

Pf = Z Ni(f)Bigt, with XN(f) = wiof(zio) +winf(xin) +wiaf(zia),
i1

reproduced quadratic polynomials. We will follow the same strategy for general degree.
The resulting quasi-interpolant is a special case of the one given in Theorem 8.7.
Suppose that d > 2 and fix an integer ¢ such that ¢;14 > ;1. We pick the largest
subinterval [a;, b;] = [t;, ti41] of [tit1,tirq] and define the uniformly spaced points
k
xi,k:ai—i—a(bi—ai), fork=0,1,...,d (9.9)
in this interval. Given f € Cala,b] we define P;f € Sq4 by

n d
Paf(x) =Y X(f)Bia(x), where X(f)=> w;pf(zi). (9.10)
i—1 k=0

The following lemma shows how the coefficients (wi7k)‘,§:0 should be chosen so that P;p = p
for all p € my.

Lemma 9.7. Suppose that in (9.10) the functionals \; are given by \i(f) = f(tiy1) if
titd = tit1, while if titq > tiy1 we set

wi,k :’Yi(pi,k)) k= 071)"'7d7 (911)
where ;(p; 1;) Is the ith B-spline coefficient of the polynomial
H
B 27-]
pig(z) = [ ——L. 9.12
st =115 0.2
J#k

Then the operator Py in (9.10) satisfies Pyp = p for all p € my.

Proof. Suppose first that ¢;14 > t;41. Any p € T4 can be written in the form

d
p(x) = p(ip)pip(@). (9.13)
k=0

For if we denote the function on the right by ¢(x) then q(z; %) = p(x;) for k=0, 1, ...,
d, and since g € 7y it follows by the uniqueness of the interpolating polynomial that p = q.
Now, by linearity of v; we have

d

d
Ai(p) =D wikp(wir) =Y vi(pir)p(wik)
k=0

k=0

d
= %’(Zpi,kp(xi,k)) = 7i(p).
k=0
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If tiy1 = t;1q we know that a spline of degree d with knots t agrees with its ¢ + 1st
coefficient at t;+1. In particular, for any polynomial p we have X\;(p) = f(ti+1) = 7 (p).
Alltogether this means that

Py(p) =D _ Xi(p)Bia(x) = 7i(p)Bia(w) = p
i=1 i=1

which confirms the lemma. B

The B-spline coefficients of p; ;. can be found from the following lemma.

Lemma 9.8. Given a spline space Sg ¢ and numbers v1, . ..,vq. The ith B-spline coefficient
of the polynomial p(z) = (x — v1)...(x — vq) can be written

1
7ilp) = S (g —v1) - (i, — va), (9.14)
(J11da) €My
where Il is the set of all permutations of the integers 1,2, ...,d.

Proof. By Theorem 4.16 we have

Yi(p) = Blpl(tit1; - - - tivd),

where Blp] is the blossom of p. It therefore suffices to verify that the expression (9.14) for
vi(p) satisfies the three properties of the blossom, but this is immediate. =

As an example, for d = 2 the set of all permutations of 1,2 are Il = {(1,2),(2,1)}
and therefore
1

vi((z — o)z —v2)) = 3 ((tm —v1)(tiv2 — v2) + (tig2 — v1)(tiv1 — U2))~

We can now give a bound for \;(f).
Theorem 9.9. Let Py(f) = >_i"; N\i(f)Bi,a be the operator in Lemma 9.7. Then

’)\Z(f)‘ SKd‘|fHOO,[ti+1,ti+d]7 i = 17"'7n7 (915)
where
24 d
Kq = Zld(d-1)] (9.16)

depends only on d.

Proof. Fix an integer ¢. From Lemma 9.8 we have

d
tivj. — v
wir= > ] <“> /d!, (9.17)
. - o Lik — Ur
(J15--,Ja) €Nl r=1
where (v,)_, = (@05 - s Tik—1, TiJt1,- - - Zid). and II; denotes the set of all permuta-
tions of the integers 1, 2, ..., d. Since the numbers t;,; and v, belongs to the interval
[tit1,tirq] for all r we have the inequality

d
[ tss — ve) < (tiga — ti)™

r=1
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We also note that x; , — v, = (k—¢q)(b; —a;)/d for some ¢ in the range 1 < ¢ < d but with
q # k. Taking the product over all r we therefore obtain

i bi—ai\ tisa — tir1)”
H!m vr\_H! U s — ag) > K(d— k). <d> > ki(d — k)! (M)
q#:

for all values of k and r since [a;, b;] is the largest subinterval of [t; 11, t;14]. Since the sum
n (9.17) contains d! terms, we find

d d
[d(d — 1)) dy _ 2 d_
> el < P DES (1) = Zaga 1 = K
k=0 k=0
and hence J
|)\Z(f)| S ||f’|oo,[ti+1,ti+d] Z |w1,k| S Kd||f”00,[ti+1,ti+d] (918)
k=0

which is the required inequality. R

From the bound for \;(f) we easily obtain a bound for the norm of P;f.
Theorem 9.10. For d+1 <1 <n and f € Cala,b] we have the bound

HPdeOO,[tl7tl+1] S Kd”f|’oo,[tl_d+1,tl+d]7 (919)

where K is the constant in Theorem 9.9.

Proof. Fix x € [t;,t;41]. Since the B-splines are nonnegative and form a partition of unity
we have by Theorem 9.9

l

[Paf (@)l =1 D Ni(f)Bigal)| < ,max [Ai(f)]

. —d<i<l
i=l—d

< Kq max || flloo, e

1—d<i<l i+1 z+d] KdHfHOO [ti— d+1»tl+d]

This completes the proof. =

The following corollary shows that P;f locally approximates f essentially as well as
the best polynomial approximation of f of degree d.

Corollary 9.11. Forl=d+1,...,n the error f — P;f on the interval [t;, t;.1] is bounded
by
Hf - Pdf”oo,[tl,tH_ﬂ S (]' + Kd) diStOO,[tl_d+1,tl+d](f’ ﬂ-d)’ (920)

where K is the constant in Theorem 9.9

Proof. We argue exactly as in the quadratic case. Let p € my be any polynomial in 7.
Since Pyp = p and P, is a linear operator we therefore have

|f(x) = (Paf)(2)| = | f(2) — p(z) — (Paf)(z) — p(x))|
< |f(x) = p(x)| + |Pa(f — p)())|
<+ K = pllooti—ar tival-

Since p is arbitrary we obtain (9.20). &
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We can now prove (9.2) for general d. By Theorem 9.1 we have for any interval [a, b]
dist oo (0,6 (fs 7a) < Kah™ D | oo 0]

where h = b—a and K only depends on d. Combining this estimate on [a, b] = [t;—g+1, ti+d]
with (9.20) we obtain (9.3) and hence (9.2).

9.3 Stability of the B-spline basis

In order to compute with polynomials or splines we need to choose a basis to represent
the functions. If a basis is to be suitable for computer manipulations then it should be
reasonably insensitive to round-off errors. In particular, functions with ‘small’ function

values should have ‘small’ coefficients and vice versa. A basis with this property is said
to be well conditioned or stable. In this section we will study the relationship between a
spline and its coefficients quantitatively by introducing the condition number of a basis.

We have already seen that the size of a spline is bounded by its B-spline coefficients.
There is also a reverse inequality, i.e., a bound on the B-spline coefficients in terms of the
size of f. There are several reasons why such inequalities are important. In Section 4.1
we made use of this fact to estimate how fast the control polygon converges to the spline
as more and more knots are inserted. A more direct consequence is that small relative
perturbations in the coefficients can only lead to small changes in the function values.
Both properties reflect the fact that the B-spline basis is well conditioned.

9.3.1 A general definition of stability

The stability of a basis can be defined quite generally. Instead of considering polynomials,
we can consider a general linear vector space where we can measure the size of the elements
through a norm; this is called a normed linear space.

Definition 9.12. Let U be a normed linear space. A basis (¢;) for U is said to be stable
with respect to a vector norm || - || if there are small positive constants C; and Cy such
that

ot el < [ e < callell (9:21)
J
for all sets of coefficients ¢ = (c;). Let C} and C5 denote the smallest possible values of
Cy and Cy such that (9.21) holds. The condition number of the basis is then defined to
be k= w((6:):) = CC;.
At the risk of confusion, we have used the same symbol both for the norm in U and
the vector norm of the coefficients. In our case U will of course be some spline space Sq ¢

and the basis (¢;) will be the B-spline basis. The norms we will consider are the p-norms
which are defined by

b 1/p 1/p
|f||p=|rf||p,[a,b]=(/ |f<m>|de) . and ||c||p=<ZIij>
a J

where f is a function on the interval [a,b] and ¢ = (¢;) is a real vector, and p is a real
number in the range 1 < p < oo for any real number. For p = co the norms are defined by

lloe = 1 lloc oy = masx 1£(@)l, and - lelloe = [[(e)]] . = max]es,
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In practice, the most important norms are the 1-, 2- and oco-norms.

In Definition 9.12 we require the constants C7 and Cs to be ‘small’, but how small is
‘small’? There is no unique answer to this question, but it is typically required that C4
and C5 should be independent of the dimension n of U, or at least grow very slowly with
n. Note that we always have x > 1, and k = 1 if and only if we have equality in both
inequalities in (9.21).

A stable basis is desirable for many reasons, and the constant kK = C1Cs crops up in
many different contexts. The condition number x does in fact act as a sort of derivative
of the basis and gives a measure of how much an error in the coefficients is magnified in a
function value.

Proposition 9.13. Suppose (¢;) is a stable basis for U. If f = Zj cj¢; and g = Zj bio;
are two elements in U with f # 0, then

1 =oll _,lle—bll
T =" el

where k is the condition number of the basis as in Definition 9.12.

(9.22)

Proof. From (9.21), we have the two inequalities ||f — g|| < Ca||(¢; — bj)|| and 1/||f]| <
C1/]/(¢;)||- Multiplying these together gives the result. =

If we think of g as an approximation to f, then (9.22) says that the relative error in
f — g is bounded by at most k times the relative error in the coefficients. If x is small,
then a small relative error in the coefficients gives a small relative error in the function
values. This is important in floating point calculations on a computer. A function is
usually represented by its coefficients relative to some basis. Normally, the coefficients are
real numbers that must be represented inexactly as floating point numbers in a computer.
This round-off error means that the computed

spline, here g, will differ from the exact f. Proposition 9.13 shows that this is not so
serious if the perturbed coefficients of g are close to those of f and the basis is stable.

Proposition 9.13 also provides some information as to what are acceptable values of
Ct and C3. If for example K = C7C5 = 100 we risk losing 2 decimal places in evaluation
of a function; exactly how much accuracy one can afford to lose will of course vary.

One may wonder whether there are any unstable polynomial bases. It turns out that
the power basis 1, x, 22, ..., on the interval [0, 1] is unstable even for quite low degrees.
Already for degree 10, one risks losing as much as 4 or 5 decimal digits in the process of
computing the value of a polynomial on the interval [0, 1] relative to this basis, and other
operations such as numerical root finding is even more sensitive.

9.3.2 The condition number of the B-spline basis. Infinity norm

Since splines and B-splines are defined via the knot vector, it is quite conceivable that
the condition number of the B-spline basis could become arbitrarily large for certain knot
configurations, for example in the limit when two knots merge into one. We will now prove
that the condition number of the B-spline basis can be bounded independently of the knot
vector so it cannot grow beyond all bounds when the knots vary.

The best constant C5 in Definition 9.12 can be found quite easily for the B-spline basis.
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Lemma 9.14. In all spline spaces Sq¢ the bound

m
HZ b;B; q
i=1

holds. Equality holds if b; = 1 for all i and the knot vector t = (t;)74 is d + 1-extended;
in this case C5 = 1.

| < [1bllec
00, [t1,tm+1+d)

Proof. This follows since the B-splines are nonnegative and sum to one. §

To find a bound for the constant C; we shall use the operator P, given by (9.3). We
recall that P; reproduces polynomials of degree d, i.e., P;p = p for all p € 4. We now
show that more is true; we have in fact that P; reproduces all splines in Sq ¢.

Theorem 9.15. The operator

Paf =Y Nilf)Bia
i=1

given by (9.3) reproduces all splines in Sq¢, Pyf = f for all f € Sg4.
Proof. We first show that
Nj(Br,da) = 9k, for jk=1,..., n. (9.23)

Fix 7 and let
I - [aub ] [tlmtl +1]

be the interval used to define \;(f). We consider the polynomials
¢k = Br.alr, for ; —d <k <l

obtained by restricting the B-splines {Bk,d}%:zif 4 to the interval I;. Since P; reproduces

T4 We have
l;

dr(x) = (Pagi)(x) = > Nj(dw)dj(x

Jj=l;—d

for z in the interval I;. By the linear independence of the the polynomials (¢y) we therefore
obtain

Aj(Br,a) = Nj(ér) = 6jk, for jk=1—4d, ..., L.

In particular we have \;B; g = 1 since l; —d < ¢ <[;. For k <l; —d or k > [; the support
of By q has empty intersection with I; so Aj(By 4) = 0 for these values of k. Thus (9.23)
holds for all k.

To complete the proof suppose f = > | ¢xBjq is a spline in Sg¢. From (9.23) we

then have
n

Qf = Z ZCM (Brd))Bja = ZCij,d =f n

j=1 k=1 j=1
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To obtain an upper bound for C} we note that the leftmost inequality in (9.21) is
equivalent to
bi| < Chllfll, i=1,...,m.

Lemma 9.16. There is a constant K;, depending only on the polynomial degree d, such
that for all splines f =" b;B; 4 in some given spline space Sq+ the inequality

’bZ’ S Kd|’f‘|[ti+1,ti+d} (924)
holds for all 1.

Proof. Consider the operator Py given in Lemma 9.7. Since P;f = f we have b; = A\;(f).
The result now follows from (9.15) B

Note that if [a,b] C [c,d], then ||f|looap] < [|flloo,fc,q)r From (9.24), we therefore
conclude that [b;| < Kl flloo,[t1,t,,,1.q for all @ or briefly [|b|| < Kyl f||. The constant Ky
can therefore be used as C1 in Definition 9.12 in the case where the norm is the oco-norm.
Combining the two lemmas we obtain the following theorem.

Theorem 9.17. There is a constant K, depending only on the polynomial degree d,
such that for all spline spaces Sq+ and all splines f = > ", b;B; 4 € Sqt with B-spline
coefficients b = (b;)™™ , the inequalities

K7 H[blloo < I f Moo ftr,tmya] < 11Blloo (9.25)
hold.

The condition number of the B-spline basis on the knot vector ¢ with respect to the oo-
norm is usually denoted k4o ¢ By taking the supremum over all knot vectors we obtain
the knot independent condition number xq o,

Rd,co = SUP Kd,co,t-
t

Theorem 9.17 shows that k4 is bounded above by Kj.

The estimate K, for C7 given by (9.16) is a number which grows quite rapidly with
d and does not indicate that the B-spline basis is stable . However, it is possible to find
better estimates for the condition number, and it is known that the B-spline basis is very
stable , at least for moderate values of d. To determine the condition number is relatively
simple for d < 2; we have Koo = K1,00 = 1 and k2 o = 3. For d > 3 it has recently been
shown that r4 = O(29). The first few values are known numerically to be k3,00 ~ 5.5680
and K400 ~ 12.088.

9.3.3 The condition number of the B-spline basis. p-norm

With 1 < p < oo and ¢ such that 1/p+1/q = 1 we recall the Holder inequality for functions

b
/ F@g(@)de < 1fll9lla

and the Holder inequality for sums

> Ibicil < 10 ol (e)i llg-
=1
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We also note that for any polynomial g € w4 and any interval [a, b] we have

b
o)l < 7 [ lotllde, o e fat) (9.26)

where the constant C' only depends on the degree d. This follows on [a,b] = [0, 1] since
all norms on a finite dimensional vector space are equivalent, and then on an arbitrary
interval [a, b] by a change of variable.

In order to generalise the stability result (9.25) to arbitrary p-norms we need to scale
the B-splines differently. We define the p-norm B-splines to be identically zero if ¢;,1 411 = ¢;

and

d 1 1/p

B}y = <+ ) Bi .t (9.27)
tiva+1 — ti

otherwise.

Theorem 9.18. There is a constant K, depending only on the polynomial degree d, such
that for all 1 < p < oo, all spline spaces Sy and all splines f = > ", bide € Sqt with
p-norm B-spline coefficients b = (b;)!"; the inequalities

E=HIbllp < [1£1lp 1t sa < 1Bl (9.28)

hold.

Proof. We first prove the upper inequality. Let v; = (d+1)/(tiza+1 —t;) fori=1,...,m
and set [a,b] = [t1,tm+d+1]. Using the Holder inequality for sums we have

. 1/p 1/17 1/q P~ 3. v ‘ e
Z|blB Z|b B < Z|bz| %Bz,d ZBz,d .

Raising this to the pth power and using the partition of unity property we obtain the
inequality
1> 0By @)[" < |bilPyiBia(z), xz€R.
i i

Therefore, recalling that f B q(x)dx = 1/~; we find

b b
U2 o :/ S 0B ()| e < ZV%V’%/ Bua(e) dz = 37 [baP.

Taking pth roots proves the upper inequality.

Consider now the lower inequality. Recall from (9.24) that we can bound the B-spline
coefficients in terms of the infinity norm of the function. In terms of the coefficients b; of
the p-norm B-splines we obtain from (9.24) for all ¢

d+1 1/p
(*) bl <K max ()
tiva+1 — ti tit1<z<titq
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where the constant K only depends on d. Taking max over a larger subinterval, using
(9.26), and then Holder for integrals we find

|bi] < K1(d+ 1) 7P (tipars — tz‘)l/p\ max | f(z)]
ti<x<tiyqi1

_ titd+1
< CKi(d+ 1)_1/p (tz‘+d+1 — ti) 1+1/p/ |f(y)| dy
t;

1/p

titd+1
<o [T a)

Raising both sides to the pth power and summing over ¢ we obtain

b;lP < CPKP(d+ 1)1 i Pdy < CPKP||f||P
Z! i|? < 1(d+1) Z 5 If(y)Pdy < 1

i

Taking pth roots we obtain the lower inequality in (9.28) with K = CK;. R

Exercises for Chapter 9

9.1 In this exercise we will study the order of approximation by the Schoenberg Variation
Diminishing Spline Approximation of degree d > 2. This approximation is given by

= g1+t
. 1+ tivd
Vaf = Z f(t)Big, with tf= %
=1
Here B; 4 is the ith B-spline of degree d on a d+ 1-regular knot vector t = (¢;) i:+1d+1.
We assume that t;14 > t; for i = 2,...,n. Moreover we define the quantities

a=t b=t h = max t;+1 — t;.
1, n+d+1; 1<i<n 1+1 7

We want to show that V;f is an O(h?) approximation to a sufficiently smooth f.

We first consider the more general spline approximation
Vaf = Xi(£)Bia, with Ni(f) = wiof(zi0) + winf(2i1).
i=1

Here z;9 and x;; are two distinct points in [t;,t;44] and w;o,w; 1 are constants,
1=1,...,n.

Before attempting to solve this exercise the reader might find it helpful to review
Section 9.2.2

a) Suppose for i =1,...,n that w; o and w;; are such that

wio +wi =1

*
TioWi o + Tiiwi1 =t

Show that then Vyp = p for all p € m. (Hint: Consider the polynomials
p(z) =1 and p(z) = x.)
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b) Show that if we set x; o = ¢ for all 7 then Vaf = Vuf for all f, regardless of
how we choose the value of x; ;.

In the rest of this exercise we set A\;(f) = f(¢7) fori =1,...,n, i.e. we consider
Vaf. We define the usual uniform norm on an interval [c, d] by

Hf”[c,d] = Ssup ‘f(‘,r)’a f € CA[C, d]
c<zx<d

c) Show that ford+1<1<n

WVafllit by < Wl e f € Cala,b].

-l
d) Show that for f € Calt]_ 4 tf]andd+1<1<n

L = Vafllig o) < 2dist o (f,m).
e) Explain why the following holds for d+1 <1 <n

(t —ti_a)?

diSt[tf—dvtl*](f? 7T1) < 3

1D? fllier a1
f) Show that the following O(h?) estimate holds
4 50
1 = Vafllae < T PID"fllap)-

(Hint: Verify that t; —t; , < hd. )

9.2 In this exercise we want to perform a numerical simulation experiment to determine
the order of approximation by the quadratic spline approximations

- . . tiy1+1;
V2f:Zf(tz’)Bi,2’ with  #; Z%,
1
Pf = Z Ftipn) + 2/ (t) = 5/ (tir2)) Bia.

We want to test the hypotheses f — Vaof = O(h?) and f — Pof = O(h®) where h =
max; ti+1 — t;. We test these on the function f(x) = sinz on [0, ] for various values
of h. Consider for m > 0 and n,,, = 2+ 2™ the 3-regular knot vector ™ = (t*)"m*+?
on the interval [0, 7] with uniform spacing h,, = 727"™. We define

+ 7
. it1 Tt
Vo f = thl+3/2 )BS,  with t;”:%,

1
Py f = Z (E50) + 2f (t3)0) = 5 F(£12)) B,
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and B[4 is the ith quadratic B-spline on ¢". As approximations to the norms

1f = Vo™ fllo,x) and ||f — P flljo.-] we use
By = max |f(3m/100) = V5" f(jm/100)],
Ep = ogn}lgi{oo |f(jm/100) — Py f(jm/100)].

Write a computer program to compute numerically the values of EY} and E for
m = 0,1,2,3,4,5, and the ratios E(}"”/E‘Cnfl and E}?/E?il for 1 < m < 5. What
can you deduce about the approximation order of the two methods?

Make plots of Vi" f, Py* f, f — V3" f, and f — Pj* f for some values of m.

Suppose we have m > 3 data points (azi, f(xz)):il sampled from a function f, where
the abscissas = (z;)", satisfy x; < --- < xy,. In this exercise we want to derive
a local quasi-interpolation scheme which only uses the data values at the z;’s and
which has O(h?) order of accuracy if the y-values are sampled from a smooth function

f. The method requires m to be odd.

From x we form a 3-regular knot vector by using every second data point as a knot

t= (t])?’if’ = (r1, 21,21, 3,5, - - -y Tm—2, Ty Ty Ty, (9.29)

where n = (m + 3)/2. In the quadratic spline space S we can then construct the
spline

Qa2f = Ni(f)Bja, (9.30)
j=1
where the B-spline coefficients A;( f );L:l are defined by the rule
1 _ _
M) =5 (=0 oagoa) 4 6,04 62 ongn) = 058 (o) ). (03)

forj=1,...,n. Here 1 =60, =1 and
g, — P22 = T2j-3
=2 "3
T2j-1 — T2j-2
forj=2,....,n—1
a) Show that Q)2 simplifies to P, given by (9.4) when the data abscissas are uni-
formly spaced.

b) Show that Qop = p for all p € w5 and that because of the multiple abscissas at
the ends we have A1 (f) = f(x1), An(f) = f(zm), so only the original data are
used to define Q2 f. (Hint: Use the formula in Exercise 1.

c) Show that for j =1,...,n and f € Calzr1, Tm]
(A ()< (20 + DI flloo, 541,45 42]>
where

0 = max {0;",0;}.

1<j<n
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d) Show that for I =3,...,n, f € Calx1, 2], and = € [t;, t;41]
Q2 (f)(@)] < (20 + DI Flloo, i1 ,t14]-
e) Show that for  =3,...,n and f € Calx1,Tp)]
1f = Q2fllootr,tr0) < (20 + 2) disty, 4,1 (f, 72)-
f) Show that for f € O} [z1, ] we have the O(h3) estimate

||f - QQfHoo,[zl,a:m] < K(9)|Ax|3||D3f||oo,[w1,;vm]a

where
|Az| = max|zji1 —

and the constant K (6) only depends on 6.



